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ABSTRACT: The optical response of an electronic two-level system (TLS)
coupled to an incident continuous wave (cw) electromagnetic (EM) field is
simulated explicitly in one dimension by the following five approaches: (i) the
coupled Maxwell−Bloch equations, (ii) the optical Bloch equation (OBE),
(iii) Ehrenfest dynamics, (iv) the Ehrenfest+R approach, and (v) classical
dielectric theory (CDT). Our findings are as follows: (i) standard Ehrenfest
dynamics predict the correct optical signals only in the linear response regime
where vacuum fluctuations are not important; (ii) both the coupled Maxwell−
Bloch equations and CDT predict incorrect features for the optical signals in
the linear response regime due to a double-counting of self-interaction; (iii) by
exactly balancing the effects of self-interaction versus the effects of quantum fluctuations (and insisting on energy conservation),
the Ehrenfest+R approach generates the correct optical signals in the linear regime and slightly beyond, yielding, e.g., the correct
ratio between the coherent and incoherent scattering EM fields. As such, Ehrenfest+R dynamics agree with dynamics from the
quantum OBE, but whereas the latter is easily applicable only for a single TLS in vacuum, the former should be applicable to
large systems in environments with arbitrary dielectrics. Thus, this benchmark study suggests that the Ehrenfest+R approach
may be very advantageous for simulating light−matter interactions semiclassically.

1. INTRODUCTION

The nature of light−matter interactions is a never-ending source
of stimulation in both experimental and theoretical science. To
theoretically study light−matter interactions at the atomic and
molecular level, nonrelativistic quantum electrodynamics
(QED)1 is the ultimate theory: the matter side obeys the
Schrödinger equation (or the quantum Liouville equation) and
the radiation field is quantized as photons. And for weak light−
matter interactions, perturbative approximations of QED are
both practical and adequate for describing most experimental
findings. However, to understand recent experiments that
involve strong light−matter interactions,2−7 one must go
beyond the perturbative limit of QED. Furthermore, if we
cannot use linear response theory, then bothmatter and photons
must be simulated explicitly and on the same footing. Moreover,
because photons are described in a vast infinite-dimensional
Hilbert space, a rigorous QED treatment becomes a computa-
tional nightmare for calculations applicable to most modern
work in nanoscience.
To reduce the computational cost of QED, one plausible

simplification is to work in a truncated space of photons, i.e., to
consider a subspace with either only a few photon modes or a
few photon quanta per mode. In the framework of this
simplification, one approach is to invoke Floquet theory;8,9

another approach is to construct a dressed state representa-
tion.10 Both techniques can accurately describe strong light−
matter interactions. Unfortunately, however, these techniques
are usually applicable only when modeling either systems

exposed to cw light or systems encapsulated in model three-
dimensional (3D) cavities.
For large scale simulations of material systems in arbitrary EM

fields and not necessarily in a full-3D cavity, a more promising
ansatz would appear to be semiclassical electrodynamics,11−13

according to which the matter side is described quantum-
mechanically and the radiative electromagnetic (EM) fields are
treated classically. More precisely, one replaces the EM field
operators (acting in an infinite-dimensional Hilbert space) by c-
numbers and propagates the dynamics of the EM field using the
classicalMaxwell’s equations. Compared withQED calculations,
semiclassical approaches are computationally much more
affordable, and one can still preserve more of the quantum
nature of light−matter interactions than standard classical
electrodynamics (where the matter side is described as a
dielectric constant14). Thus, semiclassical electrodynamics
would appear to be a natural compromise between speed and
accuracy.
Now, although semiclassical approaches have many appealing

qualities, one inevitable question arises: can one actually capture
any true quantum effects of the EM field using such techniques?
For example, because of the nature of the quantum radiation
field, an electron in an excited state can automatically decay to its
ground state even when no external field is applied, a
phenomenon known as spontaneous emission. As has been
argued by many (including Cohen-Tannoudji),15−18 this
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spontaneous process can in fact be dissected into two well-
defined subprocesses: (i) first, vacuum fluctuations that arise
from the zero-point energy of the EM field; (ii) second, emission
carried by electronic self-interaction as the scattered EM field
induced by the electron reacts back on the electron itself. While
the latter has a classical analog (e.g., the Abraham−Lorentz
equation19,20), the former is a purely quantum effect. Can
spontaneous emission be captured by semiclassical approaches
(i.e., Ehrenfest dynamics21−23)? In fact, it is well-known that,
according to Ehrenfest dynamics (or neoclassical electro-
dynamics24), only self-interaction is taken into account in the
equation of motion for the electron: vacuum fluctuations are not
included. As a result, an electron is stabilized in the excited state
according to Ehrenfest dynamics, thus violating many
experimental observations of florescence. A lack of spontaneous
emission is one failure of semiclassical electrodynamics theory,
and one would like to go beyond Ehrenfest when simulating
large systems where spontaneous emission cannot be ignored.
1.1. Beyond Ehrenfest Dynamics. Perhaps the most

straightforward way to correct Ehrenfest dynamics so as to
include spontaneous emission is to add a linear, “hard”
dissipative term on top of the Liouville equation for the matter
side and thus force the electron to decay without concern for the
dynamics of the EM fields. This approach makes sense since the
overall spontaneous decay in vacuum (as carried by self-
interaction plus vacuum fluctuations) is always exponential with
a rate constant determined by Fermi’s golden rule (FGR). By
further assuming that the external field influences the electron in
a classical way and does not alter the spontaneous decay rate of
the electron, one arrives at the coupled Maxwell−Bloch
equations25,26 for modeling light−matter interactions. Accord-
ing to a naiv̈e implementation of the coupled Maxwell−Bloch
equations, the EM field that one molecule feels is composed of
both the incident externally imposed EM field plus the scattered
field generated by the molecule itself. Given that Ehrenfest
dynamics already incorporates self-interaction (as just dis-
cussed; see refs 22 and 27), it is then perhaps not surprising that
one can show that a naiv̈e Maxwell−Bloch scheme actually
double-counts the electronic self-interaction.28

To avoid such nonphysical double-counting, many additional
efforts have been made to exclude the self-interaction
component of the EM field so that one need not modify the
linear dissipative term within the Maxwell−Bloch scheme. A
separation of the EM field into incident plus self-interacting
components is possible because of the linearity of Maxwell’s
equation so that in principle we can insist that the molecule
explicitly experiences only the incident field.28−30 Nevertheless,
for a number of reasons, such an approach becomes difficult for
modeling a network of molecules. The first problem one
encounters when trying to quarantine self-interaction is an
increasing memory cost, as needed to store the incident and
scattered fields for eachmolecule. To reduce this memory cost, a
field-partitioning technique31 was recently developed, whereby
one divides the computational volume of the EM field into the
total field and the scattered field (TF-SF). If each quantum
emitter is allowed only one optical transition pathway, (e.g., a
TLS), this technique can drastically reduce the memory cost of a
simulation. However, the second problem one encounters is the
possibility of one atomic or molecular site hosting more than
two electronic states. In practice, if each quantum emitter is a
multilevel system and more than one optical transition pathway
is allowed, it can become very difficult to model one specific
optical transition pathway: now one must avoid the self-

interaction from this pathway but include the self-interaction
from other pathways coming from the same quantum emitter
(which is effectively a one-site multiple scattering event32).
Thus, one must distinguish between the scattered fields arising
from different pathways at the same spatial position (where the
emitter lies), which violates the entire premise of the field-
partitioning technique (which requires that only one type of field
is defined at one point in space). Thus, implementing an efficient
Maxwell−Bloch scheme is difficult with field partitioning.
Alternatively, another option is the symmetry-adapted averaging
technique31 for canceling self-interaction; however, this
technique is computationally less stable than the field-
partitioning technique. Recently, a photon Green functions
(GFs) formulation was proposed, according to which self-
interaction can be excluded by carefully evaluating the real-part
of GFs; however, this method is currently limited to weak
excitations.33

To sum up, the advantage of the Maxwell−Bloch approach is
that the added dissipative term is linear, so that a linear and
stable Liouville equation can be simulated. The disadvantage of
the Maxwell−Bloch approach is that, in practice, one needs to
exclude the self-interaction from the EM field operating on each
molecule, and when a network of molecules is considered
(especially for multilevel systems), exclusion of self-interaction
is nontrivial.

1.2. Ehrenfest+R Dynamics. When encountering these
difficulties as far as excluding self-interaction while keeping a
linear dissipative term, one is tempted to change strategy: why
not first evaluate the nonlinear dissipative effect of self-
interaction, and then second add another nonlinear dissipative
term to the Liouville equation to mimic solely the effect of
vacuum fluctuations? This approach should also allow one to
recover the correct uniform FGR rate of spontaneous emission
and is the philosophy behind Ehrenfest+R dynamics.
Let us now be more precise mathematically. For spontaneous

emission with a TLS (state |1⟩ and |2⟩), the semiclassical self-
interaction in Ehrenfest dynamics leads to a decay rate (kEh)
proportional to the ground-state population22,27,34 (ρ11):

k kEh 11 FGRρ= (1)

where kFGR denotes the FGR decay rate. By virtue of eq 1, we
know that the rate of decay as arising from vacuum fluctuations
(kR

vac) must be of the form

k k(1 )R
vac

11 FGRρ= − (2)

According to Ehrenfest+R, we will add another dissipative term
(analogous to eq 2) to the Liouville equation while also taking
care of energy conservation. Already, we have shown that such
an Ehrenfest+R approach correctly captures spontaneous
emission27 and Raman scattering.35 Moreover, by enforcing
energy conservation, Ehrenfest+R can distinguish between
coherent and incoherent scattering as produced during
spontaneous emission from an arbitrary initial state.27

