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ABSTRACT: A highly efficient scheme is proposed and benchmarked to
compute 2D optical spectra. This scheme is ideally designed for electronic
spectroscopy; however, the method can be applied in a straightforward way
to vibrational spectroscopy as well. Our scheme performs dynamics only
for the t2 duration, eliminating explicit t1 and t3 coherent dynamics and
thus can achieve dramatic improvements in efficiency. To gain this
efficiency, we assume the system is in the inhomogeneous regime and that
there is no significant nonadiabatic transfer of population during the t1 and
t3 coherence times. Preliminary results are presented for the Frenkel
Hamiltonian. We obtain excellent agreement with numerically exact results
(which are possible for this simplistic model Hamiltonian), capturing all
relevant trends at least qualitatively (and sometimes quantitatively).

1. INTRODUCTION
Over the past two decades, the area of two-dimensional optical
spectroscopy has emerged as an important tool for
investigating condensed phase systems.1−8 2D optical spec-
troscopy is a third-order nonlinear spectroscopy where three
incoming laser pulses interact with a molecule or material,
inducing a third-order polarization that leads to the emission of
a signal. 2D spectroscopy is similar to pump−probe spectros-
copy but spreads the information contained in a pump−probe
spectrum over two frequency axes. The signal is detected
through spectral interferometry, enabling both high frequency
and high temporal resolution to be maintained. By spreading
the information over two frequency axes, one can distinguish
between homogeneous and inhomogeneous broadening9 and
better interpret congested signals. A schematic of the pulse
sequence used to obtain a 2D spectrum is shown in Figure 1,
and 2D spectroscopies in different spectral regions, including
2D-IR,10 2DES,4 2DEV, and 2DVE,11 have been applied to
study a variety of systems.7,8 One of the main challenges in

using multidimensional techniques is in interpreting congested
spectra, where theoretical simulations may be required.
Moreover, simulating 2D spectra of complex systems can be
very arduous, such that one cannot always rely on theory or
computation to help interpret a congested signal.
To understand why multidimensional spectroscopy is so

difficult to simulate, recall the usual framework for under-
standing the spectra of molecules in solution (which dates back
to Kubo12,13) and consider the hierarchy of approaches
available. For a two-level system (|g⟩, |e⟩) interacting with its
environment, assuming the dipole moment is of the form μ̂ =
μge (|g⟩ ⟨e| + |e⟩ ⟨g|), the absorption spectrum can be
calculated with linear response as follows:
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Here, in order to calculate the absorption spectrum in the
frequency domain, we are required to propagate dynamics on
both the excited and ground state surfaces (with Hamiltonians
Ĥg and Ĥe). As derived by Kubo,9 assuming the Condon
approximation, the simplest means to evaluate this response
function is through a transformation to the interaction picture,
whereby one must evaluate the energy gap correlation
function:
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Figure 1. Schematic of a 2D pulse sequence. A sample is interrogated
by three laser pulses. The usual two-dimensional visualization (as in
Figure 7) is usually presented for a fixed t2 “waiting time” after Fourier
transforming over the first coherence time t1 and the second
coherence time t3. By requiring a grid in multiple dimensions of
time, calculations can be very demanding.
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Ω̂eg is defined as the energy gap, Ω̂eg = Ĥe − Ĥg. Equation 2 is
formally exact if all dynamics are performed quantum
mechanically with a time-ordered exponential.9 In practice,
one usually evaluates the energy gap classically or
semiclassically,14 which leads to some ambiguity as to the
surface of propagation in eq 2.15 The usual approach is to run
classical dynamics either on the ground state or on an excited
state,16 or even better, on the average of the two states.17,18

Obviously, this problem becomes more acute for electronic
spectroscopies, because electronic potential energy surfaces are
far from parallel, and semiclassical schemes to calculate linear
absorption and nonlinear transient absorption spectra must be
designed appropriately.19−23 Nevertheless, even with classical
propagation, level B captures all of the salient features of linear
electronic spectroscopy, including asymmetric line shapes,
motional narrowing and inhomogeneous broadening.
If one further invokes a cumulant expansion, one reduces the

absorption spectrum to an integral over the frequency−
frequency correlation function.16
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Here, if one evaluates the correlation function classically, one
again faces the problem of how exactly to run the dynamics
(i.e., along which surface). Nevertheless, even at this level of
approximation, one still captures some key features (e.g., the
distinction between inhomogeneous broadening and motional
narrowing) with minimal cost. Furthermore, for harmonic
potentials, one can evaluate the correlation function quantum
mechanically which captures the asymmetry of the absorption
spectrum.
Finally, the very simplest approach is just to make a

histogram of the excitation energies, which represents just the
“inhomogeneous” spectrum:

Level D:
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With all of the tools above, one can usually find a balance
between computational cost and accuracy. For expensive ab
initio or semiempirical calculations, one must usually stick with
level D (or maybe C);24 in most situations, there is at least one
approach available (even if painful).
Unfortunately, however, for 2D spectroscopy, the physics is

more complicated. First, because there are formally three times
of interest, t1, t2, and t3, and because the standard practice is to
Fourier transform over the first and third dynamical time
periods, the number of trajectories (of different lengths) that
must be performed can be enormous: for every grid point (t1,
t3), one should run multiple trajectories; see Figure 1. Second,
wavepackets are launched on ground and excited state surfaces
(rather than the ground state only) and dynamics can occur
over long t2 waiting times, which dramatically increases
computational demands. Third, especially for 2DES spectra,
the excited state potential energy surfaces can intersect and can

have very different character, such that one requires techniques
for modeling nonadiabatic dynamics explicitly.25

As a consequence of these differences, there is a limited
hierarchy of approaches available for modeling 2D optical
spectra; in particular, there are few very cheap techniques that
can be combined with expensive ab initio electronic
structure.26 To address this obstacle, several groups are now
developing algorithms to simulate 2D spectra. The most
rigorous approach (i.e., level A) is to work with a model
Hamiltonian of a few quantum levels coupled to harmonic
baths and then solve for the 2D spectra exactly with
numerically exact methods such as quasi-adiabatic path
integrals (QUAPI)27−29 or the hierarchical equations of
motion (HEOM).30,31 In this work, we have used the
HEOM method for computing numerically exact results. See
section 3.2 below.
Beyond exact HEOM calculations, a level B calculation

would be to expand all propagators as integrals over energy
gaps Ω̂ij = Ĥi − Ĥj as above in eq 2. In practice, however, this
technique is rarely applied for 2DES spectroscopywhere
there are multiple nonparallel surfaces and excited state
dynamics are importantand one can no longer ignore
exactly how the nuclear dynamics are calculated in eq 2: which
surface enters at which time? This point is highlighted in ref
32, where a few different approaches are compared. In the end,
even though level B calculations have been very successful for
2D-IR33 (especially if one maps electronic energies to electric
fields34), for 2DES the presence of many nonparallel electronic
states and the need for three independent propagation times
makes these calculations far more difficult, and given the need
to converge phases, ab initio calculations become intractable.
Thus, for 2D spectra, the usual approach is a level C

methodology, whereby one performs a cumulant expansion
and then expresses the line shape in terms of the set of energy
gap co r r e l a t i on func t i on s be tween a l l s t a t e s ,
{⟨Ω̂ijΩ̂kl(t)⟩}.

