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ABSTRACT: We analyze different stochastic approaches for
simulating electron transfer and potential sweep experiments in
diffusive multidimensional electrochemical systems. In particular, we
focus on a simple two-dimensional system, where one dimension is a
traditional mass diffusion coordinate moving reactants from bulk
solution to an electrode, and a second dimension represents a
reorganization coordinate capturing solvent motion. We find that this
multidimensional system can indeed be reduced to a simpler one-
dimensional model, provided certain circumstances pertaining to
separability between the two coordinates are met. Our results should
begin to bridge the gap between continuum models of electro-
chemical dynamics/transport and ab initio models of surface
electronic structure.

1. INTRODUCTION

Within the field of electrochemistry, one of the open questions
is: what is the simplest computational model for capturing the
details of Tafel plots and cyclic voltammograms (CV) for
realistic experiments? Historically, when modeling such
electron transfer (ET) events at the electrode surface, the
usual approach has been to enforce either static or local
empirical boundary conditions, especially the Nernstian
equilibrium or Butler−Volmer kinetics.1 These boundary
conditions are simple to implement and applicable in many
common applications, even in the presence of diffuse charges
on surfaces.2 Nevertheless, the above approaches do not
address the actual mechanism of a complicated ET event;3 for
instance, the Butler−Volmer approach hides a great deal of
physics (all barrier heights and shapes, reorganization free
energies, solvent recrossing probabilities) in one empirical
parameter, namely, the transfer coefficient.
Many efforts to improve upon the canonical techniques of

electrochemistry have been constructed, most commonly using
the Marcus−Hush (MH) theory which usually assumes
symmetric parabolas.4,5 However, there have also been some
developments for asymmetric parabolas6 and nonparabolic
surfaces (where local low-frequency vibrations can alter the
effective force constant of the two oxidative states differently7).
More generally, one can estimate rate constants for the
electron transfer using Fermi’s golden rule and evaluating a
one-dimensional (1D) integral (sometimes called the Marcus−
Hush−Chidsey integral8,9). And quite often, by fitting
experimental I−V curves to Fermi’s golden rule (FGR) rates,
one can extract reasonable thermodynamic parameters, e.g.,

reorganization energies.10 However, even this approach is not
without limitations,11 and FGR integrals have been shown to
be insufficient for replicating some voltammetry experiments
quantitatively;6 in fact, sometimes, more involved FGR
treatments of I−V curves perform worse than the simpler
Butler−Volmer equations.12 Current electrochemical research
is exploring alternatives to Butler−Volmer, including phase-
field models,13 density functional theory (DFT)-aided
molecular dynamics simulations,14,15 and other approaches.
In the end, the potential energy surfaces as relevant to

electrochemistry are large and quite complicated, and the
statistical mechanics of sampling such configurations is
daunting. As far as we are aware, there is still no complete
and practical methodology for simulating electrochemical
phenomena that (i) can describe complex chemical trans-
formations (including multielectron transfer events) using (ii)
only a few parameters (ideally extracted from electronic
structure theory). We also note that modern simulations using
the Nernstian and Butler−Volmer boundary conditions should
be valid only when the electron transfer at the surface is
relatively fast and largely decoupled from other surface
processes. Unlike these approaches, the ideal electrochemical
simulation (iii) should be applicable whether electron transfer,
mass diffusion, or some other transformation is rate limiting.
From our point of view, even though there is also a long
history of studying ET coupled to diffusion in solution16−19 as

Received: March 4, 2019
Revised: April 26, 2019
Published: May 1, 2019

Article

pubs.acs.org/JPCCCite This: J. Phys. Chem. C 2019, 123, 13304−13317

© 2019 American Chemical Society 13304 DOI: 10.1021/acs.jpcc.9b02068
J. Phys. Chem. C 2019, 123, 13304−13317

D
ow

nl
oa

de
d 

by
 U

N
IV

 O
F 

PE
N

N
SY

L
V

A
N

IA
 a

t 1
3:

52
:4

1:
74

2 
on

 J
un

e 
08

, 2
01

9
fr

om
 h

ttp
s:

//p
ub

s.
ac

s.
or

g/
do

i/1
0.

10
21

/a
cs

.jp
cc

.9
b0

20
68

.

pubs.acs.org/JPCC
http://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jpcc.9b02068
http://dx.doi.org/10.1021/acs.jpcc.9b02068


well as photoinduced ET and ion recombination in different
enviornments,20−22 there has still been very little development
of the theory of electrochemical dynamics compared to the
vast theoretical developments in photochemistry and photo-
dynamics. This gap between photochemistry and electro-
chemistry poses both challenges and opportunities for
chemical theory. Recently, there has been recognition of the
importance of modeling the electrochemical ET through a
more complete Marcus picture,23 but previous works in this
vein have usually assumed restrictive conditions, for example,
focusing primarily on equilibrium statistical fluctuations.24

Thus far, little attention has been given to methods that
explicitly model the dynamics of electrochemical ET with
molecular motion in bulk and at the surface.
In this paper, we analyze the simplest such multidimensional

approach for simulating electrochemical dynamics: we study
electron transfer with molecular motion possible along two
different nuclear coordinates, one a solvent reorganization
coordinate and the other a diffusion coordinate, under an
applied potential. By modeling ET with a stochastic,
nonadiabatic surface hopping25 (SH) ansatz, we will build
new intuition for how to understand I−V curves dynamically.
An outline of this paper is as follows. In Section 2, we compare
the standard approaches for electrochemical simulations,
highlighting how these different approaches relate to one
another. In Section 3, we present results for each approach,
comparing and contrasting when a two-dimensional (2D)
simulation can be reduced to a more simpler one-dimensional
case. Finally, in Section 4, we discuss how to connect mass
transport models with ab initio models of electrochemical
dynamics and we point out the obvious improvements needed
to make progress. We conclude in Section 5.