Furthermore, compared with previous approaches for excluding
self-interaction, Ehrenfest+R should be easy to apply to a
network of multilevel molecules with minimummemory cost for
the field variables; after all, only one total E-field and B-field are
necessary. Thus, in the near future, one of our goals is to use
Ehrenfest+R to study a model of electrodynamics with multiple
sites and multiple electronic states per site. Nevertheless, for the
moment, among the benchmarking tests of Ehrenfest+R above,
there is one clear omission. Namely, using FGR to model
spontaneous emission assumes spontaneous emission is
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decoupled from all other dynamical processes. Thus, it is
unknown whether Ehrenfest+R can quantitatively recover
coherent and incoherent scattering in the limit of reasonably
strong cw fields where electronic populations are oscillating
rapidly on the time scale of spontaneous emission. Our first goal
in this paper is to provide benchmarks for answering this
question: howwill Ehrenfest+R perform for a TLS subject to not
weak EM fields?36

In the context of this question, we expect that the key issue of
energy conservation must arise within classical and semiclassical
approaches. Standard classical EM theory as well as the coupled
Maxwell−Bloch equations do not satisfy energy conservation;
and though these ansatzes make sense in the linear regime with
low incoming intensities and small excited state populations, one
must wonder if/how a lack of energy conservation shows its face
when modeling optical signals beyond the linear regime. Thus,
our second and more general goal for this paper is to compare
the performance of quantum, classical and especially semi-
classical methods for modeling stimulated emission, paying
special attention to energy conservation (which is not standard
in most EM treatments).
1.3. Outline and Notation. This paper is organized as

follows. In section 2, we introduce the simple model TLS we will
study. In section 3, we introduce five methods for simulating
light−matter interactions. In section 4, we give all the simulation
details; see also the Appendix. In section 5, we carefully examine
our simulation results, and compare and contrast different
approaches. In section 6, we discuss the accuracy of energy
conservation and highlight why enforcing energy conservation is
crucial for all semiclassical algorithms. We conclude in section 7.
For notation, we use the following conventions: ℏω0

represents the energy difference between the excited state |e⟩
and ground state |g⟩, μ12 denotes the electric transition dipole
moment, σ denotes the width of molecule, Us, UEM, and Utot
represent the energy of the quantum subsystem, the EM field
and the total system, respectively.We work below in SI units, but
will present all simulation results in dimensionless quantities to
facilitate conceptual understanding.

2. MODEL

To compare different methods clearly, we are interested in the
following model problem: an electronic two-level system (TLS)
is coupled to an incident cw EM field propagating in one
dimension (say, along the x-axis).37 Without loss of generality,
we suppose the TLS is fixed at the origin.We further suppose the
incident E-field is directed along the z-axis:

x t E kx tE e( , ) cos( ) zin 0 ω= − (3)

Here, E0 and ω are the amplitude and frequency of the cw EM
field, ez is the unit vector along z-axis, and k = ω/c, where c
denotes the speed of light in vacuum.
The Hamiltonian for the TLS reads

H
0 0
0s

0ω
̂ =

ℏ
i
k
jjjjj

y
{
zzzzz (4)

in the basis of ground state |g⟩ and excited state |e⟩. ℏω0 is the
energy difference between two states. We further suppose that
the TLS has no permanent electric dipole moment and is
coupled to the E-field by the transition dipole moment. In
general, the coupling between the incident E-field and the TLS
can be written as

V tr r E rd ( ) ( , )in∫̂ = − ̂ ·
(5)

Here, Ein is expressed in eq 3 and the polarization density
operator r( )̂ is defined as

r r( ) ( )
0 1
1 0

ξ̂ =
i
k
jjj

y
{
zzz

(6)

where

q xr r e( )
2

exp( /2 )g e z
12 2 2ξ ψ ψ

μ
π σ

σ= * = −
(7)

denotes the polarization density of the TLS in 1D. In eq 7, we
assume |g⟩ is an s-orbital, |e⟩ is a pz orbital, σ denotes the width of
the electronic wave functions, μ12 = |⟨g|qr|e⟩| is the magnitude of
the transition dipole moment, and q is the effective charge of the
TLS. For convenience, we assume that the orientation of the
transient dipole is parallel with the incident E-field (both along
the z-axis).
In realistic calculations, one frequently makes the point-dipole

approximation, assuming that the length scale of the TLS is
much less than the wavelength of the incident wave, i.e.,

r r( ) ( )μδ̂ → ̂ , where we define δ(r) = δ(x)ez. In terms of the
transition dipole operator μ̂, the coupling in eq 5 can be written
as

V tE 0( , )inμ̂ = − ̂ · (8)

where

e
0 1
1 0z12μ μ̂ =

i
k
jjj

y
{
zzz

(9)

In order to quantify the magnitude of this coupling, a
dimensionless quantity Ω/kFGR is frequently used,32,38 where

E12 0μ
Ω =

ℏ (10)

is called the Rabi frequency39 and

k
cFGR

0

0
12

2ω
μ=

ℏϵ
| |

(11)

is the FGR decay rate for the TLS in one dimension.22,40

Ω/kFGR ≪ 1 represents the weak coupling regime and Ω/kFGR
≫ 1 represents the strong coupling regime.
Throughout this work, we will make the point−dipole

approximation, and we limit ourselves to discussion of a single
TLS, so that using r( )̂ or μ̂ will not change the results.
However, for historical reasons (i.e., so that we may be
compatible with most references), below we will use μ̂ when
discussing the coupled Maxwell−Bloch equations and the
optical Bloch equation (OBE), while we will use r( )̂ when
discussing Ehrenfest dynamics and the Ehrenfest+R approach.
Note that if we use the more general notation r( )̂ (instead of
μ̂), one can generalize the problem of light−matter interactions
from one TLS to multiple TLSs at different positions r without
changing the form of the equations of motion.

3. METHODS
As discussed in the introduction, many methods have been
proposed to model light−matter interactions. Here, we are
interested in the following five methods, each of which treats
self-interaction and vacuum fluctuations differently: (i) the
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coupledMaxwell−Bloch equations, (ii) the OBE, (iii) Ehrenfest
dynamics, (iv) the Ehrenfest+R approach, and (v) classical
dielectric theory (CDT). Apart from the newly developed
Ehrenfest+R approach, all other methods are widely applied in
different areas of chemistry, physics, and engineering. For
instance, the OBE is widely applied in quantum optics and
quantum information, the coupled Maxwell−Bloch equations
and Ehrenfest dynamics are used to simulate laser experiments,
and CDT is routinely applied in engineering and optics.
3.1. Coupled Maxwell−Bloch Equations: a Double-

Counting of Self-Interaction.One of themost widely applied
methods to model light−matter interactions is the coupled
Maxwell−Bloch equations.25,26 For the dynamics, the matter
side is described by the density operator ρ̂, which is propagated
quantum-mechanically:

t
i

H tE 0
d
d

( , ),s SEμρ ρ ρ
̂ = −

ℏ
[ ̂ − ̂ · ̂] + [ ̂]

(12)

Here, the phenomenological dissipative term SE ρ[ ]̂ reads

k

1
2

1
2

SE FGR

22 12

21 22

ρ
ρ ρ

ρ ρ
[ ̂] ≡

−

− −

i

k

jjjjjjjjjjjjj

y

{

zzzzzzzzzzzzz
(13)

SE ρ[ ]̂ describes the overall effects of the quantum field (self-
interaction + vacuum fluctuations), which can be derived from
quantum calculations, i.e., from a Lindblad term32,41 for an open
quantum system. Note that in eq 13, the diagonal decay rate is
called the population relaxation rate (kFGR) and the off-diagonal
decay rate is called the dipole dephasing rate (kFGR/2). For
spontaneous emission in a secular approximation, the dipole
dephasing rate is half of population relaxation rate. However, for
realistic systems, these two rates do not necessarily satisfy this
relation and can be adjusted empirically.42

As far as the EM field, all dynamics obey Maxwell’s equations.
The E-field is composed of the incident field plus scattered field
generated by the TLS itself,

E E Ein scatt= + (14)

From eq 14, to propagate E, since the explicit form of Ein at
different times is given in eq 3, we need only to propagate Escatt:

t
t tB r E r( , ) ( , )scatt scatt∇∂

∂
= − ×

(15a)

t
t c t

t
E r B r

J r
( , ) ( , )

( , )
scatt

2
scatt

0
∇∂

∂
= × −

ϵ (15b)

where ϵ0 denotes the vacuum permittivity and the current
density J is calculated by the mean-field approximation

t
t t

J r
P

r r( , )
d
d

( )
d
d

Tr( ) ( )δ μ δρ= = ̂ ̂
(16)

Note that, according to Maxwell−Bloch, the E-field influences
the electronic dynamics through the commutator
[Ĥs − μ̂ · E(0, t), ρ̂], where the E-field is expressed in eq 14.
Because this commutator obviously includes the effect of self-
interaction, and yet the spontaneous emission rate kFGR accounts
for both self-interaction and vacuum fluctuations in the SE ρ[ ]̂
term on the right-hand side (RHS) of eq 12, Maxwell−Bloch
evidently double-counts self-interaction.

3.1.1. Advantages and Disadvantages. Because the
scattered field is explicitly propagated, the advantage of the
coupled Maxwell−Bloch equations is that one can model not
only a single site, but also many quantum emitters as found in
the condensed phase. That being said, however, this method
double-counts self-interaction, leading to nonphysical results in
both the electronic decay rate and the optical signals, which will
be shown in this paper. More generally, stable and fast
techniques are needed to separate self-interacting fields from
otherwise incident fields in order to avoid double-counting.