10,35,36 This approach is extremely efficient and
works very well for 2D-IR,37 and yet these results are not
robust for 2DES with large t2 waiting times: for an analytic
approximation of the line shapes with cumulants, one must
ignore the diabatic couplings between electronic states. In
other words, in general, these approaches assume that the
solvent couples directly to the adiabatic electronic states and
thus one ignores all nonadiabatic dynamics (e.g., associated
with electron transfer).35,36 Furthermore, for harmonic
surfaces, correlation functions can be calculated analytically,
but no such simplification is possible beyond harmonic
surfaces.
With this in mind, many researchers are currently seeking to

go beyond the cumulant expansion for modeling 2D-ES
spectra, looking for tractable means to evaluate spectra while
including excited state dynamics. In general, the essential
question is how does one calculate multitime correlation
functions in a reasonable amount of time? For instance,
recently, Loring has suggested an optimized mean-field
trajectory (OMT) approach38 for calculating spectra based
on the Meyer−Miller mapping of quantum variables to
classical variables.39,40 Although to our knowledge the OMT
technique has so far only generated t2 > 0 spectra for 2D-IR,41

the approach should be in principle generalizable to t2 > 0
2DES spectra.38 Concurrently, Coker et al. have recently
developed a path integral approach based on partially
linearized dynamics and have demonstrated impressive
results.42 From a different perspective, Jansen and co-workers
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have suggested propagating either Ehrenfest or surface hopping
dynamics over the t1, t2, t3 time periods to fully evaluate the
three-time response functions, from which one can easily
extract spectra. These approaches have proven able to
reproduce several of the key features found in HEOM
spectra.43,44 Furthermore, recent work by Tempelaar and
Reichman45 has suggested further improvements to these
surface hopping approaches, whereby one temporarily
propagates extra trajectories in order to calculate an off-
diagonal correlation function. Altogether, refs 38, 42, 43, 44,
and 45 show great promise for extracting 2DES signals. And
yet, even for these methods, it is still not clear that these
methods will easily allow for ab initio calculations, given the
need for three-time correlation functions (see eq 17 below),
which are expensive.
In the present paper, we seek to build upon the work of

Jansen’s group44 and ask a very naive question: if we restrict
ourselves (a) to the inhomogeneous regime and assume (b) no
significant nonadiabatic transfer of population during the t1
and t3 coherence times as well as (c) a reasonably high
temperature of the bath, can we construct a simple algorithm
for 2D spectra without building up the full three-time correlation
function? In particular, can we extract a rough 2D spectra from
a dynamics calculation propagated only during the t2 waiting
time (and not t1 or t3)? If we can achieve such a simplification,
the cost of simulating 2D spectra would be reduced
dramatically. Below, we will argue that such a simplification
is possible within the confines of the three conditions listed
above. Effectively, as detailed below, our ansatz is that an
approximate 2D spectrum can obtained by following the
instantaneous energy gap during the t2 waiting time, and then
broadening the resulting energy map to align with a cumulant
expansion. Importantly, the three necessary assumptions listed
above (that underlie our method) should be valid for many
experimental conditions commonly used in condensed phase
2D-ES spectroscopy with polar or hydrogen-bonding solvents.
As far as analyzing our simulated 2D spectra, we will pay

close attention to two details that reflect the intrinsic system
dynamics: (a) Do we capture the correct nonadiabatic transfer
of intensity from diagonal peaks to off-diagonal peaks,
corresponding to the correct rate of electronic relaxation, i.e.,
excited state dynamics? And (b), do we recover the correct
homogeneous broadening of the peaks? We will show below
that these features can indeed be recovered, sometimes nearly
quantitatively.
An outline of this paper is as follows: In section 2, we

describe the standard, harmonic model Hamiltonian for
benchmarking 2D spectra calculations. In section 3, we review
both the standard theoretical descriptions of 2D spectra, along
with the HEOM approach; thereafter, we offer a new, stream-
lined surface hopping approach which will be tested. In section
4, we discuss our results. We conclude in section 5 and
hypothesize about the utility of the present method.

2. MODEL HAMILTONIAN AND NOTATION
For this paper, only so that we may compare with exact
dynamics, the Hamiltonian for the molecular system is chosen
to be of a Frenkel form with M two-level systems:

H H H Hmol el b eb= + + (5)

Here and henceforward, we will drop the hat notation for
operators and, e.g., write Hel in place of Ĥel. Hel denotes the
electronic Hamiltonian for linearly coupled two-level systems:
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di (di
†) is the annihilation (creation) operator for molecule i

and Vc is the diabatic coupling. The bath Hamiltonian Hb is
composed of M independent sets of harmonic oscillators with
Hamiltonian given by

i

k

jjjjjj
y

{

zzzzzzH
p

m
m R

2
1
2i

M N
i

i ib
1 1

2
2 2∑ ∑ ω= +

α

α
α α

= = (7)

We define N to be the number of bath modes, Riα (piα) the
position (momentum) of bath mode α for bath i, m the mass
(assumed to be same for all bath modes without loss of
generality), and ωiα the frequency of bath mode α. Finally, the
coupling between the electronic system and the nuclear bath of
harmonic oscillators is given by
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The couplings ciα are given by the spectral density
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In practice, below we will assume that each bath corresponds
to the same Drude spectral density Ji(ω) = J(ω):

J V( ) 2 r 2 2ω γω
ω γ

=
+ (10)

where Vr is the reorganization energy and 1/γ is the bath
response time. In practice, when necessary, this bath can be
discretized numerically; see section 3.4.2 for details.
The total Hamiltonian, including the interaction of the

molecular system with light, is given by

H H tE( )mol μ= − · (11)

where Hmol is the Hamiltonian of the matter and E(t) is the
electromagnetic field. μ is the dipole moment operator

μ μ μ= ++ − (12)

with

d
i

M

i i
1

0∑μ μ=+
=

†
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d
i

M

i i
1

0∑μ μ=−
= (14)

Note that we make the Condon approximation in the site and
excitonic bases; i.e., μi

0 are numbers independent of the bath
modes.
The parameters used in this work are the same as used in ref

44 and are listed in Table 1. These parameters represent a
dimer system in the presence of an overdamped Brownian
oscillator bath with an inhomogeneous broadening of 198
cm−1. The parameters chosen are such that the system is in the
inhomogeneous regime. When describing our augmented
fewest switches surface hopping (AFSSH) approach in section
3.4, we will provide a general ansatz for arbitrary M; however,
all results in section 4 will be presented only for the case M =
2, i.e., a pair of two level systems, so that
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As far as notation is concerned, in this paper, we use i, j to
denote orbitals in a site basis (as above). In section 3.3, the
indices l, m, n, and p denote excitonic electronic orbitals [i.e.,
orbitals that arising from diagonalization of the electronic
Hamiltonian at the minimum geometry of the bath]; in section
3.4, l, m, n, and p denote adiabatic electronic orbitals that can
depend on nuclear (bath) position.
Finally, when dealing with spectroscopy, one often requires

the ability to index the set of many-body electronic states. For
instance, in the case of an ab initio calculation, one would like
to compute true excited states (rather than just working with a
Fock matrix and a set of orbitals). Now, for the Frenkel
Hamiltonian above, it is easy to associate a singly excited
many-body electronic state with a single orbital: each singly
excited state exactly corresponds to one excited orbital.
However, for the doubly excited many-body excited state,
obviously one must specify two single orbitals for excitation.
Although it might not seem natural, henceforward, we will let q
denote a doubly excited state |q⟩ in any basis. We emphasize
that q does not index an orbital, but rather a pair of excited
orbitals.
For clarity, as an example, consider a system with two

spinless electrons and a pair of orbitals (on the left and right),
i.e., the situation treated in section 4. Recall that the Fock
space is four-dimensional: there is the ground state |1⟩ = |00⟩, a
singly excited state on the left |2⟩ = |10⟩, a singly excited state
on the right |3⟩ = |01⟩, and a doubly excited state |4⟩ = |11⟩.
For this model problem, the set of single orbitals {i, j} is
isomorphic to the set of single excitations, {2, 3}. There is only
a single doubly excited state |q⟩ = |4⟩. See Figure 2.
Henceforward, we will denote μnq as the dipole matrix element
between a singly excited state |n⟩ and a doubly excited state |q⟩.