2. METHODS

2.1. Basic Electrochemical Methods in One Dimen-
sion. As is standard, we begin our discussion with an analysis
of electrochemical dynamics in one dimension, where mass
transport and diffusion are paramount.
2.1.1. Mass Transport with Butler−Volmer and Nernstian

Boundary Conditions. Historically, the simulation of electro-
chemical systems has been carried out by modeling solute mass
transport and incorporating electrode boundary conditions
that obey either Nernstian or Butler−Volmer boundary
conditions. For the most part, this approach requires only a
simple grid in one dimension (to simulate the diffusive motion
of the electroactive species in the solution) and the
implementation of species exchange at the surface (to simulate
charge transfer).
To illustrate this approach, consider the following equation

+ −A e B
k

k

b

f
F

Here, species A is reduced at the electrode to form B, and the
reaction is reversible. The kinetics obeys
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where x̂ is the unit vector for the diffusive coordinate, JA (JB) is
the current of species A (B), and DA

x (DB
x) is the diffusion

coefficient in the x-direction (which we take as equal for both
species A and B). Equations 1a and 1b are an almost complete
protocol for simulating electrochemical systems but does
require boundary conditions. The system is governed by the
following initial conditions

= = =c t x c( 0, ) 1A A
bulk

(2a)

= = =c t x c( 0, ) 0B B
bulk

(2b)

and bath boundary conditions

= ∞ = =c t x c( , ) 1A A
bulk

(3a)

= ∞ = =c t x c( , ) 0B B
bulk

(3b)

The initial conditions above state that only A is present at time
zero and the boundary conditions are defined so that the
concentrations of A and B are equal to their bulk
concentrations infinitely far from the electrode. What remains
to be determined, however, are the dynamical boundary
conditions at the electrode surface, where two options are
standard.

2.1.1.1. Nernstian. On the one hand, Nernstian boundary
conditions enforce the proper equilibrium ratio for the surface
concentration of the species A divided by the surface
concentration of the species B at all times. We assume that
the surface concentrations at the boundary are related to the
ratio of the forward and backward rate constants, kf and kb

1,26

| = = β
=

− Δ −Δ °c
c

k
k

ex
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A
0

f

b

( ( ) )

(4)

2.1.1.2. Butler−Volmer. On the other hand, Butler−Volmer
boundary conditions stipulate that the concentration gradient
at the electrode surface must be equal to the net flux

∂
∂

| = | − |= = =D
c
x

k c k cx
x x xA

A
0 f A 0 b B 0 (5)

The forward and backward rates are given by

= ° αβ− Δ −Δ °k k e G t G
f

( ( ) )
(6a)

= ° α β− Δ −Δ °k k e G t G
b

(1 ) ( ( ) )
(6b)

where k° is the standard rate constant, α is the transfer
coefficient, β = (kT)−1, ΔG(t) is the external potential, and
ΔG° is the redox potential of the A/B redox couple.1,26 In the
standard electrochemical literature, the value of the transfer
coefficient is usually related to the symmetry of the energy
barrier in going from A to B and is equal to 0.5 in the case
where the barrier from A to B is completely symmetric. For
both Nernstian and Butler−Volmer dynamics, we also assume
that the flux of species A and B are equal and opposite at the
electrode, JA = −JB. When supplemented with one more
equation to ensure mass conservation, the above equations
define either Nernstian (eq 4) or Butler−Volmer (eqs 5, 6a,
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and 6b) electrochemical dynamics. For more details about the
implementation of these conditions, see Appendix C.
Solving the above boundary value problem has a long

history, attempted first by Randles27 and Ševcǐḱ.28 In the case
of Nernstian dynamics for a linear sweep voltammetry
experiment, there exist analytical values for the peak current
and peak potential, Ip and ΔGp, found by Laplace transforming
the diffusion equations in eq 1b and employing the boundary
conditions in eqs 2a, 2b, 3a, 3b, and 4.29 Assuming units of
current in amperes, electrode area A in cm2, diffusion constant
D in cm2/s, the scan rate ν in V/s, and concentration cA in
mol/cm3, one arrives at

ν= × =I n AD c t(2.69 10 ) ( 0)p
5 3/2

A
1/2 1/2

A (7)

for the peak current and

Δ = Δ −G G
RT
n

2.20p p/2 (8)

for the peak potential (in V). Here, n is the number of
electrons transferred in the ET event, is the Faraday
constant, and ΔGp/2 is the half-peak potential,

1 i.e., the driving
force for which the current is half of the maximum current in
eq 7. Equation 7 shows that for Nernstian systems where ET
kinetics is reversible, Ip is proportional to ν1/2 and does not
depend on k°. For systems that exhibit more complicated
dynamics than those of the reversible case, the values of Ip and
ΔGp become more complicated functions of a unitless
parameter,30 which can be seen as a measure of the relative

rates of ET kinetics (k°) and mass transfer kinetics ν( )D
RT

.

The statements above can be extended beyond linear sweeps
to the case of cyclic voltammetry, although again, exact
analytical expressions exist only for the Nernstian case.31,32

2.1.2. Generalized SH Approach with Flexible Boundary
Conditions. The Butler−Volmer dynamics described above
shows similarities to a stochastic master equation approach. In
fact, with a little work, it can be easily shown that eqs 1a, 1b,
and 5 are identical to classical surface hopping solving for the
dynamics of coupled nuclear and electronic motion near a
metal surface. To be precise, consider the following generalized
Anderson−Holstein (AH) Hamiltonian, where an electronic
impurity (i.e., a redox-active molecule) is coupled to a
collection of nuclei (with position q̂α and momentum Π̂α

and [q̂α, Π̂α] = iℏ) and a bath of metallic fermions (indexed by
k)

= + +H H H Hs b c (9a)
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∑ μ= ϵ − †H c c( )
k
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(9d)

∑= ⃗ +† †H W r c d d c( )( )
k

k k kc
(9e)

Here, Hs represents a Hamiltonian for a molecule with
molecular orbital d near a metal surface; Hp represents a

collection of nuclear coordinates that lead to a friction for the
molecule; Hb represents a metal surface with multiple
electronic states, indexed by k; and Hc represents the coupling
between electrons in the metal and the molecule. r ⃗ is the
position operator for the electronic impurity; in principle, r ⃗ in
eqs 9b, 9c, and 9e represents a multidimensional nuclear
coordinate, however, in one dimension, r ⃗ becomes a scalar
variable x. gα is the coupling between the molecule and the
collection of nuclei indexed by coordinate α, d/d† represents
creation and annihilation operators for a molecular orbital near
a surface, μ is the chemical potential of the metal, ck/ck

† are the
annihilation and creation operators for the metallic bath of
electronic states, andWk is the coupling between the electronic
bath and the molecular orbital d. In practice, we will use the
function Γ

∑π δΓ ⃗ ϵ = | ⃗ | ϵ − ϵr W r( , ) 2 ( ) ( )
k

k k
2

(10)

to characterize the strength of the electron−metal coupling,
where ℏ

Γ
is the lifetime of an electron placed on the molecule.