3.2. The Classical Optical Bloch Equation: Exclusion of
Self-Interaction in the EM-Field. To exclude the self-
interaction in eq 12, one needs to replace E by Ein in the
commutator on the RHS of eq 12, resulting in the following
Liouville equation

t
i

H tE 0
d
d

( , ),s in SEμρ ρ ρ
̂ = −

ℏ
[ ̂ − ̂ · ̂] + [ ]̂

(17)

For the present paper, Ein is defined in eq 3; one propagates eqs
15 and 17 to obtain the dynamics of Escatt. When multiple sites
are considered, one would need to distinguish between the
incident and scattered fields for each site, which increases the
complexity of the EM propagation scheme dramatically, just as
for the coupledMaxwell−Bloch equations. However, for a single
TLS, eqs 15−17 form an efficient approximation known as the
classical OBE.43

3.2.1. Advantages and Disadvantages. The advantage of
the OBE is its accuracy and solvability. This technique can
provide useful analytical results, including, for example, the
steady state solution of ρ̂ and the susceptibility of molecule when
exposed to a cw field. As mentioned above, the disadvantage of
the OBE is the implementational difficulty distinguishing the
incident and scattered fields for each site when a large system
(with multiple sites) are considered; this inefficiency is exactly
the same problem as for the coupled Maxwell−Bloch equations.
Before concluding this subsection, we must re-emphasize the

obvious: eqs 15a and 15b are the classical equations of motion
(i.e., Maxwell’s equations) for a classical EM field, which is why
eqs 15 and 17 constitute the classicalOBE. Within the quantum
optics community, when field strength is large, one usually does
not consider a classical EM field, so that one never propagates
eqs 15a and 15b, and instead uses the quantumOBE. According
to such the quantum OBE, one first propagates the matter
quantum-mechanically with eq 17, and second one calculates the
intensity of the E-field at point r quantum-mechanically by
evaluating the correlation function for the matter degree of
freedom.43 For example, for the TLS in our model, the intensity
at point r at time t becomes

I t t t S t
c

S t
c

E r E r
r r

( ) ( , ) ( , )( ) ( )⟨ ⟩ = ⟨ ̂ ̂ ⟩ ∝ ̂ − ̂ −− +
+ −
i
k
jjj

y
{
zzz

i
k
jjj

y
{
zzz
(18)

where Ê(+) and Ê(−) represent the positive and negative
frequency components of operator Ê ≡ Ê(+) eiωt + Ê(−)e−iωt,
Ŝ+ ≡ e−iωt|e⟩⟨g| and Ŝ− ≡ eiωt|g⟩⟨e|. Similar expressions can be
found for the B-field.
For this paper, we will mostly restrict ourselves to the classical

rather than quantum OBE; we wish to evaluate comparable
classical and semiclassical approaches without quantized
photons. Nevertheless, in Figure 3 below, we will compare
Ehrenfest+R dynamics to the quantum OBE in the discussion
section, when we investigate the ratio of coherent to incoherent
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EM intensity (and it would not be fruitful to consider the
classical OBE). In general, the quantumOBE approach operates
today as the standard treatment for describing the dynamics of a
TLS coupled to the radiation field.44,45

3.3. Ehrenfest Dynamics: Including Self-Interaction
and Ignoring Vacuum Fluctuations. Ehrenfest dynamics are
a semiclassical approach to electrodynamics derived from the
full Power-Zienau-Woolley quantum Hamiltonian after invok-
ing the Ehrenfest (mean-field) approximation for both matter
and photons.21,46 According to Ehrenfest dynamics, the
semiclassical Hamiltonian reads

H H tr r E rd ( ) ( , )sc s ∫̂ = ̂ − ̂ · ⊥ (19)

and the full dynamics are defined by

t
i

H
d
d

,sc
ρ ρ

̂ = −
ℏ

[ ̂ ]̂
(20a)

t
t tB r E r( , ) ( , )∇∂

∂
= − × ⊥ (20b)

t
t c t

t
E r B r

J r
( , ) ( , )

( , )2

0
∇∂

∂
= × −

ϵ⊥
⊥

(20c)

Here, ̂ is the polarization density operator; see eq 6. As
mentioned above, after invoking the point-dipole approximation
(i.e., r r( ) ( )μδ̂ = ̂ ), t tr r E r E 0d ( ) ( , ) ( , )∫ μ̂ · = ̂ · , so that eq
19 is equivalent to the form of coupling in eq 12. E⊥ (J⊥) denotes
the transverse E-field (current density). For a single site, one can
usually just neglect the ⊥ nuance in eqs 19 and 20.
Note that due to the lack of explicit dissipation, we can

propagate Ehrenfest’s electronic dynamics with a wave function
formalism instead of with a density operator. In other words, we
can replace eq 20a by

t
i

H
C

C
d
d sc= −

ℏ
̂

(21)

For a TLS, C = (c1, c2), where c1 (c2) is the quantum amplitude
for the ground state (excited state). In realistic simulations, it is
always more computationally efficient to propagate C rather
than ρ̂.
From eq 20a, in capturing the quantum nature of radiation

field, Ehrenfest dynamics consider only the self-interaction
induced by the scattered field; one neglects the effect of vacuum
fluctuations on the Liouville equation (i.e., there is no explicit
dissipative term), which causes problems when describing

spontaneous emission. In other words, if ( )0 0
0 1ρ = and E(r) =

B(r) = 0 at time zero, the electronic system will not relax
according to eq 20. Let us now investigate spontaneous emission
in more detail.
3.3.1. The Analytical Form of Dissipation Induced by Self-

Interaction. To begin our discussion, we rewrite eq 20a as

t
d
d E Es in scatt

ρ ρ ρ ρ̂ = [ ̂] + [ ̂] + [ ]̂
(22)

where we denote

i
H ,ss ρ ρ[ ̂] ≡ −

ℏ
[ ̂ ̂]

(23a)

i
tE 0( , ),E inin

μρ ρ[ ̂] ≡
ℏ

[ ̂ · ]̂
(23b)

i
tE 0( , ),E scattscatt

μρ ρ[ ̂] ≡
ℏ

[ ̂ · ̂]
(23c)

Here, s ρ[ ]̂, Ein
ρ[ ]̂ and Escatt

ρ[ ]̂ denote the evolution of ρ̂ due
to Ĥs, the incident field and the scattered field, respectively.
While s ρ[ ]̂ and Ein

ρ[ ]̂ do not cause electronic relaxation
explicitly, in Ehrenfest dynamics, one can prove that Escatt

ρ[ ]̂ is
effectively a dissipative term that is similar to eq 13,

k

kE
Eh 22 Eh 12

Eh 21 Eh 22
scatt

ρ
ρ γ ρ

γ ρ ρ
[ ̂] =

−

− −

i

k

jjjjjj
y

{

zzzzzz
(24)

See Appendix A for a detailed derivation. Over a coarse-grained
time scale (τ) satisfying 1/ω0 ≪ τ ≪ 1/kFGR, the nonlinear
population relaxation rate reads

k t k( )Eh FGR
12

2

22

ρ
ρ

=
| |

(25)

Since no non-Hamiltonian term appears in Ehrenfest dynamics
(see eq 20a), purity is strictly preserved for each trajectory, i.e.,
|ρ12|

2 = ρ11ρ22, and thus eq 25 is equivalent to the expression in
eq 1. Similarly, within the same coarse-grained average, the
effective off-diagonal (dipole) dephasing rate reads

t
k

( )
2

( )Eh
FGR

11 22γ ρ ρ= −
(26)

When a TLS is weakly excited (ρ22 → 0), according to eqs 25
and 26, k kEh FGR→ and k /2Eh FGRγ → , and thus Escatt

ρ[ ̂]
defined in eq 24 agrees with SE ρ[ ]̂ defined in eq 13. In other
words, Ehrenfest dynamics describe almost exactly the same
dynamics as the OBE in the weak excitation limit.47

3.3.2. Advantages and Disadvantages. Ehrenfest dynamics
explicitly propagate the total EM field and are obviously
equivalent to the coupledMaxwell−Bloch equations without the
“hard” dissipative term ( SE ρ[ ]̂ in eq 13): both techniques are
applicable to the condensed phase with many emitters. Near the
ground state, Ehrenfest dynamics effectively predict the same
results as the OBE for a single TLS (which the coupled
Maxwell−Bloch equations do not achieve because of double-
counting). Another advantage of Ehrenfest dynamics is the
enforcement of energy conservation (which the coupled
Maxwell−Bloch equations do not satisfy); see Appendix D.
The disadvantage of Ehrenfest dynamics is obvious: Ehrenfest
cannot describe the dynamics correctly when the system is
strongly excited (ρ11→ 0), which is why one introduces the extra
dissipation in eq 12 in the first place.

3.4. The Ehrenfest+R Approach: Counting Self-
Interaction and Vacuum Fluctuation Separately. We
have recently proposed an ad hoc Ehrenfest+R approach to
improve Ehrenfest dynamics in the limit of a strong excitation
out of the ground state (as applicable under strong EM fields).
With the Ehrenfest+R approach, we want not only to describe
the electronic dynamics correctly, but we want also to describe
the EM field correctly. The former is rather easy to implement:
we need simply to augment Ehrenfest dynamics by adding the
difference between SE ρ[ ]̂ (eq 13) and Escatt

ρ[ ]̂ (eq 23c) to the
Ehrenfest equation of motion for the quantum subsystem. The
latter, however, is difficult to implement: quantum-mechan-
ically, the EM fields are operators and are fundamentally
different from c-numbers. For example, according to QED, ⟨Ê2⟩
≥ ⟨Ê⟩2, but this difference cannot be recovered in any classical
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scheme if only one trajectory is simulated. Now, if one wants to
distinguish between ⟨Ê2⟩ and ⟨Ê⟩2 in a semiclassical way, the
standard approach is to introduce a swarm of trajectories. By
calculating ⟨Ê2⟩ and ⟨Ê⟩2 with an ensemble average over many
trajectories, one can find different values, especially if there is
phase cancellation. Such quasi-classical techniques have long
been used in semiclassical quantum dynamics.48−56 Within the
context of coupled nuclear-electronic dynamics, all successful
semiclassical approaches average dynamics over multiple
trajectories (including, e.g., surface hopping,49 the symmetrical
quasi-classical (SQC)method,50,51 multiple spawning,52 and the
Poisson bracket mapping equation,53,54 etc; see ref 55. for a
general review).
Let us now briefly review the operational procedure for