3. THEORY
3.1. 2D Spectroscopy. We assume that the electro-

magnetic field applied is weak enough such that perturbation
theory is applicable. In this weak interaction regime, the 2D
spectra can be computed from the third order response, with
the polarization P(t) given by46,47
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where R is the response function

R t t t t t t t t t( , , ) ( ), ( ) , ( ) , (0) (0)3 2 1 3 2 1 2 1 1μ μ μ μ ρ= ⟨[[[ + + + ] ] ] ⟩
(17)

Here, ρ(0) is the equilibrium system density matrix and μ(t) is
the dipole moment operator in the interaction representation:
μ(t) = eiHmoltμe−iHmolt.
Note that R(t) is a purely imaginary function;48 in many

textbooks (e.g., Mukamel47), one multiplies R(t) by i, so that
R(t) is real. In any event, the observable third-order
polarization P(t) is clearly real and, for the case of δ-function
pulses, P(t) ∝ iR(t3,t2,t1);

49 the 2D absorption spectrum is the
2D half Fourier transform of the signal P(t), i.e.

S t t t R t t tRe ( , , ) Re d d e e ( , , )t t
1 2 3

0
1

0
3

i i
3 2 1

1 1 3 3∫ ∫ω ω = ω ω
∞ ∞

(18)

Thus, all that remains is to calculate the response function
R(t3,t2,t1).
For the Hamiltonian of eqs 5−8, this response function can

be written as the sum of rephasing and nonrephasing
components

R t t t R t t t R t t t( , , ) ( , , ) ( , , )3 2 1 rp 3 2 1 nr 3 2 1= + (19)

As is standard, we will focus on those response terms that do
not involve double excitations of the state at time t1 + t2. These
terms are

R t t t t t t t t t t t t( , , ) ( , , ) ( , , ) ( , , )rp 3 2 1 1 3 2 1 2 3 2 1 3 3 2 1ϕ ϕ ϕ= + −
(20)

R t t t t t t t t t t t t( , , ) ( , , ) ( , , ) ( , , )nr 3 2 1 4 3 2 1 5 3 2 1 6 3 2 1ϕ ϕ ϕ= + −
(21)

The individual components ϕ1 − ϕ6 correspond to different
Feynman pathways and are shown pictorially in Figure 3.
Using the notation in eqs 13 and 14, we can write the explicit
form of these terms as

t t t t t t t t t( , , ) ( ) ( ) (0) (0) ( )1 3 2 1 3 2 1 1 1 2ϕ μ μ ρ μ μ= ⟨ + + + ⟩− + − +
(22)

t t t t t t t t t( , , ) ( ) ( ) (0) (0) ( )2 3 2 1 3 2 1 2 1 1ϕ μ μ ρ μ μ= ⟨ + + + ⟩− + − +
(23)

t t t t t t t t t( , , ) ( ) ( ) ( ) (0) (0)3 3 2 1 3 2 1 2 1 1ϕ μ μ μ ρ μ= ⟨ + + + ⟩− + + −
(24)

t t t t t t t t t( , , ) ( ) (0) (0) ( ) ( )4 3 2 1 3 2 1 1 1 2ϕ μ μ ρ μ μ= ⟨ + + + ⟩− + − +
(25)

t t t t t t t t t( , , ) ( ) ( ) ( ) (0) (0)5 3 2 1 3 2 1 1 2 1ϕ μ μ μ μ ρ= ⟨ + + + ⟩− + − +
(26)

Table 1. Parameters for the Model Hamiltoniana

parameter value

ϵ1 −250 cm−1 (relative to 10 000 cm−1)
ϵ2 250 cm−1 (relative to 10 000 cm−1)
Vc 100 cm−1

N 2000
Vr 94.4 cm−1

γ 4.47 ps−1

T 300 K
μ1
0 1

μ2
0 1

aThese parameters are the same as in ref 44.

Figure 2. Pictorial representation of the energy level diagram. The
state |00⟩ is the ground state, |10⟩ and |01⟩ are singly excited states,
and |11⟩ is the doubly excited state.
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t t t t t t t t t( , , ) ( ) ( ) (0) (0) ( )6 3 2 1 3 2 1 1 2 1ϕ μ μ μ ρ μ= ⟨ + + + ⟩− + + −
(27)

Again following convention, in eqs 20−27, we have not
written down the relevant terms which would correspond to
emission from the bra; mathematically all such terms with
μ+(t3+t2+t1) instead of μ−(t3+t2+t1) correspond to the complex
conjugates of eqs 22−27 and we ought to write, e.g.,

R t t t i t t t i t t t

i t t t

( , , ) 2 Im( ( , , )) 2 Im( ( , , ))

2 Im( ( , , ))

rp 3 2 1 1 3 2 1 2 3 2 1

3 3 2 1

ϕ ϕ

ϕ

= +

− (28)

To simplify eqs 18−21, one can make the rotating wave
approximation (which is equivalent to phase-matching in
spectroscopy), so that we can write

tcos( ) e et ti iμ ω μ μ= +ω ω
+ −

−
(29)

Or, in other words, we ignore all terms of the form μ+e
−iωt or

μ−e
+iωt. And with this approximation, if we shift the

nonrephasing signal from +ω1 to −ω1, our final expression
becomes

S t S t S t( , , ) ( , , ) ( , , )1 2 3 rp 1 2 3 nr 1 2 3ω ω ω ω ω ω= + (30)
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+
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The signals Srp and Snr include both real and imaginary
components. In practice, we will plot and analyze the real parts
of these spectra below. We will now describe two standard
approaches for computing this 2D spectra, an HEOM and
cumulant approach, against which we will compare our results
below.
3.2. HEOM Approach. For the model problem in eqs 5−8

with a Debye spectral density, Chen et al.30,31 have shown that
one can construct exact 1D and 2D spectra using a hierarchical
equation of motion (HEOM) approach.50,51 This method-
ology propagates the density matrix numerically, requiring a
growing number of auxiliary density matrices to converge the
dynamics for longer and longer periods of time. In this work
we follow closely the approach in ref 51. Simulations are

evolved for t1 = t3 = 250 fs with a time step of 1 fs. Only the
first matsubara frequency is kept, and converged results are
obtained with a hierarchy L = 15. The integrals in eqs 31 and
32 are computed numerically with frequencies ω1 and ω3
discretized using 100 points from −800 to 800 cm−1.

