
R

amTTH2K2Mi�H J�i2`B�H ě �M �MiBbvKK2i`B+ "2``v 6`B+iBQM�H 6Q`+2 �i 1[mBHB#`BmK
BM i?2 S`2b2M+2 Q7 aTBM@P`#Bi *QmTHBM;

>mM;@>bm�M h2?
.2T�`iK2Mi Q7 *?2KBbi`v- lMBp2`bBiv Q7 S2MMbvHp�MB�- S?BH�/2HT?B�- S2MMbvHp�MB� RNRy9- la�

q2MDB2 .Qm
a+?QQH Q7 a+B2M+2- q2biH�F2 lMBp2`bBiv- >�M;x?Qm- w?2DB�M; jRyyk9- *?BM�

AMbiBimi2 Q7 L�im`�H a+B2M+2b- q2biH�F2 AMbiBimi2 7Q` �/p�M+2/ aim/v- >�M;x?Qm- w?2DB�M; jRyyk9- *?BM�

CQb2T? 1X am#QiMBF
.2T�`iK2Mi Q7 *?2KBbi`v- lMBp2`bBiv Q7 S2MMbvHp�MB�- S?BH�/2HT?B�- S2MMbvHp�MB� RNRy9- la�

AM i?Bb aJ- r2 T`QpB/2 � ?Qbi Q7 /2i�BHb �b `2H2p�Mi iQ i?2 K�BM }M/BM;b Q7 i?2 H2ii2`X AM b2+iBQMb �@.- r2 #Qi? `2pB2r
�M/ T`Qp2 b2p2`�H T`QT2`iB2b Q7 i?2 7`B+iBQM i2MbQ` #�b2/ QM i?2 [m�MimK@+H�bbB+�H GBQmpBHH2 2[m�iBQMX 6Q` BMbi�M+2
U7`QK 1[X U�RV #2HQrV- Bi 7QHHQrb i?�i γ∗

µν = γµν - bQ i?�i i?2 7`B+iBQM i2MbQ` Bb `2�H@p�Hm2/X "2vQM/ i?Bb Q#pBQmb
bi�i2K2Mi- BM a2+X �- r2 b?Qr i?�i i?2 7`B+iBQM i2MbQ` +�M #2 /`�K�iB+�HHv bBKTHB}2/ BM i?2 �#b2M+2 Q7 2H2+i`QM@
2H2+i`QM BMi2`�+iBQMb UH2�/BM; iQ 1[X UkV BM i?2 K�BM i2ti Q7 i?2 H2ii2`VX AM a2+X "- r2 T`Qp2 i?�i i?2 7`B+iBQM i2MbQ`
Bb TQbBiBp2 /2}MBi2 �i 2[mBHB#`BmK UrBi? Q` rBi?Qmi BMi2`�+iBQMbVX AM a2+X *- r2 T`Qp2 i?�i i?2 ~m+im�iBQM@/BbbBT�iBQM
i?2Q`2K ?QH/b Ui?Qm;? r2 MQi2 i?�i � T`2pBQmbHv `2TQ`i2/ T`QQ7 r�b BM+Q``2+iVX AM a2+X .- r2 T`Qp2 i?�i- 7Q` �
`2�H@p�Hm2/ >�KBHiQMB�M- i?2 7`B+iBQM i2MbQ` Bb Tm`2Hv bvKK2i`B+X AM a2+X 1- r2 T`QpB/2 � b+?2K�iB+ TB+im`2 Q7 Qm`
KQH2+mH�` DmM+iBQM KQ/2HX �`K2/ rBi? i?2b2 7�+ib- BM b2+iBQM 6 Q7 i?Bb aJ- r2 /2`Bp2 1[bX UjV@U8V Q7 i?2 K�BM i2ti Q7
i?2 H2ii2`X AM b2+iBQMb :@A- r2 �M�Hvx2 7`B+iBQM BM i?`22 /Bz2`2Mi b+2M�`BQb, :V i?2 T`2b2M+2 Q7 � +QMB+�H BMi2`b2+iBQM-
>V � +?�M;BM; i2KT2`�im`2- �M/ AV � p�`B�#H2 +QmTHBM; iQ i?2 2MpB`QMK2MiX AM a2+X C- r2 �TTHv Qm` }M/BM;b iQ �
`2�HBbiB+ KQH2+mH2- /BT?2MvHK2i?�M2- #2ir22M irQ ;QH/ �iQKbX q2 b?Qr i?�i- 7Q` � `2�HBbiB+ b2i Q7 T�`�K2i2`b- i?2
�MiBbvKK2i`B+ 7`B+iBQM i2MbQ` +�M #2 H�`;2 ě 2p2M 7Q` bK�HH bTBM@Q`#Bi +QmTHBM;bX