In the wide band limit, one can assume that Γ(r,⃗ ϵ) depends
only on r ⃗ (and not on ϵ).
The model in eqs 9a, 9b, 9c, 9d, and 9e incorporates two

potential energy surfaces (PESs): we define UA to be the
diabatic PES for the case where the impurity is unoccupied and
we define UB to be the diabatic PES for the case where the
impurity is occupied. Thus, the function E in eq 9b can be
defined as the difference between the diabatic states, E(r)⃗ ≡
UB(r)⃗ − UA(r)⃗. Furthermore, in one dimension, it is standard
to choose flat potential energy surfaces with no x dependencea,
such that

≡ + ΔU U GB A (11a)

= ΔE G (11b)

2.1.2.1. Classical Master Equation (CME) for Solving the
AH Model. As shown in ref 34, if we consider the limit of weak
coupling Γ and high temperature (where all nuclear motions
are classical) and the limit of strong friction, so that all
translational motions are diffusive and governed by the
Smoluchowski equation, one can propagate dynamics for the
Hamiltonian in eqs 9a, 9b, 9c, 9d, and 9e by solving the
relevant master equation of the form
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Here, we have assumed Γ(x) = Γ0δ(x) so that all hoppings
occur at only x = 0. The relevant electrode and bath boundary
conditions are

= − = =c t x c t x( , 1) ( , 0)A A (13a)

= − = =c t x c t x( , 1) ( , 0)B B (13b)
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= ∞ =c t x( , ) 1A (13c)

= ∞ =c t x( , ) 0B (13d)

Here, we have invoked a fictitious boundary point at x = −1b.
In principle, eqs 12a and 12b can be solved by sampling over a
swarm of trajectories hopping back and forth between surfaces
and undergoing stochastic motion with Langvein forces.
However, to save time, we will integrate eqs 12a and 12b
directly, solving for the time dependence of the probability
densities as they are propagated with the coupled Smoluchow-
ski equations.
Now, to prove the equivalence between eqs 1a, 1b, 5, 12a,

and 12b, we simply integrate both sides of eqs 12a and 12b
over a small length ϵ, where ϵ → 0
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These are Butler−Volmer boundary conditions. Apparently,
adjusting the boundary conditions at x = 0 (the electrode
surface) can reproduce Butler−Volmer dynamics entirely and
with more generality, giving us another view of electrochemical
dynamics. Note that with the diffusion equations in eqs 12a
and 12b, we find that the units of kf and kb are cm/s, not s−1.
2.1.2.2. Including Reactions Far from the Surface. Before

proceeding further, one more point is now appropriate. The
differential equation modeling electron transfer (eqs 12a and
12b) can be modified easily to include pre- and post-reactions.
For the series of chemical reactions

+ −A e B
k

k

b

f
F

→B Z
kr

where Z is an electronically inactive species, the differential
equation in eqs 12a and 12b simply becomes
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In this case, kf and kb have different units from kr; the rate
constants kf and kb have units of cm/s and kr has units of s

−1.
Note that the delta function δ(x) from eqs 12a, 12b, 15a, and
15b has units of cm−1.
2.1.3. Ramp Speed and Measuring Current. To model a

linear sweep voltammetry or a cyclic voltammetry experiment,
one must propagate the diffusion equations forward in time,
while also changing the potential (ΔG(t) in eqs 6a, 6b, 11a,
and 11b). For our purposes, we will imagine that the potential
is ramped according to the following equation

νΔ = Δ +G t G t( ) i (16)

where ν is the scan rate and ΔGi is the starting potential. For
the cyclic voltammetry experiments, once ΔG(t) = ΔGf =
−ΔGi the scan is reversed and carried out until ΔG(t) = ΔGi.
Current in these experiments can be calculated in at least two
equivalent ways

= ∂
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xA 0 (17a)

or

= − | =I t n A k t c t k t c t( ) ( ( ) ( ) ( ) ( )) xf A b B 0 (17b)

Here, is the Faraday constant, A is the area of the electrode
surface, and n is the number of electrons transferred in the
electron transfer. For simplicity, we set =n A 1.

2.2. Electrochemical Dynamics in Two Dimensions.
2.2.1. SH in 2D: Explicitly Modeling ET through a Solvent
Reorganization Coordinate. As described above, simple
Butler−Volmer kinetics models electrochemical ET effectively
through one parameter α; thus, the kinetics implicitly assumes
that ET dynamics is dictated by a slow, rate-limiting motion
along a generalized diffusion coordinate from the bulk to the
surface. Although this approach is often reasonable in solution
(for outer sphere ET), it is also true that dynamics is often
limited by water reorganization and other solvent effects (as
argued originally by Marcus35). Thus, one can easily imagine at
least two possible reaction coordinates. With this motivation in
mind, and having already reviewed the basic theory of one-
dimensional electrochemical dynamics for modeling CV
experiments, we will now construct a multidimensional
problem by including an additional degree of freedom into
our Hamiltonian: an effective solvent reorganization coor-
dinate ζ. Mathematically, we choose a Hamiltonian of the form
from eqs 9a, 9b, 9c, 9d, and 9e, with r ⃗ = (x, ζ). For simplicity,
we suppose that the PESs for species A and B are quadratic
wells, with a nuclear frequency ω, mass m, and centered at ζA
(ζB)
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where UA can have an x dependence through the diabat
minimum position ζA(x) and ΔG is determined by the external
voltage. Note that UB is always independent of x.
To model the electrochemical dynamics, we discretize our

electrochemical system on a 2D grid, and we solve the
following differential equations
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Dx, Dζ are diffusion coefficients in the x and ζ directions,
respectively, γx, γζ are friction coefficients in the x and ζ

directions, respectively γ =( x
kT
Dx , γ =ζ ζ )kT

D
, and Fx, Fζ are the

mean forces acting on a given species in the x and ζ directions,
respectively. From eqs 18a and 18b, the relevant forces are
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To visualize the effect of ΔG on the PESs, see Figure 1. The
addition of the ζ coordinate allows us to model the electron

transfer in the form of “hops” between the species, represented
by hopping rates kf and kb. These hopping rates depend on the
coordinate ζ and are given by
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where Γ(x) is the function that represents the strength of the
electrode−molecule coupling and =