Ehrenfest+R; a full description of this method can be found in
ref 27. An overall flowchart of the algorithm for Ehrenfest+R is
shown in Algorithm 1: for each trajectory, we assign a random
phaseϕl∈ [0, 2π), (which will be motivated later), we propagate
Ehrenfest dynamics for a time step dt (see eq 20), and then we
introduce a nonlinear dissipative eventthe +R correction
which forces ρ̂ to decay with an overall FGR rate; since this
correction leads to energy dissipation for the quantum
subsystem, we also rescale the EM field at each time step dt to
conserve energy; finally, we perform an ensemble average over
trajectories to calculate ⟨ρ̂⟩, ⟨E⟩, and ⟨E2⟩. Explicit equations are
provided in Appendix B.
3.4.1. Advantages and Disadvantages. The advantages of

Ehrenfest+R approach are obvious: (i) this method recovers the
correct spontaneous decay rate, while the coupled Maxwell−
Bloch equations and Ehrenfest dynamics cannot; (ii) by taking
an average over a swarm of trajectories (with random values ofϕl

determined for each trajectory at the start of the simulation),
Ehrenfest+R not only conserves energy, but also distinguishes
coherent scattering from incoherent scattering. The disadvant-
age of Ehrenfest+R is the computational cost necessitated by
introducing a sampling of trajectories with different phases.
However, in the benchmark work presented here, to obtain
acceptable results, we find the Ehrenfest+R requires only on the
order of 102 trajectories. Our hope is that, for large systems, the
cost of Ehrenfest+R will remain very moderate.
3.5. Classical Dielectric Theory (CDT): A Nonexplicit

Double-Counting of Self-Interaction. Classical electro-
dynamics is always a competing approach for modeling light−
matter interactions. According to CDT, without any free charge,
the displacement field D, the auxiliary magnetic field H, the
electric field E and the magnetic induction B are all transverse,
and the EM field obeys the classical Maxwell’s equations:

t
t tB r E r( , ) ( , )∇∂

∂
= − ×

(27a)

t
t tD r H r( , )

1
( , )

0μ
∇∂

∂
= ×

(27b)

Here, as always, the equations that relate fields with and without
matter are D(r, t) = ϵ0 E(r, t) + P(r, t), B(r, t) = μ0(H(r,t) +
M(r, t)), where P is the polarization field and M is the
magnetization field. If we assume a linear medium, the
constitutive relationships become:

H B
1
μ

=
(28a)

E D
1=
ϵ (28b)

Here, ϵ and μ denote the electric and magnetic permeabilities.
Today, the most popular method for numerically solving eqs 27
and 28 is the finite-difference time-domain (FDTD) method,57

wherein the displacement field D and the magnetize field H are
explicitly propagated in the time domain (instead of E and B),
and all vector fields are propagated with a Yee cell.58

When one can ignore the magnetic interactions (as is true for
our model with no magnetic susceptibility), one can propagate
either H or B. Since H = B/μ0, where μ0 denotes the vacuum
magnetic permeability, eqs 27 and 28 are reduced to

t
t tH r E r( , )

1
( , )

0μ
∇∂

∂
= − ×

(29a)

t
t tD r H r( , ) ( , )∇∂

∂
= ×

(29b)

D r E( , ) ( ) ( )ω ω ω= ϵ (29c)

Here, D and E are connected by D = ϵ0E + P. In general, the
optical response of materials is described by the frequency-
dependent dielectr ic funct ion ϵ(ω) . By defining
ϵ(ω) = ϵ0(1 + χ(ω)), one obtains

P E( ) ( ) ( )0ω χ ω ω= ϵ (30)

As long as the dielectric function is given, in principle one can
apply FDTD to propagate the D, H, and P fields in the time
domain (using eqs F85-F86). For details see section 4 and
Appendix F.
A derivation of the dielectric function for a TLS is well-

known,21,42 and the standard approach is rederived in Appendix
E. Here, we present only the final expressions for χ(ω). In the
weak-excitation limit (linear response regime), the dielectric
function for a TLS is

i k
( ) pL

2

0
2 2

FGR
χ ω

ω

ω ω ω
≈

− − (31)
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which corresponds to a Lorentz medium. Here,

2 /p 12
2

0 0ω μ ω= ϵ ℏ . Beyond linear response, a nonlinear
dielectric function can be expressed to the lowest nonlinear
order in the series expansion of the incoming field (see Appendix
E):

k
E
E

( ) ( ) 1
1

1 4( ) / s

NL L

0
2

FGR
2

0
2

2χ ω χ ω
ω ω

≈ −
+ −

| |
| |
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Ç

ÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑ
(32)

In eq 32, E0 is the amplitude of the incident wave defined in eq 3
and we define |Es|

2 ≡ ℏ2 kFGR
2/2 |μ12|

2. One interesting property
of the series expansion leading to χNL is that the series converges
only when |E0|/|Es| ≤ 1. Therefore, this expansion cannot be
used to model very strong light−matter interactions.
In Appendix E, we show that CDT (eq 29) with eq 31 for the

dielectric function double-counts self-interaction for a TLS
because of a mismatch between the derivation of χ(ω) (which
assumes P = ϵ0 χEin) and the way the polarization is used within
CDT (P = ϵ0χE, eq 30). In other words, CDT suffers the same
problem effectively as the coupled Maxwell−Bloch equation.

This double-counting becomes obvious if we evaluate the
equation of motion for the optical polarization. See Table 1.

3.5.1. Advantages and Disadvantages. For CDT, one
propagates only Maxwell’s equations (i.e., no Schrödinger
equation) in the time domain, and one can perform large-scale
calculations within a parallel architecture. The disadvantage of
CDT is that, by treating the matter side classically, one fails to
capture any quantum features of the light−matter interactions,
unlike the case for semiclassical simulations. Furthermore, CDT
double-counts self-interaction for a TLS in a similar manner to
the coupled Maxwell−Bloch equations.

3.6. Summary of Methods. After introducing the five
methods above, we now summarize the main features of each
method in Table 1, highlighting (i) the ability to recover the
FGR rate in spontaneous emission (SE), (ii) the effective
equations of motion for the optical polarization (P), and (iii)
whether or not energy is conserved. See Appendix C for all
derivations.
Note that in Table 1, we defineP rd Tr( ) Tr( )∫ μρ ρ= ̂ ̂ = ̂ ̂ ;

we also define 2 /p 12
2

0 0ω μ ω≡ ϵ ℏ as the plasmon frequency,

Table 1. Synopsis of the Main Features for the Five Different Approaches Chosen for Modeling Light−Matter Interactions

Approach Recover SE equation of motion for optical polarization energy conservation59

optical Bloch eqs 13 and 17 true P̈(t) + kFGRṖ(t) + ω0
2P(t) = ϵ0ωp

2W12(t) Ein(t) true (QOBE)/false (COBE)
Maxwell−Bloch, eqs 12−16 false P̈(t) + kFGRṖ(t) + ω0

2P(t) = ϵ0ωp
2W12(t)E(t) false

Ehrenfest, eqs 20 and 16 false (true only when ρ11→1) P̈(t) + ω0
2P(t) = ϵ0ωp

2 W12(t)E(t) true
Ehrenfest+R, Appendix B true P̈(t) + 2γR(t)Ṗ(t) + [ω0

2 + γ̇R(t) + γR
2(t)]P(t) = ϵ0ωp

2W12(t)E(t) true
CDT-Lorentz, eqs 29−31  P̈(t) + kFGRṖ(t) + ω0

2P(t) = ϵ0ωp
2E(t) false

Figure 1. Electronic dynamics of a TLS excited by an incident cw field: (upper) the excited state population (ρ22) versus time, (bottom) the imaginary
part of coherence Im ρ12 versus time. Four different conditions are plotted: (from left to right) weak on-resonant field (Ω/kFGR = 0.03, ω = ω0), weak
off-resonant field (Ω/kFGR = 0.03, (ω−ω0)/kFGR = 0.64), slightly stronger on-resonant field (Ω/kFGR= 0.3,ω =ω0) and slightly stronger off-resonant
field (Ω/kFGR= 0.3, (ω − ω0)/kFGR = 0.64). In each subplot, four methods are compared: (i) Ehrenfest dynamics (cyan solid), (ii) the Ehrenfest+R
approach (red solid), (iii) the OBE (dashed-dotted green), and (iv) the coupledMaxwell−Bloch equations (dashed blue). Other parameters are listed
in section 4. Note that for the weak coupling case, Ehrenfest, Ehrenfest+R, andOBE roughly agree. For the case of the stronger incident field, Ehrenfest
+R predicts almost the same results as the OBE; Ehrenfest dynamics overestimate the electronic response at resonance because the method ignores of
vacuum fluctuations. The coupledMaxwell−Bloch equations underestimate the electronic dynamics in all situations because of the double-counting of
self-interaction.
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W12≡ ρ11− ρ22, Ein(t) and E(t) are short for Ein(0,t) and E(0,t).
From the equations of motion of P for each method, we can
clearly ascertain whether a method double-counts self-
interaction or not. For example, in the coupled Maxwell−
Bloch equations as well as CDT, both a dissipative term kFGRṖ
and the total E-field appears, indicating a double-counting of
self-interaction.