�X h>1 LPL@ALh1_�*hAL: 6_A*hAPL h1LaP_ lL.1_ h>1 *PL.PL �SS_PsAJ�hAPL

AM _27X k- #�b2/ QM i?2 [m�MimK@+H�bbB+�H GBQmpBHH2 2[m�iBQM UZ*G1V �M/ �TT`QT`B�i2 mb�;2b Q7 i?2 �/B�#�iB+
i?2Q`2K- � mMBp2`b�H 6QFF2`@SH�M+F 2[m�iBQM 7Q` � `2�H@p�Hm2/ Q` +QKTH2t@p�Hm2/ >�KBHiQMB�M r�b /2`Bp2/- 2Bi?2` �i
2[mBHB#`BmK Q` BM � MQM2[mBHB#`BmK bi2�/v bi�i2 rBi? � J�`FQpB�M(RNĜkR- 9N) 2H2+i`QMB+ 7`B+iBQM i2MbQ` Q7 i?2 7Q`K,

γµν = −
∫ ∞

0
dtTr

{
∂µĤe−iĤt∂ν ρ̂sse

iĤt
}
. U�RV

>2`2 Ĥ Bb i?2 2H2+i`QMB+ >�KBHiQMB�M �M/ ρ̂ss(R) Bb i?2 bi2�/v@bi�i2 /2MbBiv K�i`Bt �i 2�+? Mm+H2�` TQbBiBQM R- BX2X
∂tρ̂ss(R) = −i[Ĥ(R), ρ̂ss(R)] = 0X AM 1[X U�RV- i?2 T�`iB�H /2`Bp�iBp2b rBi? `2bT2+i iQ i?2 Mm+H2�` +QQ`/BM�i2b µ- ν
UBX2X ∂µ- ∂νV QT2`�i2 QMHv QM i?2 QT2`�iQ` /B`2+iHv iQ i?2 `B;?i- �M/ i?Bb +QMp2MiBQM rBHH #2 mb2/ i?`Qm;?Qmi i?2 H2ii2`
#2HQrX h?2 i`�+2 Bb i�F2M Qp2` �HH i?2 2H2+i`QMB+ /2;`22b Q7 7`22/QKX

1[m�iBQM U�RV +�M #2 7m`i?2` bBKTHB}2/ r?2M � ;2M2`�H MQM@BMi2`�+iBM; >�KBHiQMB�M- Ĥ =
∑

pq Hpqd̂†pd̂q + U(R)

Ud̂†pfd̂p +`2�i2bf�MMB?BH�i2b �M 2H2+i`QM BM Q`#Bi�H p- �M/ U(R) Bb � Tm`2Hv Mm+H2�` TQi2MiB�H 2M2`;vV- Bb +QMbB/2`2/X h?2
`2bmHi Bb,

γµν = − 1

2π

∫ ∞

−∞
dεTr

{
∂µHGR∂νσssGA

}
, U�kV

r?2`2 GR/A = (ε −H ± iη)−1 �`2 `2i�`/2/f�/p�M+2/ :`22MǶb 7mM+iBQMb Q7 i?2 2H2+i`QMb- �M/ (σss)pq = Tr
{
ρ̂ssd̂†pd̂q