+ βf E( ) 1
1 e E is the fermi

function.
The system is governed by the following initial conditions

∫
ζ

ζ
= =

β ζ

β ζ

−

−c t x( 0, , )
e
d e

U x

U xA

( , )

( , )

A

A
(22a)

ζ= =c t x( 0, , ) 0B (22b)

and boundary conditions

∫
ζ

ζ
= ∞ =

β ζ

β ζ

−

−c t x( , , )
e
d e

U x

U xA

( , )

( , )

A

A
(23a)

ζ= ∞ =c t x( , , ) 0B (23b)

ζ ζ= ±∞ = = ±∞ =c t x c t x( , , ) ( , , ) 0A B (23c)

The initial conditions in eqs 22a and 22b enforce the fact that
only A is present initially and at a uniform concentration
everywhere in the x-direction; furthermore, there is a
Boltzmann distribution in the ζ direction. The boundary
conditions in eqs 23a, 23b, and 23c enforce the fact that there
is no concentration of either species at the boundaries of the ζ
coordinate (ζ → ±∞), and that the concentrations of A and B
are equal to their initial concentrations infinitely far from the
electrode in the x-direction (x → ∞). For simplicity, we fix the
diffusion constant to be constant and equal for both species A
and B (DA

x = DB
x = DA

ζ = DB
ζ).

2.2.2. Nuances of Broadening: a Broadened Classical
Master Equation (BCME). In cases where the metal molecule
coupling Γ is larger than kT, level broadening becomes
important: for molecules chemisorbed or physisorbed on
surfaces, electrons are shared in an adiabatic state quantum
mechanically between molecule and surface, and the electronic
motion is not simply hopping back and forth. To capture the
more complex hybridized dynamics that arises from the
continuum of electronic states in the metal, a reasonable fix is
to modify our diabatic forces as follows36
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F x m x
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n E x
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ζ ζ ζ= − −F x
E
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d
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(24c)
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ζF x m
E

n E x

f E x

( , ) ( )
d
d
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B
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B

(24d)

Here, n(E) is the broadened population and W is the
electronic bandwidth

∫ π
= ϵ Γ

ϵ − +
ϵ

−

Γ
n E

E
f( )

d
2 ( )

( )

W

W

2
4

2

(25)

chosen such that W ≫ Γ. To visualize the surfaces from eqs
18a, 18b, 24a, 24b, 24c, and 24d, see Figure 2, and to visualize
the 2D surfaces, see Figure 3.

Figure 1. Illustration of the vertical shift in energy that occurs when
changing the external voltage, and subsequently ΔG, on the PES UB
from eq 18b.
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2.2.3. Measuring Current in 2D. For all calculations, where
we explicitly model ζ, one can calculate current in two different
ways

∫

∑

ζ
ζ
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∂

∂
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(26a)

or
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(26b)

2.2.4. Coarse Graining and Marginalizing Out ζ: The 1D
Marcus−Hush (MH) Model. Equations 19a, 19b, and 19c
represent a general approach to modeling electrochemical ET,
and yet one often seeks the simplest possible approach. To that
end, one often seeks to marginalize out the reorganization
coordinate direction, leading to the following marginal
probability distribution c(x, t)

= −
∂
∂

̂

= −
∂
∂
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Obviously, eqs 27a and 27b are equivalent to eqs 12a and 12b;
although in this case, the motion in the ζ direction gives a new
average hopping rate, k̃f/b

Ù ∫
∫
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ζ
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Ù ∫
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The rates
Ù
kf ,

Ù
kb are just the original hopping rates weighted by

the Boltzmann average of being at a given position in ζ at x =
0. Equations 28a and 28b arise from the assumption that the
equilibration in ζ is fast relative to other time scales in the
simulation. For the Hamiltonian in eqs 9a, 9b, 9c, 9d, and 9e
with roughly equal diffusion in x and ζ, the relevant condition
for fast nuclear equilibration relative to the time scale of the

driving force is = >ω
γ

ω νm Dm
kT kT

2 2

. This condition states that

the time required to change the driving force by kT should be
larger than the relaxation time of a damped harmonic oscillator

(which in the overdamped limit is ω
γ

m 2
). This condition should

be satisfied for almost all experiments.
The implementation of k̃f and k̃b as the rate constants for

Butler−Volmer dynamics in eq 5 in lieu of the rate constants in
eqs 6a and 6b is known in the electrochemical literature as the
Marcus−Hush (MH) boundary conditions.37 Obviously, eqs
28a and 28b are equivalent to the Marcus electrochemical rate
constants; in this paper, even though we are in the slightly
overdamped regime, the Zusman corrections (for solvent
overdamping effects on the rate constant) should be small and
will not be considered. Below, we will refer to the utilization of
the rate constants k̃f and k̃b in the SH framework as a 1D MH
model. Note that if Γ is larger than kT, then the potentials UA
and UB (within the BCME approximation) in the above
equations need to be replaced with the broadened PESs

Figure 2. Potential energy surfaces as a function of the solvent
reorganization coordinate ζ, unbroadened (UA and UB) and
broadened (UA

broad and UB
broad), and potentials of mean force (UPMF),

for diabats in eqs 18a, 18b, 18c, 29a, and 29b, with m = 2000, ω =
0.0002, ζA = −10, ζB = 10, Γ = 0.002, and ΔG = 0. All parameters are
in atomic units (au).