3.3. Cumulant Expansion. Apart from an exact HEOM
calculation, an approximate alternative is to compute 2D
spectra through a cumulant expansion, as was discussed in the
Introduction. For this approach to be operational (without any
modification), we must make an additional assumption
namely, all nonadiabatic dynamics must be ignored (over all
times). In practice, this means that we will work in the
excitonic basis (i.e., the eigenfunction the basis of Hel in eq 6),
where analytical results can be computed, and assume that the
baths couple to the excitonic states independently; we will
ignore population relaxation from one excitonic state to
another as induced through nuclear motion (which in turn
induces diabatic coupling). As one might expect, this approach
leads to good results for t2 = 0, but the quality of these results
deteriorates for long t2 times (because we ignore all
nonadiabatic dynamics).
To derive the standard form for the 2D line shape, one

follows the same steps as in deriving the expression for the 1D
spectra in eq 3. We compute the average frequency−frequency
time correlation functions, and the Kubo-line shape function
g(t) is defined by

g t( ) d d ( ) (0)mn

t

m n
0 0

∫ ∫τ τ δ τ δ= ′ ″ ⟨ Ω̃ ″ Ω̃ ⟩
τ′

(33)

Here, Ω̃m is the energy of exciton m relative to the ground
state, Ω̃m = Hm − Hg.
With the definition of g(t) above, we can simplify eqs 22−27

for the case of two molecules to obtain the signals in eqs 31
and 32. All detailed equations as required by a cumulant
expansion for this calculation are shown in Appendix A. Note
that, in practice, in order to simplify our equations, we will take
a partially classical limit and ignore the imaginary part of g(t).
At this point, all that remains is to calculate g(t). For the

special case considered by Kubo, one imagines the following
form for the correlation function,

t( ) (0) em n mn
t2 / cδ δ⟨ Ω̃ Ω̃ ⟩ = Δ τ−

(34)

so that one can calculate (from eq 33)
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( ) e 1mn mn

t2
c

2 /

c

cτ
τ

= Δ + −τ−

(35)

Here, Δmn quantifies the correlations of the energy fluctuations
for different excitonic states and τc is the relaxation time for the
bath. Below, we will assume that the relaxation time scale τc is
the same for all baths.
Now, in general, the parameters Δmn and τc must be

extracted from a molecular dynamics simulation (after fitting).
While these correlation functions should be calculated
quantum mechanically in principle (see Appendix A), for our
purposes in this paper, we will simply compute real, classical
correlation functions with motion along the ground state.
Furthermore, using the Drude spectral density in eq 10, these
quantities can be calculated analytically within a reasonable
approximation. To see this, note that, in the site basis, the
frequency−frequency autocorrelation function is given exactly
by

Figure 3. Feynman diagrams for the different pathways listed in eqs
22−27.
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t( ) (0) ei j
t

ij
2 / cδ δ δ⟨ Ω Ω ⟩ = Δ τ−

(36)

where k TV2 B rΔ = and τc = 1/γ; see Appendix B for a
derivation. In a similar spirit, if we transform to the excitonic
basis, since the site to exciton transformation U is time
independent and all dynamics are assumed to be on the ground
state, we find

t U U U U t

U U

( ) (0) ( ) (0) (37)

e (38)

m n
ij

im jm in jn i j

i
im in

t2 2 2 / c

∑

∑

δ δ δ δ⟨ Ω̃ Ω̃ ⟩ = ⟨ Ω Ω ⟩

= Δ τ−

so that we have now recovered eq 34 with

U Umn
i

im in
2 2∑Δ = Δ

(39)

For the parameters listed in Table 1, the excitonic energies
are ϵ1̃ = −269.2 cm−1 and ϵ2̃ = 269.2 cm−1 and the dipole
moments are μ̃1 = −0.79 and μ̃2 = 1.17. Using eq 39, we obtain
Δ11 = Δ22 = 184.7 cm−1, Δ12 = Δ21 = 13.7 cm−1 and τc = 224
fs. Numerical integrals of eqs 94−99 are computed with
cutting the t1 and t3 integrals at 200 fs with a step of 2 fs. The
frequencies ω1 and ω3 range from −800 to +800 cm−1 equally
spaced over a grid of 100 points.
3.4. Surface Hopping Approach. HEOM methods and

cumulant expansions are powerful approaches for computing
spectra. However, these approaches also have limitations. On
the one hand, HEOM assumes a harmonic bath with bilinear
couplings and can be expensive. On the other hand, a cumulant
expansion ignores all nonadiabatic dynamics. The aim of the
present work is to provide an alternative approach that can
overcome these limitations at minimal cost (and ideally with
minimal loss of accuracy).
Our ansatz is to build upon methods developed recently in

the Jansen group44 for computing spectra semiclassically, and
thus with minimal cost and no harmonic restrictions. In ref 44,
Jansen et al. developed semiclassical sampling tools for
reconstructing the three-time response function in eq 17.
The general framework is to propagate nuclear dynamics along
the quantum ground state during coherence times t1 and t3,
and then to run surface hopping, or Ehrenfest dynamics,
during waiting time t2. During all three time periods, t1, t2, and
t3, one continuously evolves the electronic wave function. In
the end, from this data, ref 44 demonstrates that one can
extract reasonably good spectra. And yet, for our purposes
(which are to use ab initio electronic structure theory), these
methods may still be too expensive for application to large
systems of interest.
To simplify further the Jansen approach, we will now

attempt to decouple (when possible) the t2 waiting time
dynamics from the t1 and t3 coherent dynamics. To be precise,
for the t1 and t3 dynamics, we wish to invoke an
inhomogeneous ansatz for the line shape, whereby we can
extract a spectrum by merely sampling an energy gap (and not
running dynamics). Through such a huge simplification, we
can dramatically enhance the computational efficiency of the
method, and for some inhomogeneous cases, we will show that
we can still obtain accurate results. To understand the details
of our proposed approach, let us first discuss the line shape of
t2 = 0 spectra (before turning to the full spectral expressions for
t2 ≥ 0.).

3.4.1. Line Shape of t2 = 0 Spectra. Our overall goal is to
compute 2D spectra while running dynamics only for the t2
waiting time. Thus, for spectra taken with zero waiting time (t2
= 0), we require a simple, dynamics-free expression for the 2D
spectral line shape. For this purpose, we are guided by Kubo’s
well-known transformation whereby, in the inhomogeneous
limit, a two-state linear absorption spectrum (I(ω) in eq 1)
takes the form of a histogram in energy space (I(ω) in eq 4).
Thus, for a linear absorption spectrum, one needs only to
sample the excitation energies and, in the inhomogeneous
limit, it is standard to assume the absorption spectrum has a
Gaussian form:
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σ
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(40)

Here, ω21 = V2 − V1, where Vi are the eigenfunctions of the
Hamiltonian Hel + Heb.
To illustrate the validity of the inhomogeneous ansatz, for

the Hamiltonian in section 2, Figure 4 compares the exact

linear absorption spectrum as computed using the HEOM
method versus the inhomogeneous spectrum as computed with
a simple binning approach. The HEOM results are computed
with an evolution of 2.5 ps, and frequency discretized from
−1000 to +1000 cm−1 with 100 grid points. The binning
results are computed by averaging over 100 000 trajectories
with 101 grid points, again with frequency discretized from
−1000 to +1000 cm−1. Note that binning results have no
explicit dynamics; this method computes the spectra by simply
binning the adiabatic energy differences starting with a thermal
distribution on the ground electronic state. The excellent
agreement in Figure 4 shows the validity of binning for the
regimes analyzed in this work.
With this analogy in mind, in the inhomogeneous limit, we

would like to consider a 2D spectrum (with multiple electronic
states) to be the correlation function between the energy of a
system at time t1 (ω1) and the energy of the system at time t1 +
t2 (ω3), I(ω1,t2,ω3) ∼ ⟨δ(ω1−ω(t1)) δ(ω3−ω(t1+t2))⟩ =
⟨δ(ω1−ω(0)) δ(ω3−ω(t2))⟩, where the ensemble averaging
must implicitly include the bath-dependent adiabatic transition
dipole moments.52 But, of course, this simplification does not
agree with experiment. For example, see the cartoon in Figure