}

Bb i?2 bi2�/v@bi�i2 /2MbBiv K�i`BtX AM ;2M2`�H- σss Bb � +QKTHB+�i2/ 7mM+iBQM Q7 Ĥ bQ i?�i i?2 �M�HviB+ /2`Bp�iBp2 Q7
i?2 bi2�/v@bi�i2 /Bbi`B#miBQM U2X;X � "QHixK�MM /Bbi`B#miBQM r?B+? /2T2M/b QM RV Bb ?�`/ iQ +�H+mH�i2X L2p2`i?2H2bb-
7`QK i?Bb 2tT`2bbBQM- QM2 +�M b?Qr i?�i γA

µν p�MBb?2b r?2M Ĥ Bb `2�H@p�Hm2/ �M/ i?2 bvbi2K Bb BM 2[mBHB#`BmKc b22 aJ
. 7Q` � T`QQ7X AM T`�+iB+2- r2 rBHH mb2 � MQM2[mBHB#`BmK :`22MǶb 7mM+iBQM i2+?MB[m2 iQ i`2�i σssX LQiB+2 i?�i σss +�M
#2 2tT`2bb2/ BM i2`Kb Q7 i?2 H2bb2` :`22MǶb 7mM+iBQM BM i?2 7`2[m2M+v /QK�BM-

(σss)pq = −iG<
pq(t, t) = −i

∫
dε′

2π
G<
pq(ε

′),



k

r?2`2 i?2 H2bb2` :`22MǶb 7mM+iBQM G<
pq(t1, t2) = iTr

{
ρ̂ssd̂†p(t2)d̂q(t1)

}
Bb /2}M2/ �b mbm�HX aBM+2 σss �TTHB2b �i bi2�/v

bi�i2- G<(ε) +�M #2 +�H+mH�i2/ #v i?2 E2H/vb? 2[m�iBQM(9j)-

G< = GRΠ<GA,

r?2`2 Π< Bb i?2 H2bb2` b2H7 2M2`;v Q7 i?2 2H2+i`QMbX >2`2 r2 �`iB}+B�HHv BK�;BM2 p2`v r2�FHv 2K#2//BM; i?2 iQi�H
2H2+i`QMB+ >�KBHiQMB�M Ĥ BM bQK2 }+iBiBQmb bm``QmM/BM; bQ i?�i Π< +�M #2 2p�Hm�i2/X "2+�mb2- i?2 BMi2`�+iBQM
#2ir22M Ĥ �M/ i?2 bm``QmM/BM; Bb i�F2M �b BM}MBi2bBK�HHv bK�HH- �HH T`QT2`iB2b r2 /2`Bp2 rBHH MQi #2 �z2+i2/ #v i?2
BMi`Q/m+iBQM Q7 �M �`iB}+B�H bm``QmM/BM;X AM ;2M2`�H- GR,A �M/ Π< +�M �HH TQbbB#Hv /2T2M/ QM RX >Qr2p2`- r2 7m`i?2`
�bbmK2 i?�i Π< Bb BM/2T2M/2Mi Q7 R bQ i?�i γµν +�M #2 bm#bi�MiB�HHv bBKTHB}2/X h?Bb �bbmKTiBQM +�M #2 `2�HBx2/
#v BK�;BM; i?�i i?2 iQi�H 2H2+i`QMB+ >�KBHiQMB�M Ĥ Bb +QKTQb2/ Q7 irQ T�`ib, QM2 i?�i /2T2M/b QM R �M/ i?2 Qi?2`
i?�i /Q2b MQi /2T2M/ QM R- �M/ QMHv i?2 H�i2` r2�FHv +QmTH2b iQ i?2 bm``QmM/BM;X �++Q`/BM; iQ _27X 9k- mbBM; i?2
�bbmKTiBQMb �#Qp2- QM2 +�M i`�Mb7Q`K 1[X U�kV BMiQ i?2 7QHHQrBM; 2tT`2bbBQM-

γµν =

∫ ∞

−∞

dε

2π
Tr

{
∂µH∂εGR∂νHG<

}
+H.c., U�jV

LQi2 i?�i i?2 TQi2MiB�H U(R) /Q2b MQi +QMi`B#mi2 iQ i?2 7`B+iBQM i2MbQ`X
6BM�HHv- B7 r2 K�F2 i?2 *QM/QM �TT`QtBK�iBQM �M/ �bbmK2 i?�i i?2 +QmTHBM; #2ir22M i?2 bvbi2K �M/ i?2 #�i?

