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ABSTRACT: We reinvestigate the famous Mollow triplet and show that most of the
well-known quantum characteristics of the Mollow triplet—including incoherent
emission and a nonstandard dependence of the sidebands on detuning—can be
recovered quantitatively using semiclassical dynamics with a classical light field. In
fact, by not relying on the rotating wave approximation, a semiclassical model
predicts some quantum effects beyond the quantum optical Bloch equation,
including higher-order scattering and asymmetric sideband features. This Letter
highlights the fact that, with strong intensities, many putatively quantum features of
light—matter interactions arise from a simple balance of mean-field electrodynamics
and elementary spontaneous emission, which requires minimal computational cost.
Our results suggest that the application of semiclassical electrodynamics to problems
with strong light—matter coupling in the fields of nanophotonics and superradiance
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are likely to yield a plethora of new information.

ight—matter interactions are interesting for two reasons:

(1) Light scattered from matter carries detailed
information about the matter itself; (2) generating quantum
light sources and entangled light—matter states is crucial for
novel applications in quantum technology. For example, via
light—matter interactions, a beam of classical light (a coherent
laser) can be transformed into nonclassical light (photons)
with quantum features, such as fluctuations and cascade
emission. In this Letter, we focus on one of the simplest
examples of matter interacting with a strong light field: a two-
level system (TLS) strongly driven by monochromatic light.
For such a case, it is well-known that the TLS will emit light
with a frequency spectrum composed of three peaks, known as
a Mollow triplet.”

The Mollow triplet spectrum is a universal signature of a
quantum system undergoing resonance fluorescence and
cannot be explained by classical optics: the prediction of the
Mollow triplet spectrum is one of the key achievements of
quantum optics. The salient features of the Mollow triplet are
as follows. First, the spectrum is composed of one central peak
at the driving frequency and two sidebands shifted from the
central peak by the Rabi frequency.’™® Second, at resonance,
the fluorescence triplet is dominated by incoherent emis-
sion.”’~? Third, a radiative cascade leads to photon
antibunching and blinking.'"’™'* These three universal
quantum optical features have been demonstrated in (artificial)
atomic systems,ls_19 quantum dots,zo_27 and nitrogen vacancy
defects.”

To understand the features above, the usual approach in
quantum optics is to propagate the quantum optical Bloch
equation (OBE) and then infer the scattered field from the
correlation function of the matter using quantum electro-
dynamics (QED).””™*' More precisely, one makes an
independent process assumption:*  the TLS responds to the
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incident field (a single, highly occupied photon mode) and
relaxes as the radiation field (a reservoir of unoccupied photon
modes) gains population by fluorescence. The propagation of
the quantum OBE usually relies on the rotating wave
approximation (RWA), which is valid near resonance and
allows for analytical expressions.” Note that, however, the
RWA solution accounts for the dynamics involving only one
resonant photon absorption/emission transition.

In this Letter, we show that, quite surprisingly, most of the
quantum features of the Mollow triplet can be captured by
semiclassical simulations without relying on the RWA. In fact,
a semiclassical model can predict some quantum effects
beyond what is possible with the OBE and the RWA, such as
higher-order sidebands and an asymmetric spectrum. Fur-
thermore, because classical electrodynamics is so inexpensive,
the methods discussed below should be applicable to large
systems in environments with arbitrary dielectrics where a
rigorous quantum treatment is not feasible nowadays.

Driven Quantum System. To simulate the features of the
Mollow triplet, we consider a TLS driven by a single-mode
laser field in an effectively 1D space. The electronic TLS
Hamiltonian is Hg = 7iwl1)(1], where the ground state 10) and
the excited state 1) are separated by an energy difference fi,.

The transition dipole moment operator is given by P(x) =
d(x)(10){1l + 11){0l). Here, for simplicity, we assume that the

2
polarization distribution takes the form of d(x) = y_[2e ™ e,
/2

and has a uniform charge distributions in the yz plane. We also
assume that the width of the polarization distribution
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(6 = 1/+/2a) is chosen to be relatively small in space so that
the long-wavelength approximation is valid. The quantum state
of the TLS is described by either the electronic density matrix

p or an ensemble of electronic wave functions {|l//1>}.

For this semiclassical model, both the incident laser photons
and the scattered field are treated as classical electromagnetic
(EM) fields. We assume that the incident laser photons are in a
coherent state, so that the average field observables closely
resemble a continuous wave (CW) EM field. Thus, for
simplicity, the incident EM fields take the form E(xt) =

% cos a)LG - t)ez, By (xt) = — [HyAy cos wL(f - t)ey,
where A is the amplitude and w; is the frequency of the
incident laser field. As ¢ — 0, the driving term can be
approximated by —/dx E (xt) - d(x) = AQ, cos(wyt), where
Q. = —uA;/# is the Rabi frequency. The CW fields E; and B,

. . 4
satisfy sourceless Maxwell equations: BL=—-VXE_ and

%EL = >V X B,. In other words, the CW fields constitute

standalone external fields driving the TLS. Let us now describe
how we model the dynamics of the TLS state plus the scattered
EM fields.