Figure 3. Potential energy surfaces as a function of the diffusion
coordinate x and solvent reorganization coordinate ζ, with m = 2000,
ω = 0.00025, ζA = −10, ζB = 10, Γ = 10−6, and ΔG = 0. All parameters
are in atomic units (au).
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2.3. Alternative to Solving Ordinary Differential
Equation (ODE): Diagonalizing the Fokker−Planck
Operator. The simplest means to propagate the electro-
chemical dynamics in eqs 12a, 12b, 19a, 19b, 19c, 27a, and 27b
is to use an implicit ordinary differential equation (ODE)
solver. Note that an implicit ODE solver is necessary, because a
more conventional explicit ODE solver (e.g., RK438) is
unstable for this purpose. The root of the problem is the
stiff behavior of these ODEs;39 for the 1D data in the Results
and Discussion, we have chosen to use the real-valued variable-
coefficient ordinary differential equation (“vode”) solver with
the backward difference formula method.40

As an alternative to vode, there is another approach, namely,

one can cast ∂
∂
c
t
A ∂

∂( )c
t
B as a matrix equation and diagonalize the

corresponding matrix operator to obtain an exact answer for
the time evolution of cA (cB)

c. The diagonalization of this
“Fokker−Planck” operator has been previously applied to
study ET dynamics in a two-state system with diffusion.41 For
our purposes, eqs 12a and 12b can be written in the following
way

δ
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c
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Here, we define superoperators
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and we allow for a drift term
γ
F x

x
for generality; note that for the

case of eq 12a, Fx ≡ 0. Similarly, eq 19a can be written as

δ
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By combining ζ ζ k, , , ,x x
A B A B f , and kb, we obtain the

general matrix equation for both cA and cB
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where = x
A A =( )x

B B in the 1D model and

= + ζx
A A A = + ζ( )x

B B B in the 2D model. Here,
the term y ⃗ is used to include the bath conditions from eqs 13a,
13b, 13c, 13d, 23a, 23b, and 23c, which maintain a static
condition at the bath boundary, i.e., c ⃗(̇x = ∞) = 0⃗. In other
words, y(⃗x ≠ ∞) = 0 and ⃗ = ∞ = − ⃗ = ∞y x c x( ) ( )( ).
Obviously, is in general non-Hermitian, given that (i) A

( )B is non-Hermitian if there is a potential UA (UB) and (ii)
the off-diagonal elements of are not equal (kf ≠ kb) unless E
= 0. Since the diagonalization of non-Hermitian matrices is
often unstable, one would like to transform into a
Hermitian matrix. To do so, there is a common method42

for converting the non-Hermitian operator ̃
A

̃( )B

̃ = β β−e eU U
A

/2
A

/2A A (34a)

̃ = β β−e eU U
B

/2
B

/2B B (34b)

With the above transformation of A ( )B in mind, we can
define a similarity transformation matrix S as
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such that the new operator ̃
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f
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is Hermitian and can be easily diagonalized. Although the
eigenvectors of ̃ will differ from those of , and ̃ are
related by a similarity transformation, so that the eigenvalues
are identical for both and one can analyze the dynamics of the
system at any arbitrary time. Note that in eq 36 for a 2D
simulation, kf, kb, and E are functions of the coordinates x and
ζ.
Simulating a linear sweep voltammetry experiment can be

done with matrix algebra by the diagonalization of ̃ at each
time step (since ̃ is a function of ΔG(t)), yielding ̃ =
PΛPT. The eigenvalues Λ are always nonpositive, correspond-
ing to decay rates along modes represented by the eigenvectors
of P, and for such a dissipative system, there is always one zero
eigenvalue corresponding to the equilibrium or steady stated.
At this point, we can change variables and recast the
differential equation for the time evolution of cA and cB into
renormalized coordinates

⃗ ≡ ⃗b P ScT (37a)
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⃗ ≡ ⃗z P SyT
(37b)

The final equation of motion becomes

→̇
= Λ ⃗ + ⃗b b z (37c)

Equation 37c can be solved exactly, with the solution for any
arbitrary time step given by

⃗ = ⃗ + ⃗ − ⃗ Λb t b b b( ) ( )e t
eq eq (38a)

⃗ = −Λ ⃗−b zeq
1

(38b)

Finally, using eq 37a, we can convert b⃗(t) back to ⃗ = ( )c t c
c( ) A

B

using P and S: c ⃗ = S−1Pb⃗. Hence, one can easily calculate the
current at each time step with complete numerical stability.
2.4. Parameterization. We will work in standard units

throughout this paper and, unless stated otherwise, set ΔG° =
0 V, m = 1.82 × 10−27 kg (2000 au), T = 300 K (0.00095 au),
ζA(x) = ζA

0 = −5.29 Å (−10 au), ζB = 5.29 Å (10 au), W = 103

× Γ, Nx = 50, and Nζ = 101. The size of the grid in x is given
by =L D t6x

x
T , where tT is the total time of the simulation,

defined by the starting and ending ΔG and ν, =
ν

|Δ − Δ |t G G
T

f i

for linear sweeps and =
ν

|Δ − Δ |t G G2 f i for cyclic sweeps. The size

of the grid in ζ is given by Lζ = 4(ζB − ζA), with endpoints
[4ζA, 4ζB], and the grid spacing in both x and ζ is uniform,

such that =xd L
N

x

x
and ζ = ζ

ζ
d

L

N
. The current values in Figures

5, 6, 7, 8, 10, and 11 are rescaled by a factor of 109.

3. RESULTS
We have thus far presented several distinct approaches for
simulating electrochemical systems. To better understand
these approaches, we will now consider a host of different
situations and quantitatively analyze the prediction of each
approach. When will different approaches agree? And if they
disagree, which approach is appropriate?
3.1. Verification of 1D Model. Our first goal is to

numerically demonstrate the equivalence of surface hopping
with boundary conditions (eqs 12a, 12b, 13a, 13b, 13c, and
13d) against the Nernstian (eqs 1a, 1b, and 4) and Butler
Volmer (eqs 1a, 1b, and 5) approaches. In Figure 4, we plot
simulated cyclic voltammograms for two chemical reaction
types, with both methods for calculating current (eqs 17a and
17b) and three different dynamics methods, Nernstian (eqs 1a,
1b, and 4), Butler−Volmer (eqs 1a, 1b, and 5), and surface
hopping (eqs 12a, 12b, 13a, 13b, 13c, and 13d). In all cases, we
see an excellent agreement between the surface hopping
dynamics and the standard Nernstian and Butler−Volmer
approaches whichever way the current is calculated.
In addition to the case of a symmetric barrier between

oxidation and reduction, the surface hopping method can also
handle the case of an asymmetric barrier, α ≠ 0.5e. In Figure 5,
we plot results for the same models and parameterizations as in
Figure 4, but with α = 0.2. Obviously, we do not expect
Nernstian dynamics to recover the correct current due to the
asymmetric barrier, but we do see quantitative agreement
between the hopping approach and Butler−Volmer kinetics,
providing an additional validation for the hopping approach.
3.2. Cases where 2D and 1D MH Model Agree. Next,