Figure 4. Normalized absorption spectra computed using HEOM and
a simple binning approach. All energies on the x-axis are relative to
10 000 cm−1, the unshifted vertical energy gap. Note that no dynamics
is performed for the binning approach. See text for numerical details,
e.g., the number of bins, etc.
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5. Even with t2 = 0, the 2D spectrum shows broadening along
the diagonal peak and, in the rotated coordinates

f
1
2

( )1 1 3ω ω≡ −
(41)

and

f
1
2

( )3 1 3ω ω≡ +
(42)

the signal might best be considered to be of the form
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(43)

In standard coordinates, this can be expressed as
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(44)

where / 2Kλ is the transition frequency for the Kth excited
state.
Here, we will call σ the off-diagonal broadening, while σ̃

reflects the fluctuations along the diagonal; it is straightforward
to show that the overall fluctuations of the instantaneous
energies δω = ω − ⟨ω⟩ have standard deviation (σ2 + σ̃2)/2.
While we may safely assume that the spread in frequencies (σ̃)
arises from the inhomogeneous equilibrium ensemble and t2
dynamics, the off-diagonal broadening (σ) arises because of
homogeneous effects. For a rigorous theory of this broadening,
we would need to run dynamics during t1 and t3, and then
Fourier transform (as in HEOM). Thus, if we are to avoid
running such dynamics, we will require a simple means to
evaluate this broadening parameter. Note that we will assume
that the rate of nonadiabatic population transfer during the t1
and t3 coherence times is slower than the rate of dephasing,
such that nonadiabatic population transfer can be ignored
when computing the final signal.
To make progress here, we focus on exactly one diagonal

peak in the ground state bleach spectrum centered at (ω1, ω3)
= ( / 2λ , / 2λ ). We will estimate σ as the off-diagonal
broadening for such a ground state bleach spectrum (arising

from ϕ2 and ϕ5 in eqs 23 and 26), ignoring the contributions
from all but one excited state (in this case, chosen as an
excitonic state). Referring to the expressions for the cumulant
expansion in Appendix A, and specifically eq 95 (but with only
one excited state), we write the real part of the rephasing
ground state bleach signal (within the cumulant expansion
approach) as

S

t t

Re ( ,0, )

Re d d e e et t g t g t g t t

2 1 3

0
1

0
3

i i 2 ( ) 2 ( ) ( )1 1 3 3 1 3 1 3∫ ∫
ω ω

= δω δω
∞ ∞

− − − + +

(45)

Similarly, in analogy with eq 98 (but with only one excited
state), the real part of the nonrephasing ground state bleach
signal is given by

S t tRe ( ,0, ) Re d d e e et t g t t
5 1 3

0
1

0
3

i i ( )1 1 3 3 1 3∫ ∫ω ω = δω δω
∞ ∞

− +

(46)

In eqs 45 and 46, we have defined δω1 = ω1 − / 2λ and δω3

= ω3 − / 2λ , and g(t) is defined in eq 35.
To compute the off-diagonal broadening, we rotate our

coordinates with a change of variables, f ( )1
1
2 1 3δω δω= − ,

f ( )3
1
2 1 3δω δω= + , t t t( )1

2 1 3= + and t t t( )1
2 1 3′ = − .

With this transformation, we recover
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S f f t tRe ( ,0, ) Re d d e e e
t

t
f t f t g t

5 1 3 0
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(48)

Now, to estimate σ, we compute the total signal

S f f S f f S f fRe ( ,0, ) Re ( ,0, ) Re ( ,0, )1 3 2 1 3 5 1 3= + (49)

at f 3 = 0, and fit the resulting one-dimensional signal S( f1,0,0)
to a Gaussian. The width of the Gaussian is taken to be σ.
We emphasize again that, in eqs 47 and 48 we have

considered only one two level system coupled to a bath. For
the case of multiple levels or chromophores coupled to baths
(see below), we will make one more critical assumption, i.e.,
that σ is the same for all peaks. In practice, the different peaks
may well have different homogeneous broadenings, but for
convenience, we will ignore that possibility. When invoking eqs
47 and 48, we are also assuming that the f1-moment of
S( f1,0,f 3) is fairly independent of the value of f 3, and so we
may safely evaluate the moment σ by considering only
S( f1,0,0). Altogether, these assumptions will make it far easier
to construct an efficient, simplified surface hopping theory of
2D spectroscopy. As a practical matter, as t2 grows, we find that
the effect of the broadening parameter is usually washed away
as inhomogeneous broadening takes over. Nevertheless, in
order to compute an accurate spectra for small t2, it is crucial to
ascertain an accurate estimate of σ.
For the parameters listed in Table 1, we numerically

evaluated eqs 47 and 48 and the result is plotted in Figure 6.
Fitting this result to a Gaussian gives σ = 80 cm−1; note that
the agreement is fairly good. The integrals are numerically
computed using a maximum time for t of 1 ps with a time step
of 1 fs, and discretized frequency f1 from −500 to +500 cm−1

using an equally spaced grid of 1000 points. In performing this

Figure 5. Cartoon of a 2D spectrum at t2 = 0. Note that, even with
zero waiting time, there is a width to every diagonal peak, σ, reflecting
the homogeneous broadening of the line shape.
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analysis, we have evaluated the 2D ground state bleach
spectrum around the peak ω1 = ω3 = 10000−267 cm−1;
however, for the model Hamiltonian in eqs 5−8, the same
result would be found for both diagonal peaks (10000 ± 267
cm−1). To verify that σ is approximately independent of the
value of f 3 used in the evaluation of eqs 47 and 48, we also
computed the integrals for f 3 = 100 cm−1 and f 3 = 400 cm−1.
These different values of f 3 had negligible effect on the value of
σ.
3.4.2. Computing t2 ≥ 0 Spectra. We will now give

concrete expressions for calculating t2 ≥ 0 2D spectra,
separately treating the cases of ground state bleach, stimulated
emission, and excited state absorption.
Our basic ansatz is that we will run dynamics, sampling

trajectories with Gaussians of width σ. In particular, for a
trajectory at position R⃗ with energy gap ωn1 between adiabatic
excited state n and the ground state 1 at time t, we denote a
normalized Gaussian in frequency space:
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Recall that we are indexing adiabatic electronic orbitals with l,
m, n, p, and 1 is the ground state. When calculating the signal
ϕ1 − ϕ6 in eqs 22−27, we will sometimes require surface
hopping (SH) dynamics and other times we will require
adiabatic dynamics, either along the ground state (GS) or
along the average of two state, e.g., n and m, so that Vav

n+m =
V V( )n m

1
2

+ .

As far as initial conditions are concerned, we sample all
nuclear geometries from a Boltzmann distribution equilibrated
to the electronic ground state. For computing stimulated
emission and excited state absorption components, the
electronic density matrix is initialized to correspond to an
excitation from a photon field; i.e., we set the quantum
coefficients to be

cn
n

p p

1

1
2

μ

μ
=

∑ | | (51)

The corresponding density matrix is

c cnm n m
n m

p p

1 1

1
2ρ

μ μ
μ

= * =
*

∑ | | (52)

Henceforward, when we write a bracket ⟨X⟩, this implies
averaging the operator X over trajectories. For all surface
hopping trajectories, we will follow the details in ref 53 with a 2
fs time step. The GSB, SE, and ESA components of the 2D
spectrum are each calculated by averaging over 10 000
trajectories. For the stimulated emission/excited state
absorption trajectories, the probability of initializing a
population on excited state n is proportional to |μ1n|

2 and the
probability of initializing a coherence between excited states n
and m is proportional to 2|μ1nμ1m|. Regarding eq 10, each bath
is discretized with 2000 equally spaced frequencies with the
maximum frequency being 794 cm−1. The mass of each bath
mode is 5 amu. The frequencies ω1 and ω3 are discretized
using 101 points between −800 and +800 cm−1.