Ehrenfest+R Dynamics for Driven TLS. To model the Mollow
triplet, we use “Ehrenfest+R” dynamics, a simple amended
version of Ehrenfest dynamics to account for spontaneous
emission.”” In the context of a driven TLS, the fundamental
variables for Ehrenfest+R dynamics are the same as those for
Ehrenfest dynamics, {cé, cll , EIS, Bé}, where we use / to index
each trajectory. Recall that the coupled equations of motion for
Ehrenfest dynamics are of the standard Maxwell— Schrodinger
form

0 g\ _ i !
a_tCO(t) = hHm(t) (1)

(1)
5 .
—ei() = —ione{ (1) + —Hoy(t)eq(#) -
I Bl (x, t) = OV X BL(x, £) — ' (x, 1)
ot > S e 3)
J 1 _ 1
EBS(x, t) = =V X Eg(«, t) “@

Here, the scattered field is an ensemble of a classical EM field
{Els, Bg} with the initial condition being a vacuum (ie,
El(x, 0) = B{(x, 0) = 0). The average current generated by
the TLS is J'(x, t) = —2wyc(t)c!(t)*d(x). In eqs 1—4, note
that we work with the wave function of the electronic system,
'y = céIO) + cllll), and we can build the electronic density

. 1 g . . o
matrix as p; = El cilc; for N trajectories. The electric dipole

coupling is Hyy(f) = /%, dx [Ey(x) + EL(x, 1)] - d(x), which
is composed of the laser driving term (coupled to the laser field
E,) and the radiation self-interaction term (coupled to the

scattered field E.).

While eqs 1—4 constitute Ehrenfest dynamics, the
augmentations needed for the “+R” correction are three-fold:
(1) population relaxation, (2) stochastic dephasing, and (3)
EM field rescaling.

(1) Population Relaxation. Note that Ehrenfest dynamics do
not fully include spontaneous emission.”” To recover
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spontaneous emission, we add population relaxation after
every time step df propagating eqs 1—4 and adjust the
electronic wave function by

)

i
co = —Jlegl + Ky lej dt
< (s)
Cl
o = =l = kg IefI* dt
I, (6)

Here, kg = 2idc/* Im [ei‘ﬁ’cécl’*/Icécll*l]2 is the +R relaxation rate
(kg = 0if py; = 0) and k = p’w,/heyc is the Fermi’s golden rule
(FGR) rate for 1D space. ¢ € [0,27] is a random phase
chosen at the beginning of each trajectory.

(2) Stochastic Dephasing. After each time step, we implement
dephasing by multiplication with another random phase ® €
[0,27]

1_i®

b= cle if RN < klc/I* dt ?)

where RN € [0,1] is a random number.

(3) EM Field Rescaling. In order to conserve energy, after
every population relaxation event in eqs S and 6, we rescale the
scattered EM field by

E. - E. + a/6E, (8)

)
Here, the rescaling fields are chosen to be SEg(x) =
—/4\/§4a2x2e_ax2ez and 6Bg(x) = ,u\/g%azx%_“xzey, which
depend on the polarization distribution d only. The

B, — B, + /}'6B;

coefficients ', ﬂl can be calculated to be

12
cwgky  Icl

1 _ 11 g
a =dt |—————— sgn(Im[cy; e?])
2
Aey [dvISEg (10)
k le/” .
ﬂ] =dt Cw%'uo—lz sgn(Im[cécll e'd’l])
[dv 5B (11)

Note that for a Gaussian polarization distribution in 1D the

%E , and we
use the random phase ¢ in eqs 10 and 11. Reference 34
demonstrates that eqs 5—11 conserve energy for a ensemble of
trajectories.

Finally, all together, the Ehrenfest+R dynamics are outlined
in eqs 1—11. One key motivation for Ehrenfest+R dynamics
was the drive to distinguish the coherent emission (({E)?®)
from the total emission intensity (EZ). This distinction is
achieved by averaging over an ensemble of trajectories, which
has been very successful in the area of electron—nuclear
dynamics, including surface hopping® and multiple spawn-
ing®® trajectories. Importantly, the computational cost of
running several Ehrenfest+R trajectories is moderate and easy
to parallelize, such that simulating a large network of quantum
emitters or an environment with complicated dielectrics should
be possible in the future.