4. NUMERICAL DETAILS
Our parameters are chosen as follows (listed both in natural
units c =ℏ= ϵ0 = 1 and [t] = 1× 10−17 s as well as in SI units): the
energy difference of TLS is ℏω0 = 0.25 (16.5 eV), the transient
dipole moment is μ12 = 0.025√2 (11282 C·nm/mol), the width
of the TLS is σ = 0.50 (1.5 nm). We propagate Maxwell’s
equations on a 1D grid with spatial spacing Δx = 0.10 (0.3 nm),
time spacing Δt = 0.05 (5 × 10−4 fs), and our spatial domain
ranges from xmin = −4 × 104 (−12 μm) to xmax = 4 × 104 (12
μm). The propagation time is tmax = 105 (1 ps). We calculate the
steady-state intensity of the EM field by averaging the EM field
generated in the time range [tmax − t0, tmax], where t0 = 104 (100
fs).
For the CDT simulation, we use FDTDwith the standard Yee

cell.58 For a Lorentz medium (χL(ω)), we propagate eqs 29, 30,
and C63 simultaneously as is standard.60 For the nonlinear

dielectric function χNL(ω) in eq 32, since the incident field is
m o n o c h r o m a t i c , w e n e e d s i m p l y t o t r e a t

1
k

E
E

1
1 4( ) / s0

2
FGR

2
0

2

2−
ω ω+ −

| |
| |

Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ as a constant during the simulation

so that the equations of motion are similar to the linear case. The
standard trick for simulating dynamics with a Lorentz
susceptibility is repeated in Appendix F.
For all methods apart from CDT, all time derivatives for fields

and matter are propagated by a Runge−Kutta fourth-order
solver61 and spatial gradients are evaluated on a real space grid
with a two-stencil. For the Ehrenfest+R approach, we average
over 48 trajectories unless stated otherwise.

5. RESULTS

In this section, we report the electronic dynamics and the steady-
state optical signals arising when an incident cw field excites a
TLS starting in the ground state.

5.1. Electronic Dynamics. Figure 1 shows the electronic
dynamics of a TLS as a function of time for all methods (except
CDT for which there are no explicit TLS dynamics). Among
these methods, the OBE (green dashed-dotted line) can be
regarded as a “standard” method for all conditions. Our results
are as follows.

Figure 2. Steady-state intensities (integrated over all frequencies) for the scattered E-field for a TLS as a function of frequency of the incident cw field:
(left) weak incident field (Ω/kFGR = 0.03) and (right) slightly stronger incident field (Ω/kFGR = 0.3). Six methods are compared (from top to bottom):
(i) Ehrenfest dynamics (cyan), (ii) the Ehrenfest+R approach (red for coherent scattering and gray for total scattering intensity), (iii) the OBE
(green), (iv) the coupled Maxwell−Bloch equations (blue), (v) CDT with a Lorentz medium (black, χL(ω) given in eq 31), and (vi) CDT with a
nonlinear medium (purple, χNL(ω) given in eq 32). Simulation data (dots) are fitted to a Lorentzian function defined in eq 33, and the fitted
parameters are also labeled (integral area and fwhm of Lorentzian). Simulation parameters are listed in section 4. Note that in the linear response
regime (left), Ehrenfest and Ehrenfest+R agree with the OBE, whileMaxwell−Bloch and CDT predict different results because of the double-counting
of self-interaction. Beyond linear response (right), Ehrenfest dynamics overestimate the intensity and underestimate the fwhm because of the absence
of vacuum fluctuations; Ehrenfest+R and the OBE predict the correct trends: less intense and broader peaks, which are known as saturation effects; for
Maxwell−Bloch or CDT, these tendencies are not obvious. Finally, when including only the third-order nonlinear term, the performance of CDT is not
enhanced, as the method still does not capture the broadening correctly.
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1. For a weak on-resonant cw field (Ω/kFGR = 0.03,ω =ω0),
both Ehrenfest (cyan solid) and Ehrenfest+R (dashed
red) quantitatively agree with the OBE for the evolution
of the excited state population ρ22 (Figure 1a) and the
imaginary part of Imρ12 (Figure 1e). Ehrenfest and
Ehrenfest+R agree in the limit of weak excitation (where
the +R correction [proportional to ρ22] for Ehrenfest+R is
negligible) and both methods agree with the correct OBE.
That being said, the coupled Maxwell−Bloch equations
(blue solid) predict different results: both ρ22 and Imρ12
are drastically suppressed (see Figures 1a,e) because of
the double-counting of self-interaction.

2. For a weak off-resonant cw field (Ω/kFGR = 0.03,
(ω−ω0)/kFGR = 0.64), not surprisingly, the dynamics
for ρ22 and Imρ12 are suppressed (Figures 1b,d,
respectively) compared with the resonant case. Interest-
ingly, both Ehrenfest and Ehrenfest+R predict a slightly
higher response of ρ22 compared with the OBE. This
slight difference originates from two factors. (i) The
effective Ehrenfest dissipative term EScatt

ρ[ ]̂ approaches
SE ρ[ ]̂ near the ground state only in a coarse-grained

sense. (ii) More importantly, the off-diagonal Ehrenfest
term EScatt

ρ[ ]̂ is purely imaginary, which leads to slightly
less dephasing compared with the SE ρ[ ]̂ term from the
OBE, which has a real part, e.g., kFGRρ12/2. Thus, the OBE
and Ehrenfest do not yield the exact same dynamics even
though the absolute values of the off-diagonal compo-
nents of both EScatt

ρ[ ]̂ and SE ρ[ ]̂ are identical. See
Appendix A for a detailed discussion. Again, Maxwell−
Bloch disagrees with all of the other methods because of
double-counting.

3. When the cw field is amplified to slightly beyond the weak
coupling limit (Ω/kFGR = 0.3), the new feature that arises
is that Ehrenfest now over-responds both for ρ22 and ρ12
compared with the OBE; at the same time, Ehrenfest+R
still nearly agrees with the OBE, just as in the weak
coupling case. Obviously, the inclusion of vacuum
fluctuations becomes more and more important as the
amplitude of the incident field and the excited state
population increases. For strong fields, Ehrenfest+R
becomes an important correction to Ehrenfest dynamics.

5.2. Steady-State Optical Signals. In Figure 2, we plot the
steady-state intensity of the scattered field (|Escatt|

2/|E0|
2) as a

function of incident cw wave frequency ((ω − ω0)/kFGR) when
the light−matter coupling (Ω/kFGR) is weak (Ω/kFGR = 0.03,
left) and relatively strong (Ω/kFGR = 0.3, right). Note that we
plot the overall scattered field intensity, integrated over all
frequencies. While the dots in Figure 2 represent the simulation
data with specific incident frequenciesω, we also fit these data to
a Lorentzian in order to better capture the line width and the
magnitude of the optical signal; the Lorentzian is defined as

( )
f

A
( )

( )

1
2

0
2 1

2

2ω
π ω ω

=
Γ

− + Γ (33)

where A denotes the total integrated area of f(ω) and Γ denotes
the full width at half-maximum (fwhm) of f(ω).
For the weak coupling (Ω/kFGR = 0.03; see Figure 2a), just as

for electronic dynamics (see Figure 1), Ehrenfest (cyan) and
Ehrenfest+R (red) agree with the OBE (green) while both
Maxwell−Bloch (blue) and CDT (black for linear χ and purple

for nonlinear χ) predict different results. When the excitation is
weak, Ehrenfest, Ehrenfest+R, and theOBE correctly predict the
FGR rate for the electronic relaxation, which now becomes the
fwhm for the line shape. Due to the double-counting of self-
interaction, however, the coupled Maxwell−Bloch equations
and CDT predict twice the correct fwhm; see the detailed
discussion in Appendix C. Lastly, we note that, if one wants to
use CDT to predict the correct fwhm for a TLS, one can reduce
the width of the dielectric function in half (i.e., reduce kFGR to
kFGR/2 in eq 31) and efficiently avoid double-counting.
However, we emphasize that generalizing this result to larger
quantum subsystems (e.g., beyond a TLS) is either tedious or
impossible. For this reason, in this paper, we have used the
standard susceptibility for a TLS, i.e., eqs 31 and 32, as found in
refs 21 and 42.
Now let us move to a slightly stronger cw field (Ω/kFGR = 0.3).

See Figure 2b. We do not choose a very large field because the
nonlinear FDTD simulation will become unstable whenΩ/kFGR
→ 1 due to the convergence issue of χNL(ω) ; see eq E83. For
even a moderately strong field (Ω/kFGR = 0.3), the OBE predicts
a saturation effect, for which the intensity of the scattered field is
suppressed and the fwhm is broadened. Similar tendencies can
also be found in Ehrenfest+R.
Interestingly, for the coupled Maxwell−Bloch equations, a

saturation effect is not obvious because of the double-counting
of self-interaction. Furthermore, because Ehrenfest does not
include vacuum fluctuations, this method predicts the exactly
incorrect trend: the fwhm decreases for large incident fields.
Finally, regarding CDT, it is not surprising at all that the linear
Lorentz medium results do not change when the incident field
strength is increased. More interestingly, even if we include the
lowest order of nonlinearity, CDT predicts the incorrect trend
for the absorption fwhm (just like Ehrenfest). Apparently,
including only the lowest order of nonlinearity is not enough for
an accurate description of optical signals outside of linear
response.
Finally, before concluding, we note that Ehrenfest+R also

makes a prediction of the total scattering intensity (⟨|Ê|2⟩). As
such, Ehrenfest+R differs from all the other methods presented
in Figure 2, which predict only the intensity of coherent
scattering. The only other method which can make prediction of
coherent versus incoherent EM dynamics is the quantum OBE
(see section 3.2), which is considered the gold standard for
modeling a quantum field of photons interacting with a TLS.
Although we do not plot the quantum OBE results in Figure 2,
we will compare Ehrenfest+R with the quantum OBE below in
the Discussion.