we examine situations under which the 1D MH model can

recover the same result as that of the full 2D model. Plotted in
Figures 6 and 7 are linear sweep voltammograms for cases
where the 1D MH model agrees with the 2D model, for four
different coupling strengths and two different reorganization
energies. In the case of moderate reorganization energies
(Figure 6), all three methods (1D, 1D MH, and 2D) give the
same results for large enough Γ, but as λ0 increases, the
agreement between the 1D model and the 1D MH/2D model
decreases (Figure 7).
The regime under which the 1D, the 1D MH, and 2D

models all agree can be considered the case where the
dynamics is mass transfer limited, i.e., the dynamics along the x
coordinate is rate limiting. By contrast, the high reorganization
energy/low coupling regime can be understood as the case
where the dynamics is limited by the motion along the solvent
reorganization coordinate ζ. Nevertheless, from the fact that
the 1D MH model always recaptures the 2D results, it appears
that the 1D MH model may be adequate for capturing the
dynamics of electrochemical systems in all cases. And yet, there
should be instances where the average hopping rate of the 1D
MH model should not be adequate for modeling the full
dynamics of the 2D system. Let us now address this
hypothesis.

3.3. Cases where 2D and 1D MH do not Agree. To
construct a situation where the 1D MH and 2D models differ,
let us choose nonseparable PESs, where ζ and x are entangled.
Since the 1D MH model simulates dynamics only in x, we

Figure 4. 1D cyclic voltammograms (CV) for the reaction

+ −A e B
k

k

b

f
F , both with ((c) and (d)) and without ((a) and (b))

the postreaction →B Z
k

. (a) CV measuring current by the difference

in forward and backward rates, without the postreaction →B Z
k

. (b)
CV measuring current by the flux of A at the electrode, without the

postreaction →B Z
k

. (c) CV measuring current by the difference in

forward and backward rates, with the postreaction →B Z
k

. (d) CV
measuring current by the flux of A at the electrode, with the

postreaction →B Z
k

. Note that kf and kb are not explicitly modeled
when using Nernst boundary conditions, preventing the use of the
difference in forward and backward rates as a measure of the current.
Parameters are set to Dx = 1 cm2/s, ν = 1 V/s, ΔGi = 1 V, ΔGf = −1
V, Nx = 200, k = 100 s−1, k° = 1000 cm/s, α = 0.5. We see a
quantitative agreement between the surface hopping dynamics and
both Nernstian and Butler−Volmer dynamics, suggesting that all of
the approaches are applicable for simulating these systems.
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suspect that the entanglement of x and ζ should give rise to
different results compared to the 2D model. To do this, instead
of using ζA(x) = ζA

0 (in eq 18b) as a constant value, we choose
the functional form

ζ ζ ζ ζ σ= − + ≫σ∞ − ∞x
x

( ) ( )e ,
1

(d )
x

A A
0

A A 2

2

(39)

This creates a situation where the diabat well minimum for
species A takes on the value ζA

0 at x = 0 and the value ζA
∞ for all

other x. The switch off occurs over a length scale much smaller
than the grid spacing dx. Consider now a situation where ζA

∞ =
−5.29 Å for all x values except at the electrode surface. When
species A approaches the metal from x > 0, necessarily there
must be an additional relaxation as the solute concentration cA
adjusts to the new surface at x = 0. Moreover, this adjustment
cannot be measured by a simple difference in the
reorganization energy at x = 0. In such cases, the solute
concentrations cA and cB need not relax faster than the time
scales kf and kb.
Plotted in Figures 8 and 9 are linear sweep voltammograms

for different ζA positions at x = 0 for four different coupling
strengths. Although the difference between the 1D MH and
2D models is modest in Figure 8 (ζA(x = 0) = −5.82 Å), the
difference becomes readily apparent in Figure 9 (ζA(x = 0) =
−6.35 Å). Effectively, we find that the 1D MH model is
adequate for situations where the two dimensions are
separable, but the 1D MH model fails when separability is
no longer guaranteed. Now, one may well question whether
the data in Figures 8 and 9 is anomalous and caused by a
discontinuous PES. To that end, in Appendix B, we study

Figure 5. 1D cyclic voltammograms (CV) for the same conditions as
in Figure 1 but with an asymmetric barrier between oxidation and
reduction, given by α = 0.2. Parameters are set to Dx = 1 cm2/s, ν = 1
V/s, ΔGi = 1 V, ΔGf = −1 V, Nx = 200, k = 100 s−1, k° = 1 cm/s, α =
0.2. Note that k° is decreased relative to the symmetric case; if the
kinetics are very facile, as evinced by a large k°, then the asymmetry of
the barrier will have no effect on the dynamics. Similarly to the α =
0.5 case, we see a quantitative agreement between the hopping
approach and the Butler−Volmer approach. Note that the Nernstian
dynamics cannot recover the correct answer, since we have introduced
an asymmetric barrier and relatively slow ET kinetics in this case.

Figure 6. Linear sweep voltammograms for simulations where the 1D
MH model (eqs 27a and 27b) and full 2D model (eqs 19a, 19b, and
19c) agree, with an intermediate reorganization energy. ΔGi = 0.816
V, ΔGf = −0.816 V, D = 5.5 × 10−4 cm2/s, ω = 1.03 × 1013 s−1, λ0 =

26.32 kT, and ν = 112 V/s for each subplot. (a) = ×Γ
ℏ 1.40 107 cm/

s, (b) = ×Γ
ℏ 1.40 108 cm/s, (c) = ×Γ

ℏ 1.40 109 cm/s, (d)

= ×Γ
ℏ 1.40 1010 cm/s. These plots suggest that utilizing the 1D

MH model in lieu of the 2D model is appropriate regardless of the
coupling strength for moderate reorganization energies; although at
lower coupling strengths, the regular 1D model (eqs 12a and 12b)
fails and does not agree with the 2D model. Note that the green and
blue traces representing the 1D MH and 2D models, respectively,
seem indistinguishable due to the quantitative agreement between the
two methods.