Mollow Triplet Spectrum. The Mollow triplet arises when the
FGR rate is much smaller than the Rabi frequency, which is in
turn smaller than the energy spacing of the TLS, i.e,, k < Q, <
@,. For this reason, we choose parameters as follows: k/w, =

self-interference length is determined by A =
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1/800 and Q. /w, = 1/7. The laser detuning between the
incident laser field frequency and the TLS emission frequency
is denoted as §;, = w;, — w,. We assume that the initial state of
the TLS is the ground state and uncoupled to the EM field,
and the entire system reaches steady state at long times, which
is independent from the initial condition.

We first focus on the resonant Mollow triplet (5, = 0). In
Figure lab, we plot results from Ehrenfest dynamics and

T T T 1
— tot=coh

--RWA
]

(2) Eh

[0,m1) [1,m)

WWo

emission spectrum (log)

[0,m) |1,m—1)",

Figure 1. (Left) Energy diagram at resonance (@, = ®,) according to
a quantum dressed state representation. The ground state combined
with m + 1 incident photons 0,m + 1) aligns energetically with the
excited state combined with m photons 11,m) for all m > 0. After
diagonalization, two dressed states are separated by the Rabi
frequency 1Q|. The radiative transitions among the dressed states
are denoted as Rayleigh emission (Qp = @y, labeled R in black),
fluorescence emission (Qp = w; — Q,, labeled F in red), and “three-
photon” emission (Qr = @ + Q,, labeled T in blue). (Right) Semilog
plot of the scattering spectra of the driven TLS as obtained by (a)
Ehrenfest and (b) Ehrenfest+R dynamics. The black dashed line is the
analytical result given by the quantum OBE within the RWA. The
Ehrenfest dynamics (colored red) yield only coherent emission, and
that emission is restricted to the incident laser frequency. By contrast,
for Ehrenfest+R dynamics, we distinguish the coherent emission
I{Eg(w))I* (colored cyan) from the total emission spectrum
(IEs(w)I*) (colored blue). Note that the Ehrenfest+R dynamics
predict higher-order emission peaks at @ — w, = +2Q,, +3€,, ...

Ehrenfest+R dynamics. We find that Ehrenfest+R dynamics
predict a resonant Mollow triplet spectrum at the correct three
frequencies and the emission is predominantly incoherent, as
expected from QED. By contrast, without the +R correction,
Ehrenfest dynamics produce only Rayleigh emission (i.e., only
one frequency), and the emission is entirely coherent. To
explain this behavior, we recall that the standard Ehrenfest
approach can recover the correct spontaneous emission rate
only when the quantum subsystem is mostly in the ground
state.>>” In the presence of the strong driving field, however,
the TLS quantum system is almost always above saturation and
oscillating between the ground and excited state, so that
standard Ehrenfest dynamics cannot emit the radiation field
correctly. This result highlights the importance of spontaneous
emission and stochastic dephasing as far as recovering key
features of QED. As far as characterizing the Mollow triplet,
Ehrenfest dynamics are not enough, but Ehrenfest+R dynamics
appear sufficient.

With this promising result in mind, we now turn our
attention to the Mollow triplet spectroscopy at varying
incident field frequencies (nonzero detuning). From the
energy diagram of QED, when the incident laser is off-
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resonant (6, # 0), we expect that the Rayleigh scattering
frequency changes linearly with respect to the laser detuning
(Qr = @, = @y + ) and the separation of the sidebands

matches the generalized Rabi frequency, Q = /Q.> + §,7, so
that Q= 0, + Q, and Qp = w;, — Q.. In Figure 2, we plot both
the coherent spectrum (I{Eg(w))?) and the total intensity
spectrum from Ehrenfest+R dynamics and extract the peak
positions as a function of the laser detuning. We show
conclusively that the Ehrenfest+R dynamics produce an
accurate detuning dependence for the Mollow triplet peak
positions, in agreement with QED and experimental
results.”>>>*%*" Interestingly, as opposed to the QED data
(which is based on the quantum OBE with the RWA),
Ehrenfest+R dynamics (which go beyond the RWA) predict
higher-order emission sidebands (@, + n€,) for n = 2, 3, ...
(see Figure 1b).

Next, let us compare the coherent emission and the total
intensity. In Figure 2, one can observe that the EM fields
emitted by Ehrenfest+R dynamics are coherent only at the
Rayleigh frequency (Qg = @) and the sidebands are almost
always incoherent.” Furthermore, the fraction of the coherent
component at the Rayleigh frequency strongly depends on the
laser detuning and will be suppressed when the laser frequency
is at resonance. To quantify these observations, in Figure 3a,
we plot the coherence fraction I{(Eg(@))I*/{IEg(w)I*) for the
Rayleigh peak as a function of the laser detuning and compare
against QED results.’® To rationalize the detuning dependence
of the coherence fraction, we recall that the spontaneous
emission of a TLS quantum emitter on the excited state is
dominated by incoherent emission.’” Thus, when at resonance,
the quantum emitter will be pumped to the excited state by the
incident laser so that, after emission, all scattered light will be
almost exclusively incoherent. By contrast, when the laser
frequency is largely off-resonant, the quantum emitter will
mostly stay near the ground state, so that coherent emission
will dominate.