6. DISCUSSION

The above results demonstrate that the Ehrenfest+R approach
may be an advantageous method to model light−matter
interactions: this method not only predicts similar electronic
dynamics and the same coherent scattered field as the classical
OBE, but also directly models the total scattered field by
enforcing energy conservation so that one can predict ⟨E2⟩ and
⟨E⟩2 independently. Thus, in the future, we believe we will be
able to use the Ehrenfest+R approach to correctly model light−
matter interactions for many emitters (without the requirement
of excluding self-interaction, as needed for the coupled
Maxwell−Bloch equations). Because so many collective optical
phenomena have been recognizedfor example, resonant
energy transfer,23,62,63 superradiance,64−66 and quantum
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beats67the Ehrenfest+R approach is a very tempting tool to
generalize and apply.
That being said, it remains to demonstrate that the Ehrenfest

+R approach predicts the correct total scattered field as
compared with the quantum OBE. To that end, in Figure 3

we plot the ratio between the coherent and total scattered fields
(Icoh/Itot) for a wide range of field intensities (Ω/kFGR) for the
case that the TLS is excited on resonance by an incident cw field
(ω = ω0). From Figure 3, results for Ehrenfest+R (open circle)
quantitatively match the theoretical prediction calculated by
Mollow38 (dashed line):

I
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k
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( )
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0
2 1

4 FGR
2

1
2

2
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2 1
4 FGR

2

ω ω

ω ω
=

− +

Ω + − + (34)

The quantitative agreement between Ehrenfest+R and the
analytical calculation based on the quantumOBE in Figure 3 can
be understood as follows. From the procedure of Ehrenfest+R
(see section 3.4), we are guaranteed both that the excited state
will relax with the FGR rate and that energy will be conserved.
On the one hand, because of the correct electronic relaxation,
Ehrenfest+R must predict nearly the same electronic dynamics
as the OBE, so that the coherent scattered field predicted by
Ehrenfest should be accurate. On the other hand, because
energy is conserved at each time step, the total intensity of the
scattered field has to be correct. By combination of these two
sides, it is not surprising that Ehrenfest+R predicts Icoh/Itot
quantitatively. However, for very strong incident fields, beyond
the correct prediction of intensities, one can wonder: will
Ehrenfest+R also quantitatively capture the f requency dependence
of the scattered fields (which is not required in an algorithm of
Ehrenfest+R)? For example, can Ehrenfest+R recover the
Mollow triplet38 correctly? Preliminary results are encour-
aging.68

7. CONCLUSION
In this paper, we have benchmarked the performance of five
methods (the coupled Maxwell−Bloch equations, the classical
OBE, Ehrenfest, Ehrenfest+R, and CDT) for modeling light−
matter interactions. When studying a TLS excited by an incident

cw field, we find the following: (i) Because Ehrenfest dynamics
include only self-interaction for electronic relaxation, this
method fails to correctly describe the electronic dynamics and
optical signals beyond the linear response regime. (ii) The
coupled Maxwell−Bloch equations and CDT fail to predict the
correct optical signals even in the linear response regime,
because both methods effectively double-count self-interaction:
the self-interaction is accounted for through the spontaneous
emission with both the scattered field and an explicit dissipative
term; see eq 12. As a consequence, these methods predict
spectra with twice the correct fwhm in Figure 2. (iii) Because
both the classical OBE and the Ehrenfest+R approach carefully
count self-interaction only once (but in different ways), these
two methods describe both the electronic dynamics and the
optical signals correctly in both the linear response regime and
slightly beyond linear response. Moreover, because Ehrenfest+R
preserves the self-interaction due to the scattered field and also
enforces electronic relaxation due to vacuum fluctuations, this
approach should be applicable for modeling light−matter
interactions for a network of molecules, whereas for the OBE,
one would need to carefully exclude the self-interaction due to
the scattered field. Finally, by conserving energy, Ehrenfest+R
can correctly distinguish between coherent and incoherent
scattering over a wide range of light−matter couplings and all
results are in agreement with the quantum OBE.
The role of the total scattered field is essential for many

collective phenomena, including, for example, resonant energy
transfer and superradiance, and our laboratory is very excited to
learn what new physics can be predicted with a powerful, new
semiclassical approach to electrodynamics.

■ APPENDIX A: ELECTRONIC RELAXATION WITHIN
EHRENFEST DYNAMICS

One significant difference between Ehrenfest dynamics and the
other methods studied in this paper is that the equation of
motion for Ehrenfest dynamics has no explicit dissipative term;
see eq 20a. One may ask, do Ehrenfest dynamics still recover
electronic relaxation? Here, for completeness, we summarize the
main points in ref 27.
To understand electronic relaxation for Ehrenfest dynamics,

we can split the total E-field into the incident field plus the
scattered field: E(r, t) = Ein(r,t) + Escatt(r, t). While the incident
field obeys Ein(r, t) = Ein(r− ct, 0), we must explicitly propagate
Escatt(r, t) and solve Maxwell’s equations. In 1D, if we initialize
the TLS such that Imρ12(0) = 0 at time zero, the solution for
Escatt is

22

x t
c

t t x xE ( , ) d Im ( ) d ( )
t

x c t t

x c t t

scatt
0

0 0 12 ( )

( )
∫ ∫ ξ

ω
ρ=

ϵ
′ ̇ ′

′

′ ′ ′
− −

+ −

(A35)

where ξ(x) = μ12 δ(x) if we assume a point-dipole, and ρ̇12 is the
t ime der i va t i ve o f ρ 1 2 , so tha t μ̂ ·E s c a t t (0 , t) =

∫ dx ξ(x)·Escatt(x, t) σ̂x = ℏkFGR Imρ12σ̂x, where ( )0 1
1 0xσ ̂ = .

By substituting eq A35 into eq 20a, one finally obtains

t
d
d E

E E

s

s in scatt

ρ ρ ρ

ρ ρ ρ

̂ = [ ̂] + [ ̂]

= [ ̂] + [ ̂] + [ ̂] (A36)

where s ρ[ ]̂ and Ein
ρ[ ]̂ are defined in eq 23 and

Figure 3. Ratio between the steady-state intensities of coherent and
total scattered fields (Icoh/Itot) as a function of light−matter coupling
(Ω/kFGR) when a TLS is excited by an incident cw field at resonance (ω
= ω0). Ehrenfest+R result (open circle) is compared with the
theoretical prediction (dashed line) in eq 34. A total of 480 trajectories
are averaged for Ehrenfest+R. All other parameters are the same as in
Figure 2.
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Equation A37 defines kEh and γEh in eq 24, which clearly shows
that the scattered field contributes to the electronic relaxation if
Imρ12≠ 0. Furthermore, though not proven here, eq A37 is valid
in 3D (as well as 1D).27 We will now analyze eq A37 in the weak
coupling limit.
Population Relaxation Rate
In the weak coupling limit, ω0 ≫ kFGR, and we can define a time
scale (τ) 1/ω0 ≪ τ ≪ 1/kFGR. With this time scale, one can
assume ρ12 ≈ |ρ12|e

iω0t so that [Imρ12]
2 ≈ |ρ12|

2 sin2(ω0t). We
may then define an instantaneous decay rate kEh(t) for ρ22,
satisfying ρ̇22 = −kEh(t) ρ22, where

k t k t( ) 2 sin ( )Eh FGR
12

2

22

2
0

ρ
ρ

ω=
| |

[ ]
(A38)

We call eq A38 the Ehrenfest decay rate. If we average this rate
over all relevant τ, we find tsin ( )2

0
1
2

ω = , and one obtains eq 25.

For Ehrenfest dynamics, because no non-Hamiltonian term
appears in the Liouville equation, purity is strictly conserved, so
that |ρ12|

2 = ρ11ρ22, and eq 25 reduces to eq 1.
Off-Diagonal (Dipole) Dephasing Rate
When comparing the Ehrenfest effective dissipative term
( Escatt ρ[ ]̂ in eq A37) against the OBE ( SE ρ[ ]̂ in eq 13), we
find one interesting disagreement: for Ehrenfest dynamics, the
off-diagonal dissipation is purely imaginary, but for the OBE,
there is a real component. When averaged over a time τ, the
absolute values of these off-diagonal terms remain the same.
However, as shown in Figs. 1b,d, this difference causes the
electronic dynamics for Ehrenfest dynamics to differ slightly as
compared with the OBE when an off-resonant cw field excites
the TLS. This difference can be explained as follows. On the one
hand, for the classical OBE, if we consider only the effect of the

dipole-dephasing for ρ12, i.e., t
d
d 12 12ρ γρ= − , the off-diagonal

density matrix element clearly satisfies ρ12(t) = e−γtρ12(0).
On the other hand, for Ehrenfest dynamics, even though we

still find
t

d
d 12 12ρ γρ= − , γ is now purely imaginary (see eq A37).

Hence, it is natural to consider the absolute value of ρ12, which

satisfies
t

d
d 12ρ| | = −γEh(t) |ρ12|,

t k t( ) ( ) sin ( )Eh FGR 11 22
2

0γ ρ ρ ω= − (A39)

In a coarse-grained picture, γEh(t) reduces to eq 26. When ρ11→
1, γEh agrees with the OBE (γBloch = kFGR/2) and Ehrenfest+R is
not needed. Thus, the major difference between Ehrenfest+R
and the OBE is just the phase of dipole dephasing rate γ, which
can lead to a slight difference in ρ12 at later times.

■ APPENDIX B: DETAILS OF THE EHRENFEST+R
APPROACH

B.1. +R Correction for the Electronic Dynamics
According to Ehrenfest dynamics, including self-interaction
leads to incorporating some fraction of the true FGR rate of
electronic relaxation ( Escatt

ρ[ ̂] in eq 24; see also eqs 25 and 26).