Vm,kα Bb BM/2T2M/2Mi Q7 i?2 Mm+H2�` +QQ`/BM�i2 R- i?2 7`B+iBQM i2MbQ` BM 1[X U�jV #2+QK2b 1[X UkV BM i?2 K�BM
i2ti(9k)X

"X SPaAhAo1 .16ALAh1L1aa P6 h>1 1G1*h_PLA* 6_A*hAPL h1LaP_

AM i?Bb b2+iBQM- r2 T`Qp2 i?�i #Qi? i?2 2H2+i`QMB+ 7`B+iBQM i2MbQ` γµν �M/ Bib bvKK2i`B+ T�`i γS
µν �`2 TQbBiBp2 /2}MBi2

r?2M i?2 bvbi2K Bb BM 2[mBHB#`BmKX h?�i Bb-
∑

µν XµγµνXν > 0 7Q` �`#Bi`�`v `2�H p2+iQ`b X "= 0X q2 bi�`i 7`QK i?2
B/2MiBiv Ur?B+? +�M #2 2�bBHv T`Qp2/ #v i?2 7mM/�K2Mi�H i?2Q`2K Q7 +�H+mHmbV-

e−tÂ d

dλ
etÂ =

∫ t

0
ds e−sÂ dÂ

dλ
esÂ,

r?2`2 Â Bb �M �`#Bi`�`v QT2`�iQ` �M/ t Bb `2�HX "v `2TH�+BM; Â = ln ρ �M/ t = 1- r2 Q#i�BM i?2 7QHHQrBM; 2tT`2bbBQM
7Q` i?2 /2`Bp�iBp2 Q7 i?2 bi2�/v@bi�i2 /2MbBiv K�i`Bt U7Q` MQi�iBQM�H bBKTHB+Biv- r2 /Bb+�`/ i?2 bm#b+`BTi ss Q7 ρ̂ss �M/
i?2 ?�i bvK#QHˆ7Q` QT2`�iQ`b BM i?Bb b2+iBQMV-

d

dλ
ρ =

∫ 1

0
ds ρ1−s d ln ρ

dλ
ρs. U"9V

h?2`27Q`2- 1[X U�RV +�M #2 `2+�bi BMiQ

γµν = −
∫ ∞

0
dt

∫ 1

0
dsTr

{
e−iHtρ1−s∂ν(ln ρ)ρ

seiHt∂µH
}
.

L2ti r2 �TTHv i?2 2[mBHB#`BmK +QM/BiBQM 7Q` i?2 bi2�/v@bi�i2 /2MbBiv K�i`Bt- ρ = e−βH/Z r?2`2 Z ≡ Tr
{
e−βH

}
Bb

i?2 T�`iBiBQM 7mM+iBQMX h?Bb +QM/BiBQM Bb 2[mBp�H2Mi iQ ∂µH = (−∂µ ln ρ− ∂µZ/Z) /βX �++Q`/BM;Hv-

γµν =
1

β

∫ ∞

0
dt

∫ 1

0
dsTr

{
e−iHtρ1−s∂ν(ln ρ)ρ

seiHt∂µ(ln ρ)
}
. U"8V

LQiB+2 i?�i �MQi?2` i2`K T`QTQ`iBQM�H iQ ∂µZ/Z p�MBb?2b bBM+2 i?2 BMi2;`�M/ #2+QK2b Tr{∂νρ} = ∂νTr{ρ} = 0 �7i2`
mbBM; 1[X U"9VX

LQr- BM Q`/2` iQ b22 i?2 bi`m+im`2 Q7 γµν KQ`2 2�bBHv- r2 `2r`Bi2 i?2 i`�+2 BM i?2 G2?K�MM `2T`2b2Mi�iBQM- H|a〉 =
Ea|a〉-