Finally, we focus on the sidebands of the Mollow triplet. In
Figure 3b, we plot the sideband ratio for the fluorescence peak,
(IEs(Qp) P/ ({IEg(Qp)?) + (IEs(Q1)I?)), as a function of the
laser detuning. As is clear from the figure, Ehrenfest+R
dynamics produce asymmetric sideband ratios, namely, the F
peak is higher than the T peak when the incident laser has a
positive detuning (6, > 0) and vice versa. In fact, the
Ehrenfest+R model predicts a sideband ratio in near-
quantitative agreement with experimental measurements.”*°
By contrast, the RWA result incorrectly predicts a symmetric
Mollow triplet spectrum for all §;, which reminds us that the
RWA is valid only near resonance. The fact that the Ehrenfest
+R dynamics can capture asymmetric sidebands indicates that
contributions from the non-RWA terms (such as off-resonance
and higher-order**™*’) are effectively included in this semi-
classical model.

In this Letter, we have shown that, quite surprisingly, the key
universal features of the Mollow triplet can be modeled with
mixed quantum—classical theory and not just QED: we require
only quantum matter plus classical light. The basic idea is that
Ehrenfest+R dynamics incorporate both electronic self-
interaction (as caused by explicit propagation of the scattered
EM field) as well some of the quantum fluctuations of light (as
caused by enforcing stochastic relaxation and dephasing).
Furthermore, we have shown that because this method does
not rely on the RWA, Ehrenfest+R can recover the correct
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Figure 2. (a) Total scattering spectra of the driven TLS when varying the laser detuning ;.. We plot both the coherent scattering spectrum
{Eg(@))* (left) and the total intensity spectrum (|Eg(@)I*) (right) as obtained by the Ehrenfest+R dynamics. Note that coherent emission occurs
only at the Rayleigh emission (w = @) and vanishes at resonance (&, = 0) for the case of a strong incident field (€, > k). (b) We plot three peak
positions as a function of the laser detuning for Rayleigh (colored black), fluorescence (colored red), and “three-photon” (colored blue). The
dashed lines are the quantum results, i.e., Qp = 0, Qp = @ — Q, and Q. = @, + Q.. The solid circles are the Ehrenfest+R data extracted from the
left panel. The boxes are experimental data from ref 25. As a function of the detuning, Ehrenfest+R dynamics predict the correct peak positions in

agreement with QED and experiment.
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Figure 3. (a) Coherence fraction of the scattering intensity at the
Rayleigh frequency (@ = Q) as a function of the laser detuning. The
circles are the Ehrenfest+R results, and the dashed line is the
analytical result [(Eg(Qp))?/{IEg(Qp)I?) = 45, 2(Q2 + 6.2)/(Q* +
28.%)% Note that the Rayleigh scattering signal is dominated by
incoherent scattering when the incident laser is on-resonance (5 = 0)
and becomes more coherent when off-resonance. (b) Relative
sideband intensity for the fluorescence signal (denoted as F/(F +
T)) as a function of the detuning. Note that the Ehrenfest+R results
agree closely with the experimental data (adapted from ref 26). By
contrast, the RWA always predicts (incorrectly) a symmetric Mollow
triplet with F/(F + T) = 0.5.

scattering spectrum in a wide range of laser detuning far away
from resonance, which is not possible with the usual QBE
within the RWA.

Looking forward, on the one hand, even though we find
accurate results with a semiclassical model, following Miller’s
argument, one should be cautious about extrapolating our
results and rushing into judgment as to what is quantum and
what is classical.” As a precaution, we note that the
semiclassical model above cannot describe some quantum
effects of the Mollow triplet that involve higher-order
correlations, such as radiative cascaded emission and photon
antibunching. On the other hand, it will be interesting to find
out exactly how far this (or a similar) semiclassical model of
light—matter interactions can take us. The success of the
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Ehrenfest+R dynamics in recovering the Mollow triplet
quantitatively is evidence that, with energy conservation,
several nuanced features of quantum optics can be dissected
classically. Just as a host of semiclassical nonadiabatic dynamics
algorithms have transformed the field of photochemistry and
molecular electronics over the past 20 years,””~** our hope is
that, armed with new semiclassical approaches for light—matter
interactions, one will soon be able to realistically model many
exciting new collective phenomena, including resonant energy
transfer,>”*’ superradiance,so_52 cavity effects,”>™>° and nano-
plasmonics.56 Further work in this regard will certainly be very
exciting.
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