In order to correctly recover the full FGR decay rate, Ehrenfest
dynamics include an additional dissipative (“+R”) term ( R ρ[ ]̂)
on top of the normal Liouville equation in eq 20a. At every time
step, we write

t dt t t t t t( ) ( d ) ( d ) dEh R Eh R Ehρ ρ ρ̂ + = ̂ + + [ ̂ + ]+
(B40)

Here, ρ̂Eh refers to the electronic density operator that is
propagated with Ehrenfest dynamics for one time step; R ρ[ ]̂ is
defined as

k t t

t k t
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( ) ( )
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jjjjjjj
y

{

zzzzzzz (B41)

where we define kR and γR to be the +R population relaxation
and dipole dephasing rates, respectively:
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(1 )R
FGR

11 22γ ρ ρ≡ − +
(B42b)

According to eq B42a, each trajectory l experiences its own kR(t)
with an arbitrary phase ϕl ∈ [0, 2π). Note that this phase does
not change during the simulation. From our point of view,
introducing this stochastic element on top of Ehrenfest
dynamics is entirely reasonable; and similar approaches have
already been proposed in the context of nuclear-electronic
dynamics.69−72

In a coarse-grained picture, averaging over the random phase

ϕl, one finds Im ei
2

1
2

l
12
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ρ
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| |
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Thus, the total emission (including the self-interaction of the
scattered field in Ehrenfest dynamics ( Escatt

ρ[ ̂] in eq 24) plus
the +R quantum vacuum fluctuations pathway ( R ρ[ ]̂ in eq
B41)) is identical to the total dissipation found in the OBE
( SE ρ[ ]̂ in eq 13):

k t k t k( ) ( )Eh R FGR+ = (B44a)

t t
k

( ) ( )
2Eh R

FGRγ γ+ =
(B44b)

+R Correction in the Wave Function Picture
One appealing quality of Ehrenfest dynamics is that the purity of
the electronic subsystem does not change within a single
trajectory, and one can propagate Ehrenfest dynamics with a
density operator ρ̂ or a wave function C. The Ehrenfest+R
approach is consistent with this structure, and can be
implemented in the wave function picture as well:

t t k t tC C( d ) e ( d )i
Eh R 1 2 R Eh

R+ = ̂ [ ] +γ
+

Φ̂[ ]
← (B45)

Here, CEh is the quantum amplitude after one time step
propagated according to Ehrenfest dynamics, and CEh+R is the
corresponding quantum amplitude after the +R event. The
quantum transition operator k1 2 R

̂ [ ]← in eq B45 is responsible
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for enforcing additional population relaxation, and changes C to
C′:
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For a TLS, the relationship between C′ and C is

c
c
c

c k t c t( ) d1
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(B47a)
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where kR is defined in eq B42a. When c1 = 0 (and the electronic
subsystem is in the excited state), kR = kFGR, and

c
c

1

1| |
and c

c
2

2| |
are

not well-defined. For a practical implementation, when c1 = 0, we
force 1c

c
1

1
=

| | and we fix ec
c

i2

2
= θ

| | , where θ ∈[0, 2π) is a random
number. Note that θ and ϕl have no correlation.
In eq B45, after invoking the quantum transition operator

k1 2 R
̂ [ ]← , we next multiply by a stochastic random phase

operator eiΦ̂[γR] to enforce the additional dipole dephasing:
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where 1 ̂ is the identity operator. Φ0 and RN are independent
random numbers with range Φ0 ∈ [0, 2π) and RN ∈ [0, 1).
During the time interval dt, eq B48 efficiently reduces the
ensemble average coherence ⟨c1c2*⟩ by an amount γR dt⟨c1c2*⟩.
Note that, for Figures 1−3, we have confirmed numerically

that propagating the +R correction in the wave function picture
(eqs B45−B48) yields the same results compared with the
density matrix picture (eqs B40−B42). However, for stronger
incoming fields, the two methods will not always agree. For
instance, the wave function picture that uses stochastic
dephasing (eq B48) can sucessfully predict a Mollow triplet,
while the density matrix picture fails to do so; see ref 68 for more
details. Hence, we recommend always implementing Ehrenfest
+R with the wave function picture.
B.2. Rescaling the EM Field
After enforcing the +R correction for the electronic subsystem,
in order to conserve energy, one needs to rescale the classical
EM field at each time step dt by giving energyURto the EM field:

t
U k t

d
d

( )R 0 R 22ω ρ= ℏ
(B49)

In practice, we rescale the EM field after every time step dt by

E E El l l
Eh R Eh Rα δ= ++ (B50a)

B B Bl l l
Eh R Eh Rβ δ= ++ (B50b)

where EEh
l denotes the E-field for trajectory l with no field

rescaling and EEh+R
l denotes the E-field after field rescaling; the

rescaling functions δER and δBR are chosen according to
polarization density and these fields should not self-interfere
with the TLS or otherwise influence the propagation of ρ̂
(because the addtion of R ρ[ ]̂ already leads to the correct
spontaneous decay rate). In 1D, for the polarization profile
defined in eq 7, these rescaling functions are defined as
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12
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= − σ−

(B51a)

x xB e( )
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μ
π σ
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(B51b)

Mo r e g e n e r a l l y , i n 3D , ERδ ∇= × × a n d
BRδ ∇= × .21,73 The parameters αl and βl are defined to

conserve the total energy:
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Here, U̇R is short for U
t

d
d R , and URis defined in eq B49; Λ is the

self-interference length, which is defined as
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δẼR and δB̃R are the Fourier components of the rescaling fields
δER and δBR:

E r k E k( ) d ( )eik r
R R∫δ δ= ̃ ·

(B54a)

B r k B k( ) d ( )eik r
R R∫δ δ= ̃ ·

(B54b)

For the po l a r i z a t ion profi l e in eq 7 , we find

2.3634
3

σ σΛ = =π .

■ APPENDIX C: OPTICAL POLARIZATION FOR EACH
METHOD

C.1. The Optical Bloch Equation
For the OBE, one calculates the effective optical polarization,
P(t), according to the mean-field approximation:

t tP( ) Tr( ( ) )μρ= ̂ ̂ (C55)

Here, one needs to be careful about notation. P denotes the total
optical polarization, which is the integral over the polarization
density operator, r( )̂ in eq 6: P r rd Tr( ( ))∫ ρ= ̂ ̂ .
By taking the second-order time derivative of eq C55, using

P = 2 Re ρ12μ12ez, calculating Re
t

d
d 12ρ and Im

t
d
d 12ρ and further

applying eqs 9 and 17, the equation of motion for P(t) can be
expressed as

t k t t W t tP P P E( ) ( ) ( ) ( ) ( )pFGR 0
2

0
2

12 inω ω̈ + ̇ + = ϵ (C56)

Here, we define 2 /p 12
2

0 0ω μ ω≡ ϵ ℏ to be the plasmon
frequency, W12 ≡ ρ11 − ρ22, Ein(t) is short for Ein(0, t).
Equation C56 is an anharmonic oscillator picture for optical

polarization.21 Given an initial condition for P, according the
classical OBE, one evolves eq C56 coupled with Maxwell’s
equations in eq 15 to obtain the optical signals for a TLS.
C.2. The Coupled Maxwell−Bloch Equations
Following the procedure for the OBE, one obtains a very similar
equation of motion for optical polarization P in the case of the
coupled Maxwell−Bloch equations:
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t k t t W t tP P P E( ) ( ) ( ) ( ) ( )pFGR 0
2

0
2

12ω ω̈ + ̇ + = ϵ (C57)

Here,ωp andW12 are defined the same as in eq C56. Comparing
eq C57 to eq C56, because E = Ein + Escatt, we see that the optical
polarization can be significantly different if the scattered field is
not negligible.
C.3. Ehrenfest Dynamics
For Ehrenfest dynamics, from eq 20, the equation of motion for
the optical polarization is easy to derive:

t t W t tP P E( ) ( ) ( ) ( )p0
2

0
2

12ω ω̈ + = ϵ (C58)

Compared to the other equations of motion for P in eqs C56 and
C57, the major difference is that eq C58 has no explicit
relaxation term (kFGRṖ). However, the lack of such a relaxation
term does not imply that the anharmonic oscillator will not be
damped to zero at long times. In fact, since P = Tr(ρ̂μ̂), and ρ̂ is
relaxed by the scattered field Escatt (see the discussion in section
3.3.1), P will eventually be damped to zero as long as the TLS is
not initiated exactly in the excited state. More explicitly, if we
separate the electric field as E = Escatt + Ein, and use the fact that

kE Im k
tscatt FGR 12

d Re

d
FGR

0

12μ ρ· = ℏ = −
ω

ρℏ [ ]
, where we denote μ =

μ12ez, eq C58 can be rewritten as
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2

0
2

12 inω ω̈ + ̇ + = ϵ
(C59)

Here, the effective relaxation term W12(t) kFGRṖ causes a
population-dependent damping for P.
C.4. The Ehrenfest+R approach
For Ehrenfest+R, the equation of motion for optical polarization
reads

t t t t t t
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where γR is defined in eq B42. To derive eq C60, we simply take

advantage of H ,
t

id
d sc Rρ ρ ρ̂ = − [ ̂ ̂] − [ ̂]

ℏ
, where Ĥsc and R ρ[ ]̂

are defined in eqs 19 and B41, and we find
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By taking the time derivative of eq C61a and applying eq C61b,
we obtain
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(C62)

Note that, if we set γR(t) = 0, we recover eq C58. Nevertheless, if
γR(t) ≠ 0, note also that eq C62 still contains Imρ12. To
eliminate this term, we can rewrite eq C61a as

tIm ( ) Re
t12

1
R 12

d Re

d0

12ρ γ ρ= −
ω

ρ[ ]Ä
Ç
ÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑ. By substituting this iden-

tity into eq C62, we finally derive eq C60.
In eq C60, by introducing the relaxation term 2γR(t) Ṗ(t)

where γR(t) depends on the electronic state, one recovers the

FGR rate correctly as compared with Ehrenfest dynamics. One
interesting feature of eq C60 [as compared with eqs C56−C58]
is that the intrinsic frequency is no longer ω0 but rather

t t( ) ( )0
2

R R
2ω γ γ+ ̇ + . This frequency renormalization will be

studied in a future publication.
C.5. CDT
The susceptibility χ(ω), which is derived in Appendix E for a
TLS, plays a significant role in classical electrodynamics. If we
take the Fourier transform of the definition of χ(ω) in eqs
30−31, we find that the equation of motion for the optical
polarization reads

t k t t tP P P E( ) ( ) ( ) ( )pFGR 0
2

0
2ω ω̈ + ̇ + = ϵ (C63)

eq C63 is very similar to eq C57 in the weak-excitation limit
(W12 → 1), indicating that a standard CDT treatment also
double-counts self-interaction, just as do the coupled Maxwell−
Bloch equations. This double-counting originates from the
inconsistency between the derivation of χ(ω)42 (where we
assume P(ω) = ϵ0 χ(ω) Ein(ω)), and the numerical
implementation of CDT (where people frequently take P(ω)
= ϵ0 χ(ω) E(ω) for a practical simulation); see Appendix E.