Figure 7. Linear sweep voltammograms for simulations where the 1D
MH model (eqs 27a and 27b) and full 2D model (eqs 19a, 19b, and
19c) agree, with a moderately large reorganization energy. ΔGi =
0.816 V, ΔGf = −0.816 V, D = 5.5 × 10−4 cm2/s, ω = 1.24 × 1013 s−1,

λ0 = 37.89 kT, and ν = 112 V/s for each subplot. (a) = ×Γ
ℏ 1.40 107

cm/s, (b) = ×Γ
ℏ 1.40 108 cm/s, (c) = ×Γ

ℏ 1.40 109 cm/s, (d)

= ×Γ
ℏ 1.40 1010 cm/s. These plots suggest that utilizing the 1D MH

model in lieu of the 2D model is appropriate regardless of coupling
strength for large reorganization energies. Again, as in Figure 6, the
regular 1D model is valid only when the coupling strength is large

ω>Γ
ℏ( ).
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smaller σ values for ζA(x) and investigate model Hamiltonians
that smoothly bridge the gap between separable and
inseparable. We find that even with smooth PESs, the 1D
MH model still fails without separability. In the future,
understanding the nature of the PESs and the separability of
the diffusion and solvent reorganization coordinates will be
essential: after all, the reorganization energy for an ion must
depend strongly on the proximity to the metal surface.

4. DISCUSSION

4.1. Electrostatic Interactions. At this point, we have
shown that in many cases, 1D simulations of electrochemical
voltammetry experiments are appropriate, unless there is a
significant nonseparability between the diffusion and solvent
reorganization coordinates. That being said, there is still one
additional important consideration that all of the simulations in
this work do not account for: electrostatic interactions between
charged particles (redox species and/or electrolyte ions).
These effects can have a measurable effect on the dynamics
and subsequent I−V curve for a given simulation. The
importance of accounting for these interactions can be
ascertained by investigating the concentrations and current
profile in a simulation that is allowed to run for long times after
reaching the final voltage in a linear sweep experiment.
To that end, consider Figure 10, where dx is fixed, but we

choose a different number of grid points. We present 1D linear
sweep voltammograms using the surface hopping approach.

Figure 8. Linear sweep voltammograms for simulations where the 1D
MH model (eqs 27a and 27b) and full 2D model (eqs 19a, 19b, and
19c) do not agree, with ζA

0 = −5.82 Å and ζA
∞ = −5.29 Å in eq 39. ΔGi

= 0.816 V, ΔGf = −0.816 V, σ =
x

10
d 2 , D = 5.5 × 10−4 cm2/s, ω = 1.03

× 1013 s−1, λ0 = 29.01 kT, and ν = 112 V/s for each subplot. (a)

= ×Γ
ℏ 1.40 107 c m / s , ( b ) = ×Γ

ℏ 1.40 108 c m / s , ( c )

= ×Γ
ℏ 1.40 109 cm/s, (d) = ×Γ

ℏ 1.40 1010 cm/s. By shifting ζA in

the 2D model, and breaking separability of x and ζ in the
Hamiltonian, we see that the 1D MH and 2D models can yield
somewhat different results.

Figure 9. Linear sweep voltammograms for simulations where the 1D
MH model (eqs 27a and 27b) and full 2D model (eqs 19a, 19b, and
19c) do not agree at all, with ζA

0 = −6.35 Å and ζA
∞ = −5.29 Å in eq

39. ΔGi = 0.816 V, ΔGf = −0.816 V, σ =
x

10
d 2 , D = 5.5 × 10−4 cm2/s,

ω = 1.03 × 1013 s−1, λ0 = 31.84 kT, and ν = 112 V/s for each subplot.

(a) = ×Γ
ℏ 1.40 107 cm/s , (b) = ×Γ

ℏ 1.40 108 cm/s , (c)

= ×Γ
ℏ 1.40 109 cm/s, (d) = ×Γ

ℏ 1.40 1010 cm/s. By shifting ζA
even more at x = 0, we see a complete breakdown of the 1D MH
model as far as replicating the 2D model results.

Figure 10. Linear sweep voltammogram and concentration profile for
a simulation that is allowed to run for long times after completing the
sweep, for different length grids (xf − x0). D = 1, ν = 0.01, and t′ =
300. t′ is the time at which the potential ramp is turned off. (a) Linear
sweep voltammograms for the case where the simulation grid length is
set to ′Dt12 , ′Dt6 and ′Dt3 . The dotted line is the point at
which the potential is no longer ramped and held at that value for the
remainder of the simulation. (b) Concentration profiles for A at the
end of the simulation, from x = 0 to = ′x Dt3 . (c) Concentration
profiles for A and B at the time at which the potential ramp is turned
off, from x = 0 to = ′x Dt3 . At short times all three grid spacings
provide the same concentration and current profile, but at long times
begin to diverge. The effect of grid length on the outcome of these
steady-state simulations suggests that accurate modeling of electro-
static interactions between particles is necessary for a complete
understanding of the dynamics of these systems at long times.
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We find that at long times, the concentration profiles of cA and
cB differ greatly as a function of the length of the 1D-grid,
which is also detectable through a slight difference in the
steady-state current between the simulations. In fact, a simple
analysis shows that the steady-state current using eq 17a is

=
∂
∂

|

=
= −

=I n AD
c
x

I n AD
c x x c

x
( d )

d

x
x

x

ss A
A
ss

0

ss A
A
ss

A
0

(40)

where cA
0 is the steady-state concentration of A at the electrode

surface, whose ratio is almost (but not exactly) equal to the
ratio of backward and forward hopping rates

κ κ= + = +βΔc
c

k
k

e GA
0

B
0

b

f (41)

where κ is a small number representing the deviation of the
steady-state concentrations at the electrode surface from the
Nernstian value.
To develop an analytical expression for Iss, we note that since

the diffusion constants of both A and B are equal, the fluxes of
A and B are equal and that cA + cB = cA

bulk + cB
bulk everywhere in

the simulation grid. In addition, we know that the long-time
concentration profile of cA and cB must be linear (satisfying the

condition = =∂
∂

∂
∂

D 0c
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ss 2 ss
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Finally, substituting eq 42a into eq 40 yields a steady-state
concentration of

=
−

≈
+
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since ≈
+ β− Δc cA

0
A
bulk 1

1 e G when cB
bulk = 0.