Ground State Bleach. Because the ground state bleach
signal does not involve any excited state dynamics during the t2
time, this pathway represents the simplest case. Within the
framework set up above, our expression for the rephasing and
nonrephasing signals are equal and given by

t t

t B t

( , , ) ( , , )

(0) ( ) ( ,0; , )
nm

m n mn

2 1 2 3 5 1 2 3

1
2

1 2
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1 3 2∑
ϕ ω ω ϕ ω ω

μ μ ω ω

=

= ⟨| | | | ⟩

(53)

The ground state bleach broadening is chosen to be

B t b b t( ,0; , ) ( ,0) ( , )mn m n
GS

1 3 2 1 1 1 3 2ω ω ω ω= (54)

and μ1n(t2) is the dipole moment matrix element evaluated
between the ground state and adiabatic state n at time t2. All
dynamics are initially sampled from the ground state
equilibrium distribution and propagated along the ground
state as well. For the specific model problem in section 2 with
only a pair of molecules, there were only two bright states;
therefore, ∑nm in eq 7 are only over two states, n, m = {2, 3}.

Stimulated Emission. For the case of stimulated emission, t2
dynamics occur on the singly excited state manifold, and there
is transfer of intensity from diagonal to off-diagonal peaks in
the 2D spectra as a function of t2. Here, a natural ansatz for the
nonrephasing signal ϕ1 would be

t

t t t B t

( , , )

(0) (0) ( ) ( ) ( ) ( ,0; , )
l m n p

l m n p lm
np

1 1 2 3

, , ,
1 1 1 2 1 2 2 1 3 2∑

ϕ ω ω

μ μ μ μ ρ ω ω=

(55)

Besides the weighting function B(ω1,0;ω3,t2), the key
dynamical quantity to compute is ρlm

np(t2): the (n,p)th density
matrix element at time t2 given that the density matrix was
initialized as (l, m) at t2 = 0. Obviously, ρlm

np(t2=0) = δl,nδm,p.
More generally, however, the calculation of ρlm

np(t2) can be very
difficult because it requires effectively two different classes of
calculations with different initialization criteria:

• On the one hand, when l = m, the system starts in a
population, and so initialization of surface hopping
trajectories is very straightforward.

• On the other hand, when l ≠ m, the system starts in a
coherence, and so initialization of surface hopping
trajectories is far less natural, as shown by the

Figure 6. (Black) off-diagonal signal Re S( f1,0,0) as computed using
eq 49 using the parameters in Table 1. (Red) Gaussian fit of the form

g( f1) ≡ g0e
−f1

2/2σ2. After performing a fit, we find a broadening
parameter σ = 80 cm−1.
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underperformance of surface hopping for recovering
absorption spectroscopy.22,54,55 For this reason, for an
initial coherence between adiabats n and m, we will
simply follow the quantum-classical Liouville equation
and propagate nuclei on the potential,

V V V
1
2

( )av
n m

n m= ++
(56)

Given the above mismatch in techniques depending on the
initial conditions, and given our desire for simplicity, we will
make a big “secular” simplification. We will assume hence-
forward that

• If the system begins in a population at time t2 = 0, we
will measure only a population at time t2. Thus, we
measure ρmm

nn (t) by initializing with active surface m and
measuring the probability to be on active surface n at
time t.

• If we begin in a n − m coherence at time t2 = 0, we can
measure only a n − m coherence at time t2.

Mathematically, we calculate ρnm
nm(t) as ρnm

nm(t) =
t( )

(0)
nm

nm

ρ
ρ

,

where all dynamics is along the surface (Vn + Vm)/2.
This approximation is actually stronger than the
previous assumption, because we do not allow for a
change in coherence at all, only for a dephasing of the
coherence. This ansatz is reasonable because, as a
practical matter, we note that the effect of trajectories
starting out as coherences tend to vanish by phase
cancellation very quickly, and their effect disappears for
most t2 times.

Altogether, these approximations allow us to propagate
populations and coherences entirely separately, leading to
enormous computational savings. This ansatz was effectively
suggested by the Reichmann group recently,45 albeit in a more
comprehensive context, where the authors found that, while
propagating standard surface hopping trajectories for sampling
populations, one could also spawn auxiliary trajectories to
greatly improve predicted coherences following excitations.
Mathematically, we summarize our ansatz for ϕ1 as follows:
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As far as the broadening functions are concerned, based on
the Feynman diagrams of Figure 3, we make the following
ansatz:

B t b b t( ,0; , ) ( ,0) ( , )m n
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All SH dynamics are initialized on active surface m, and all
average (av) trajectories are propagated on surface (Vl + Vm)/2
in eq 57. As stated above, in all cases, the nuclear positions and
momenta are sampled initially from the electronic ground state
equilibrium distribution. Lastly, we estimate that the rephasing

signal ϕ4 should be the same as the nonrephasing signal ϕ1,
except that we include a slightly different broadening
parameter (for the coherences as evolved on the average
surface):
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Excited State Absorption. Finally, for the case of excited
state absorption, all of the relevant mathematics is very
analogous to the case of stimulated emission. The only
essential difference is that the final state is not the ground state
(but rather an excited state); in other words, for the
Hamiltonian in section 2, the third pulse of light must
promote the system to a doubly excited state. As discussed in
section 2, this new situation leads to a slight notational
complication, because now one cannot easily associate every
excited electronic state with a single orbital. Nevertheless, once
we label doubly excited states with an index q, we can easily
construct excited state absorptive signals by analogy with
stimulated emission. The relevant nonrephasing signal is
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(61)

The relevant broadening parameters are

B t b b t( ,0; , ) ( ,0) ( , )m nq
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1 3 2 1 1 3 2ω ω ω ω= (62)
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As before, all SH dynamics are initialized on active surface m,
and all average trajectories are propagated on surface (Vl +
Vm)/2 in eq 61. As stated above, in all cases, the nuclear
positions and momenta are sampled initially from the
electronic ground state equilibrium distribution. For the
rephasing signal ϕ6, the expression is nearly unchanged, but
the most natural broadening function (for the coherences as
evolved on the average surface) is:
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3.5. Algorithm. We now give a step-by-step outline for our
heuristic algorithm for 2D optical spectra, as applicable to any
condensed phase system (not just a Frenkel Hamiltonian):

• Compute the energy−energy autocorrelation function
(eq 33), in either the excitonic or the adiabatic basis as
would be necessary for an absorption calculation. This
can be computed using simple ground state molecular
dynamics and focusing on a single diagonal peak (e.g.,
the first bright excited state). Thereafter, one computes
the broadening σ as the width of the Gaussian that best
fits the function given in eq 49, using the g(t) obtained
from analyzing the energy−energy autocorrelation
function. Our results above indicate that the calculated
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value of σ can be insensitive to the choice of f 3;
furthermore, our hope is that, in many cases, one can
safely perform this analysis without worrying too much
about which peak we expand around.56

• Initialize the position and momentum of the bath modes
for the Boltzmann distribution for the electronic ground
state.

• Compute the ground state bleach components ϕ2 and
ϕ5 using eq 53. For these equations, all trajectories are
evolved only on the ground state for time t2.