■ APPENDIX D: ENERGY CONSERVATION FOR EACH
METHOD

We define the energy of the quantum subsystem as

U t t H( ) Tr( ( ) )ss ρ= ̂ ̂ (D64)

For a classical EM field, the energy is defined as
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(D65)

For semiclassical approaches, the total energy is expressed asUtot
= Us + UEM.
D.1. The Optical Bloch Equation
For the OBE, similar to Ehrenfest dynamics (see eq 22), we can
express eq 17 as

t
d
d s E SEin

ρ ρ ρ ρ̂ = [ ̂] + [ ̂] + [ ̂]
(D66)

where s ρ[ ]̂ and Ein
ρ[ ]̂ are defined in eq 23 and SE ρ[ ]̂ is

defined in eq 13. If eq D66 is substituted into eq D64, the energy
loss rate for the TLS reads

t
U H H

d
d

Tr( ) Tr( )s ss E SEin
ρ ρ= [ ̂] ̂ + [ ̂] ̂

(D67)

By taking the time derivative of eq D65, and applying Maxwell’s
equations as defined in eq 20, the energy gain rate of the EM field
is

t
U s E B r E J

d
d

d dEM ∮ ∫= × − ·
Σ (D68)

Here,Σ denotes the sphere in real space over which we integrate.
If we integrate over a large sphere, the first term on the RHS in
eq D68 vanishes.
However, because one cannot find an exact cancellation

between eqs D67 and D68, the total energy of the classical OBE
is not conserved. That being said, if the EM dynamics are
propagated with the quantum EM field instead of classical EM
field, the quantum OBE should conserve energy, provided we
use the full quantum energy of the EM field:
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Formore details about the quantumOBE and eqD69, see ref 43.
D.2. The Coupled Maxwell−Bloch Equations
Just as for the classical OBE, according to the coupledMaxwell−
Bloch eqs (eq 12), the energy loss rate for a TLS reads

t
U H H

d
d

Tr( ) Tr( )s ss E SEρ ρ= [ ̂] ̂ + [ ̂] ̂
(D70)

The energy gain for the EM field is the same as eq D68. After
some straightforward algebra, we find the total energy obeys

t
U H tE 0

d
d

Tr( ( ( , ))) 0stot SE μρ= [ ̂] ̂ − ̂ · ≠
(D71)

In most situations, the magnitude of the coupling |μ̂·E(0, t)| is
much less than ℏω0. Under such conditions, we can further
simplify eq D71 to read

t
U H k

d
d

Tr( ) 0stot SE 0 FGR 22ρ ω ρ≈ [ ̂] ̂ = −ℏ <
(D72)

eqs D71-D72 show that energy is not conserved for the coupled
Maxwell−Bloch equations and the total energy is continuously
decreasing with a speed of ℏω0kFGRρ22. This failure cannot be
corrected by propagating quantum fields and using QED (as in
eq D69). The fundamental problem is not a quantum-classical
mismatch but rather a double-counting of self-interaction.
D.3. Ehrenfest Dynamics
As discussed above, for Ehrenfest dynamics, the energy loss rate
for a TLS is expressed as

t
U H

d
d

Tr( )ss E ρ= [ ̂] ̂
(D73)

where E ρ[ ]̂ is defined as

i
tE 0( , ),E μρ ρ[ ̂] =

ℏ
[ ̂ · ̂]

(D74)

Since the energy gain rate for the EM field is defined just as in eq
D68, the time derivative of the total energy can be expressed as
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w h e r e w e a p p l y J rTr( ) Tr( ) ( )μ δρ ρ= ̂ ̇ ̂ = ̂ ̇ ̂ a n d

s Eρ ρ ρ̂ ̇ = [ ̂] + [ ̂] for Ehrenfest dynamics. Here, s ρ[ ]̂ is
defined in eq 23. Thus, energy is conserved for Ehrenfest
dynamics if we integrate over all space (where E and B fields
vanish at the boundary).
D.4. The Ehrenfest+R Approach
Ehrenfest+R is designed to yield energy conservation provided
one averages over trajectories; the total average Ehrenfest+R
energy reads

U H r E

B

Tr( )
1
2

d

1

s l

l

tot 0 Eh R
2

0
Eh R

2

∫ρ

μ

= ̂ ̂ + ϵ ⟨| | ⟩

+ ⟨| | ⟩

+

+

i

k
jjjjj

y

{
zzzzz

(D76)

where ⟨···⟩l denotes an ensemble average over trajectories
indexed by l ∈{1, 2,···, N}. Here, N is the total number of
trajectories. Because Ehrenfest dynamics alone conserve energy,
we need to show only that the energy loss for the quantum
subsystem due to the + R correction balances the energy gain for
the EM field due to the rescaling of fields at every time step dt.
This can be proved by induction: (i) suppose that, at time t, the
total energy is conserved; (ii) at t + dt, dUR(t + dt) =
ℏω0 kR(t + dt)ρ22 dt needs to be dissipated to the classical EM
field; see eq B49. After the rescaling of EM field by eqs
B50−B52, the non-zero energy increment for the EM field has
three components: (1) the squared norm of the added +R EM
field at t + dt, (2) the product of the added +R EM field at t + dt
with the EM field generated by Ehrenfest dynamics, (3) and the
product of the added +R EM field at t + dt with the previously
added +R EM fields (τ ≤ t). The overall increase in energy for
the EM fields at t + dt reads:
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We now average over the ensemble of trajectories. The first term
in ⟨dUEM(t + dt)⟩l is not zero. The second integral in eq D77
vanishes because ⟨αl⟩l = ⟨β

l⟩l = 0 by definition. The third integral
represents the self-interference between the current augmented
field and the history of the past augmented EM fields and is also
not zero. By carefully defining the prefactors α and β (see eqs
B52−B53) to reflect how long an E or B field remains in the
domain of self interaction, the non-zero energy increment for the
EM fields dUEM(t + dt) can be exactly balanced by dUR(t + dt).
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■ APPENDIX E: DERIVING THE DIELECTRIC
FUNCTION FOR A TLS

An accurate expression of χ(ω) (or ϵ(ω)) plays a key role for
classical electrodynamics. Themost standard approach to obtain
χ(ω) for a TLS is to use the OBE. Although this approach has
been discussed in many textbooks,21,42 to facilitate our
discussion, we briefly outline the relevant procedure here.
For a TLS excited by an incident cw field of frequency ω,

becauseW12(t) = ρ22 − ρ11 is a constant in the steady state, after
a Fourier transform of eq C56, the OBE yields

i k WP P P E( ) ( ) ( ) ( )p
ss2

FGR 0
2

0
2

12 inω ω ω ω ω ω ω ω− + + = ϵ
(E78)

where the superscript ss represents the steady-state solution.
Then, by using the identity

P E( ) ( ) ( )0 inω χ ω ω= ϵ (E79)

one obtains

W
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2
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2 2
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χ ω

ω

ω ω ω
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− + (E80)

Now the steady-state W12
ss can be calculated using the

pseudospin form of the OBE43 after the rotating wave
approximation. More precisely, if we express the OBE in terms
of the var iables Ŝ+( t) , Ŝ−( t) , and Ŝ z( t) , where
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S e e g g( )z
1
2

̂ = | ⟩⟨ | − | ⟩⟨ | and Ŝ+ and Ŝ− are defined in section 3,

and then set the time derivatives of these variables to be zero, the
pseudospin form of the OBE yields
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In the linear response regime (E0 → 0), W12
ss → 1, and the

dielectric function defined in eq E80 can be reduced to
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which corresponds to a Lorentz medium. Beyond linear
response, after a Taylor expansion of eq E81 as a function of
|E0|

2, the corresponding dielectric function becomes
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where we define |Es|
2 ≡ ℏ2 kFGR

2/2|μ12|
2, and expand to the

lowest nonlinear order (third order). One interesting issue for
eq E83 is that this series converges only when |E0|/|Es| < 1. For
|E0|/|Es| not very much smaller than 1, higher order nonlinear
terms are required to enforce convergence; otherwise, an CDT
simulation becomes unstable.
Note that in a regular CDT calculation, one simulates the total

scattered field, so one calculates P by P = ϵ0χE; this working
equation conflicts with the definition of χ in eq E79 because E≠
Ein. This conflict causes a double-counting of self-interaction, in
a manner similar to the case of the coupled Maxwell−Bloch
equations.

■ APPENDIX F: THE FDTD TECHNIQUE
For an FDTD calculation, we propagateH, D and P in the time
domain. Thereafter, we evaluate E D P( )1

0
= −

ϵ . To numeri-

cally propagate P in the time domain, one needs to take the
inverse Fourier transform of P(ω) = ϵ0 χ(ω) E(ω). For the case
of a Lorentz medium defined by eq E82, one finds the following
equation of motion for P:

t k t t tP P P E( ) ( ) ( ) ( )pFGR 0
2

0
2ω ω̈ + ̇ + = ϵ (F84)

In eq F84, the lowest-order discretizations of time derivatives for
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, where n is the index

of time step andΔt is the time interval between the neighboring
time steps. Substituting these identities into eq F84 and
reorganizing the equation, one finally obtains
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where we assume P and E are oriented along the z-axis and B is
oriented along the y-axis; the superscript n denotes the nth time
step and the index j denotes the jth grid in space. According to eq

F85, in order to propagate Pz numerically to time step n + 1, one
needs to save the data for Pz in the previous two time steps (n− 1
and n) and update them at every time step. One can numerically
propagate the Maxwell’s equations defined in eq 29 by
propagating eq F85 with
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where Δx is the spatial separation between the neighboring
grids. The coefficient 1/2 in eq (F86) indicates that a staggered
grid for Dz and Hy is used, which is known as the Yee cell.

58 See
ref 57 for a far more detailed account of FDTD.
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