A similar analysis can be done using the difference in
forward and backward rates, eq 17b, for the current

= − |

= Γ
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Insertion of eq 41 for cA
0 into eq 44 (and assuming

≈
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Comparison of eqs 43 and 45 shows that κ = ℏ
Γ

αβΔD
L

ex
G

x
for the

case where cB
bulk = 0, such that cB

0 = cA
bulk − cA

0 .
Figure 10 and eq 43 demonstrate that in the long-time limit,

where mass diffusion is rate-limiting, the steady-state current is

actually independent of the coupling strengthf. That being said,
Figure 10 and eq 43 also show a fundamental artifact of all
electrochemical simulations using eqs 17a, 17b, 26a, and 26b;
steady-state current should not depend on the choice of the
grid. The problem of grid length has been previously
recognized for unequally spaced grids,43−45 and the general
boundary flux problem is known to have a simulation box size
dependence.46−48 Looking forward, our belief is that an
accurate treatment of electrostatic interactions in simulations
should mitigate the aberrant behavior shown in Figure 10, such
that the steady-state solution for cA(x) and cB(x) will not
necessarily be linear between 0 and L (eqs 42a and 42b), and
our modeling should be more accurate at long times. Including
these electrostatic interactions within the surface hopping
framework will be the focus of the ongoing work. Note that
one straightforward way of incorporating the electrical double
layer into this formalism is by adding ±eψ(x, ΔG) to ΔG,
where ψ(x, ΔG) is the electrostatic potential at a distance x
from the electrode with applied potential ΔG and is often
modeled as dropping linearly over the inner and/or outer
Helmholtz layers.1,49

4.2. Coarse-Graining Ab Initio Rate Constants. The
final issue we would like to address in this paper is the question
of how we might parameterize the rate constants kf and kb in
eqs 6a, 6b, 21a, 21b, 28a, and 28b. Throughout this paper, we
have assumed that Γ is equal to a certain value at x = 0 and
zero for all other x. Of course, in reality, Γ should vary
smoothly in the x-direction. Thus, how should we construct
Γ(x) in practice?
In Figure 11, we carried out simulations using eqs 12a and

12b but on a much denser grid (Nx = 500) where Γ is a
smooth function of x

Γ = Γ ′ λ−x( ) e x
0

/
(46)

In Figure 11, we also plot electrochemical simulations with Nx
= 50 using Γ(x) = Γ0δ(x), where Γ0 ≡ Γ0′λ. From the results
shown in Figure 11, simulations with dense or sparse grids
yield equivalent answers, as long as λ is small enough such that
there is no appreciable ability to hop beyond the first grid point
in the more sparse simulation. Thus, altogether, the data in
Figure 11 suggests that if one can compute an ab initio
reaction rate kf(x) for a species near a metal surface, one needs
only to calculate

∫=
∞

k k x x( )df
0

f (47)

to parameterize a 1D model for the electrochemical dynamics
(x = 0 represents the metal surface). We remind the reader
that the final kf value will, in fact, have units of cm/s compared
to the ab initio reaction rate kf(x), which has units of s−1. This
simple relationship in eq 47 opens up many avenues for future
explorations. Note that the distance-dependence of the
coupling and the electrostatic potential term from an electrical
double layer model may exert counteracting effects, leading to
interesting dynamics in the region near the electrode surface.49

5. CONCLUSIONS
In this paper, we have (1) shown the equivalence of the surface
hopping approach with traditional electrochemical methods
and (2) quantified instances under which a 2D surface hopping
model can or cannot be marginalized to a simpler 1D MH
model. Regarding the latter question, we find that the key
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consideration is one of the separability: If the solvent
reorganization coordinate (ζ) and the diffusion coordinate
(x) are nearly separable, a 1D MH model is good enough, and
when compared with a multidimensional approach, the 1D
MH is far more reliable than the Butler−Volmer or Nernstian
dynamics. Nevertheless, if there is no separability between ζ
and x, a 2D treatment is necessary and can be easily
accomplished with a multidimensional SH approach.
Looking forward, if one seeks to model I−V curves under

external potentials, the new approaches presented here should
be of a great value. After all, current voltammetry simulation
packages, such as DigiElch,50 usually assume 1D systems with
predetermined rate constants, chosen as linearized Marcus
rates (as one would usually associate with the Butler−Volmer
dynamics) or full Marcus rates (which, if calculated properly,
should come from averaging over solvent fluctuations, as in eqs
28a and 28b). By contrast, our guiding principle is that the
time has come to utilize modern nonadiabatic dynamics
algorithms to study electrochemical ET for arbitrary PESs.
Using the simple analysis in the Discussion section, our hope is
that in the near future, we will be able to simulate unknown
mechanistic pathways for unexplained chemical systems, with
realistic parameters taken from ab initio DFT studies.
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■ ADDITIONAL NOTES
aInterestingly, although this manuscript will not address the
dynamics in the adiabatic representation, for E defined in eqs
9a, 9b, 9c, 9d, and 9e, if one commits to the adiabatic
representation, the electronic friction tensor here arises
exclusively from non-Condon effects (i.e., the electronic
friction tensor is proportional to ∂Γ

∂ ⃗r
). For details, see ref 33.

bIn other words, for SH, the relevant boundary conditions are

| = |∂
∂ =

∂
∂ =− −

c
x x

c
x x0 0

A B .
cNote that the mathematics in this section can be safely
skipped by the reader who is not concerned about the stability
of diagonalizing a non-Hermitian matrix. For the practical
reader, who wants to repeat our calculations, however, these
details will be essential.
dIn this paper, if we do not use enough grid points, we must
sometimes force the lowest eigenvalue to be equal to zero for
the numerical stability.
eThe transfer coefficient α represents the slope of the log
current with respect to the external potential, ΔG, at the zero
external potential, i.e., α = − |∂

∂Δ Δ =Δ °kT I
G G G

log( )
.26

fNote that this long-time simulation is not equivalent to a Tafel
measurement. For the present paper, we allow the concen-
trations of A and B to change at the electrode surface subject
to diffusion, as to study the effect of the mass transfer on the
voltammetry curves. By contrast, for a Tafel plot, one works
under the assumption that the concentrations of A and B are
largely fixed at the electrode surface and are not affected by
diffusion.
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