• Initialize the electronic density matrix as in eq 52, and
compute stimulated emission and excited state absorp-
tion signals using eqs 57 and 61. Population dynamics
are evolved using surface hopping, and coherence
dynamics are evolved on an average potential energy
surface (eq 56). Transitions between coherences and
populations are neglected.

4. RESULTS

For the parameters in Table 1, in Figure 7, we plot the 2D
spectra computed according to HEOM, surface hopping, and
cumulant expansion, for t2 = 0 and t2 = 1.5 ps. From this figure,
several features become clear. First, the AFSSH results are in
excellent agreement with the exact results for both time values.
Obviously, our approach was designed in part to replicate the
t2 = 0 spectra, and hence it should not be a big surprise that
our results match almost exactly for t2 = 0. Nevertheless, the
key point is that the AFSSH method captures all of the features
of the exact spectra at t2 = 1.5 ps accurately. In particular,
AFSSH captures the transfer of diagonal intensity to off-
diagonal intensity, as well as the correct homogeneous
broadening. As described in the Introduction, these are the
two main features we wanted to recover accurately for
comparison with experiment.

Figure 7. Comparison of the spectra computed using HEOM, AFSSH, and the cumulant expansion approach at t2 = 0 ps and t2 = 1.5 ps. Note that
while the cumulant approach is accurate only for t2 = 0, AFSSH is accurate for both long and short times.

Figure 8. Comparison of the GSB, SE, and ESA components of the AFSSH and the HEOM spectra at t2 = 0. The sum of the rephasing and
nonrephasing signal is reported for each component. Note that AFSSH performs reasonably well, except for the negative feature in the electronic
absorption signal (as predicted by HEOM but not by AFSSH). Note that the ESA component is subtracted from the GSB and SE components
when the total signal is computed, giving negative features in Figure 7.
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Second, turning to the cumulant expansion approach, we
find that the latter is in good agreement with the exact results
at t2 = 0. Nevertheless, because the method does not capture
nonadiabatic dynamics, this approach fails to capture the
overall movement of peak intensity (from diagonal to off-
diagonal) for longer t2 times.
A more detailed comparison of the various components of

the 2D spectra (GSB, SE, and ESA) is provided in Figure 8 for
t2 = 0 and in Figure 9 for t2 = 1.5 ps. These components are the
sum of the rephasing and nonrephasing components. For the
most part, we find that AFSSH qualitatively matches these
components individually, although there is clearly a negative
feature of the electronic absorption signal (at t2 = 0) that we
cannot capture. Perhaps most importantly, our data do not lose
much accuracy for longer t2 times. That being said, although
we do not show the data here, out method certainly does not
capture rephasing and nonrephasing components individually;
this distinction would be almost impossible given our ad-hoc
treatment of the dynamics during the t1 and t3 times. After all,
the distinction between rephasing and nonrephasing signals is
the sign of the phase that is accumulated during the t1
coherence time (see Figure 3).
Finally, in Figure 10, we consider the individual peak

intensities for the overall spectra in Figure 7. Here, these peak
intensities are computed as the signal strengths at fixed
frequencies (−270 and +270 cm−1) for the diagonal (part a)
and off-diagonal (part b). The surface hopping method is in
qualitative agreement with the rate of decay of the diagonal
peaks, as well as the growth of the off-diagonal peak. This
agreement is extremely encouraging, especially since, as
described above, our method specifically ignores the delicate
interplay between population dynamics and coherence
dynamics. We note that Tempelaar and Reichman have also
found very encouraging results using such an ansatz, although
their approach was certainly more sophisticated than ours.

5. DISCUSSION AND CONCLUSIONS
In conclusion, we have presented a highly efficient approach to
compute 2D spectra. Our method relies on evolving the
dynamics over only the t2 time period, and not during the t1
and t3 time periods. This drastic approximation cuts down the
computational time significantly. For example, for the

calculations in Figure 10, with only 750 nuclear time steps
(2 fs/step × 750 = 1.5 ps), converged surface hopping results
required 15 min, as compared with about 1.5 h using the
HEOM algorithm (which propagates t1, t2, and t3 dynamics).
For longer t2 waiting times and/or more electronic states, the
computational advantage of surface hopping should become
even more apparent: after all, unlike HEOM, the memory
requirements of surface hopping scale linearly with time and
usually quadratically with the increasing number of electronic
states. More importantly, HEOM is limited to model
Hamiltonians with harmonic baths, whereas surface hopping
can be applied to arbitrary, including ab initio, Hamiltonians.
Overall, the focus of our work is to capture the amount of

homogeneous broadening and nonadiabatic population trans-
fer between excited states as a function of t2 for a 2D spectra.
These features occur on important intrinsic time scales for a
quantum subsystem in a classical environment, and accurate
and efficient models to elucidate such time scales and predict
accurate 2D spectra will necessarily have a large impact on
many difficult experiments. Preliminary evidence provided
above (as compared with HEOM) suggests that the current

Figure 9. Same as in Figure 8 but for t2 = 1.5 ps. Again, AFSSH does reasonably well; the accuracy does not seem to degrade for longer t2 times.

Figure 10. Comparison of (a) diagonal peaks (DP) and (b) cross
peaks (CP) computed using AFSSH and HEOM. Note that AFSSH is
able to recover the decay and rise of peaks and cross-peaks
qualitatively.
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algorithm can achieve these goals if we operate under the
assumptions of (a) dynamics in the inhomogeneous limit, (b)
insignificant nonadiabatic transfer of population during the t1
and t3 coherence times, and (c) a high bath temperature, which
are reasonable assumptions for most 2D experimental
electronic spectra extracted from molecules in polar and/or
hydrogen bonding solvents. In such cases, our results are in
excellent agreement with the HEOM results. Furthermore, we
accurately obtain not only the full spectra but also the
individual components (GSB, SE, and ESA). That being said,
we cannot capture the rephasing and nonrephasing compo-
nents individually.
Looking forward, there are many future avenues for research

to pursue:

• As developed, the current method is applicable only the
inhomogeneous regime, with a slow bath. One would
like to find a similar approach, if possible, for treating the
case of a faster bath. Can a surface hopping approach be
competitive with a cumulant approach in this regime?

• The approach presented above requires that we calculate
the off-diagonal broadening parameter σ (see the text
around eq 49). In section 3.4.1, we have offered one
protocol for estimating σ by fitting a diagonal peak, as
relevant for 2D-ES and 2D-IR spectra. For mixed, 2D-
EV and 2D-VE spectra, the same approach should be
valid if we simply fit an off-diagonal peak. This ansatz
will be studied in the near future.

• As stipulated in section 3.2, the brute separation of
coherences from populations is not very elegant and
could almost certainly be improved. There is no unique
means to calculate the conditional amplitudes ρlm

np(t)
semiclassically, and it is very possible that one can
outperform the naive algorithm presented here,
achieving improved accuracy with no substantial
increase in computational cost.

• The cost of the present calculations is not very large, and
given the capacity to run ab initio surface hopping
trajectories nowadays,57 we would like to calculate 2D
spectra with ab initio accurate electronic structure that
goes beyond the noninteracting model Frenkel system
from section 2. In practice, such an application should
not require much work at all. As far as the excited state
dynamics are concerned, as with all surface hopping
calculations, the only electronic structure information
required are the excited state and ground state adiabatic
energy surfaces and the nonadiabatic coupling vector, all
of which are available with modern electronic structure
packages. Thereafter, all that remains is to calculate the
correlation function gmn(t) (which can be estimated
classically with a simple ground state trajectory keeping
track of energy gaps as in eq 89), build the t2 = 0
ground-state bleach response functions S2 and S5 (using
eqs 95, 98, 101, and 105), and fit the resulting real part
of the sum in eq 49 so as to extract a broadening
parameter σ. Note that, with this procedure, we would
be sampling adiabatic (rather than excitonic) energy
gaps for g(t), but we believe that such a difference
should not be meaningful as far as the final σ parameter
is concerned; obviously, this ansatz must be tested.

In the end, calculating multidimensional spectra represents a
very difficult but a very important challenge to dynamicists and
electronic structure theorists. There would appear to be a great

deal of room for new, semiclassical approaches in this
burgeoning field, and we believe the method presented
above should be a meaningful first step toward simulating ab
initio 2D spectroscopy.

■ APPENDIX A. CUMULANT EXPANSION FOR
COMPUTING THE SIGNALS IN EQS 31 AND 32

In this appendix, we give a reasonably comprehensive review of
how one computes 2D spectra through a cumulant
approximation.47 We start with the derivation of the rephasing
component of the ground state bleach (ϕ2 in eq 23)
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Recall that we are working now in the excitonic (as opposed
to site) basis, n, m below index eigenstates of Hel in eq 6. We
ignore the off-diagonal nuclear−electronic coupling between
excitonic states. Rather than calculate the correlation functions
exactly by performing polaronic transformations and disen-
tangling operators, we will take a simpler route and, given the
Condon approximation and a bath of harmonic oscillators, we
rewrite eq 13
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Here, Hg is the Hamiltonian for the ground state, and H1/H2
are the Hamiltonians that appear alongside excitonic states 1
and 2 along the diagonal. If the site (i) to adiabatic (m)
transformation matrix is denoted Uim, then (using the notation
of section 2),
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With this notation, Ω̃m is the energy gap for the exciton m, Ω̃m
= Hm − Hg. Similarly
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Equations 70 and 73 are the key approximations allowing for
the cumulant approximation of 2D spectra, and it is
worthwhile to explore the origins of these equations in details.
First, we note that eqs 70 and 73 are exact provided that one
performs all dynamics quantum mechanically and evaluates all
exponential operators in a time-ordered fashion.9 In other
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words, using simple arguments in the interaction picture, one
can easily show that, for any two Hamiltonians Ha and Hb,

e e eH t H t H t H t ti i i( ( ) ( )) dI I
a b a b=− ∫ ′ − ′ ′ (74)

where the notation Hb
I denotes the Hamiltonian Hb in the

interaction picture with H0 = Ha: Hb
I(t) ≡ eiHatHbe

−iHat, Ha
I(t) ≡

eiHatHae
−iHat = Ha. represents time ordering.

Second, and more generally, for shifted harmonic oscillators,
eqs 70 and 73 have a very intuitive meaning that can be seen
by considering a polaronic transformation. Consider two
shifted, one-dimensional harmonic oscillator Hamiltonians:
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Obviously, Hb = UHaU
† with U = e−iλp/ℏ. Therefore, one can

perform a few mathematical manipulations and show
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where p t p( ),I
2

ϕ = [ ]λ−
ℏ . The last identity is effectively

equivalent to the Campbell−Baker−Hausdorff principle and
can be proven in many ways.58 Thus, from eq 80, we find that
eqs 70 and 73 effectively make the assumption that we will
ignore the phase eiϕ.
Third and finally, within the context of spectroscopy, we

note also that the linear absorption spectrum between surfaces
a and b arises from the Fourier transform of ⟨eiHate−iHbt⟩, where
the average ⟨ ⟩ denotes a thermal, ground state average. Using
eq 80, combined with Bloch’s theorem for the expectation
values of an exponentiated operator A that is linear in a and a†

(stating that ⟨eA⟩ = e⟨A
2⟩/2), one can show that

e e e eH t H t p p t ti i ( ( )) /2 i ( )I
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2 2 2
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(81)

By comparing this expression with the standard semiclassical
Kubo expansion for the absorption spectrum in terms of the
energy gap Hba ≡ Hb − Ha,

58 one can show that the
approximations underlying eqs 70 and 73 (i.e., ignoring the
phase eiϕ in eq 80) are equivalent to ignoring the imaginary
part of the frequency−frequency correlation function
⟨δHba

I (t)δHba
I ⟩. Here, δHba ≡ Hba − ⟨Hba⟩.

Returning to the semiclassical calculation, next we substitute
eqs 70 and 73 into eq 65, and find
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Since ρ(0) = |g⟩⟨g|, out of the 16 terms in eq 82, only four
terms are nonzero (assuming no nonadiabatic dynamics)
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In proceeding from eq 82 to eq 84, we are again approximating
that, for harmonic oscillator operators A and B that are linear
in a and a†, we have ⟨eAeB⟩ ≈ ⟨eA+B⟩ (just as we did when we
moved from eq 79 to eq 80 and ignored the phase eiϕ).
At this point, we follow the standard formulation of the

cumulant expansion, and we separate fluctuations from
averages:
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We then substitute eq 86 into eq 84. We find
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And if we further expand eq 87 to second order (the first order
is zero) and approximate the effect of time ordering as
introducing a factor of 1/2 in eqs 89 and 90,59 we find
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Henceforward, these expectation values will be evaluated as
real, classical equilibrium correlation functions, with classical
time reversal symmetry, so that ⟨δΩ̃m(t′) δΩ̃n(t″)⟩ =
⟨δΩ̃m(t″) δΩ̃n(t′)⟩ and therefore hmn(τ1,τ2) = hmn(τ2,τ1).
With this approximation, one can easily show that there is a
simple relationship between hmn and gmn, namely

h g g g( , ) ( ) ( ) ( )mn mn mn mn1 2 1 2 1 2τ τ τ τ τ τ= + − | − ]| (91)

Finally, if we substitute eq 91 into eq 88, and use eq 67, we
recover
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At this point, we have a complete expression for the rephasing
component of the ground-state bleach ϕ2.
If we now follow the same steps for all of the diagrams in eqs

22−27, we obtain
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where μ̃i and ϵĩ are the dipole moments and the excitation
energies in the excitonic basis. The notation m′ signifies the
other single particle excitonic state other than m; e.g., m′ is 2 if
m = 1, and m′ is 1 if m = 2. The noises Ni are given by
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■ APPENDIX B. DERIVATION OF EQ 34
We start with a simple Hamiltoniana two level system
coupled to a harmonic bath:

H H H1 2= + (108)

H
p

m
m R

2
1
2n

N
n

n n1
1

2
2 2∑ ω= +

= (109)

H H c R
n

N

n n2 1
1

∑= + + ϵ
= (110)

with the couplings cn given by the Drude spectral density
defined in eqs 9 and 10.
The autocorrelation function in eq 34 is given by

t c R t c R

c R t R

( ) (0) ( ) (0) (111)

( ) (0) (112)
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δ δ⟨ Ω Ω ⟩ =
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=

Here, we have assumed that the bath modes are independent.
We will now further assume entirely classical motion so that,
for a harmonic oscillator, Rn(t) = Rn(0) cos(ωnt) +

tsin( )
p

m n
n

n
ω

ω
. Inserting these dynamics into eq 112, and using

classical thermal equilibrium,
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we find
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For the last step, we have computed the Fourier transform of a
Lorentzian

1
d e et ti

2 2∫π
ω

ω
Γ
+ Γ

=ω

−∞

∞
−Γ

(118)

Comparing eq 117 with eq 34 gives k TV2 B rΔ = and τc = 1/
γ.
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