γµν =
∑

ab

1

β

∫ ∞

0
dt

∫ 1

0
ds e−iEat

(
e−βEa

Z

)1−s

〈a|∂ν(ln ρ)|b〉
(
e−βEb

Z

)s

eiEbt〈b|∂µ(ln ρ)|a〉

=
1

β

∑

ab

∫ 1

0
ds ρ1−s

a ρsb〈a|∂ν(ln ρ)|b〉〈b|∂µ(ln ρ)|a〉
i

Eb − Ea + iη
,



j

r?2`2 ρa ≡ e−βEa/Z Ub�K2 7Q` ρbV- �M/ η → 0+X q2 7m`i?2` bTHBi γµν BMiQ i?2 bvKK2i`B+ T�`i �M/ i?2 �MiBbvKK2i`B+
T�`i- �M/ �M�Hvx2 i?2 bvKK2i`B+ T�`i }`bi-

γS
µν =

1

2

∑

ab

1

β

∫ 1

0
ds ρ1−s

a ρsb〈a|∂ν(ln ρ)|b〉〈b|∂µ(ln ρ)|a〉i
(

1

Eb − Ea + iη
− 1

Eb − Ea − iη

)

=π
∑

ab

1

β

∫ 1

0
ds ρ1−s

a ρsb〈a|∂ν(ln ρ)|b〉〈b|∂µ(ln ρ)|a〉δ(Eb − Ea)

=
π

β

∑

ab

ρa〈a|∂ν(ln ρ)|b〉〈b|∂µ(ln ρ)|a〉δ(Ea − Eb). U"eV

h?mb-

∑

µν

Xµγ
S
µνXν =

π

β

∑

ab

ρa

∣∣∣∣∣〈a|
∑

ν

Xν∂ν(ln ρ)|b〉

∣∣∣∣∣

2

δ(Eb − Ea) > 0.

a2+QM/- bBM+2 i?2 �MiBbvKK2i`B+ T�`i γA
µν Bb �HbQ `2�H-

∑

µν

XµγµνXν =
∑

µν

Xµ

(
γS
µν + γA

µν

)
Xν =

∑

µν

Xµγ
S
µνXν > 0.

>2M+2- γµν Bb TQbBiBp2 /2}MBi2 �i 2[mBHB#`BmKX

*X 6Gl*hl�hAPL@.AaaAS�hAPL h>1P_1J "�a1. PL h>1 Z*G1

AM i?Bb b2+iBQM- r2 7m`i?2` BMp2biB;�i2 i?2 ~m+im�iBQM@/BbbBT�iBQM i?2Q`2K #�b2/ QM i?2 Z*G1X LQi2 i?�i i?2
/2`Bp�iBQM Tm#HBb?2/ BM i?2 aJ Q7 _27X k 2``QM2QmbHv /BpB/2b #v x2`Q- #mi i?2 }M�H `2bmHi Bb +Q``2+i 7Q` � `2�H@p�Hm2/
>�KBHiQMB�M U�b r2 rBHH MQr b?QrVX

AM _27X k- � 6QFF2`@SH�M+F 2[m�iBQM UQ` KQ`2 bT2+B}+�HHv � E`�K2`Ƕb 2[m�iBQMV #�b2/ QM �M �M�HvbBb Q7 i?2 Z*G1
BM i?2 �/B�#�iB+ i?2Q`2K r�b /2`Bp2/ �HQM; rBi? i?2 +Q``2bTQM/BM; `�M/QK 7Q`+2 δF̂µ �M/ +Q``2H�iBQM 7mM+iBQM D̄S

µν X

δF̂µ =− ∂µĤ +Tr
{
∂µĤ ρ̂ss

}
,

D̄S
µν =

1

2

∫ ∞

0
dtTr

{
eiĤtδF̂µe

−iĤt
(
δF̂ν ρ̂ss + ρ̂ssδF̂ν

)}
.

Uq2 7QHHQr i?2 b�K2 MQi�iBQM �b BM _27X k- 2p2M i?Qm;? D̄S
µν Bb MQi bvKK2i`B+ r?2M � +QKTH2t@p�Hm2/ >�KBHiQMB�M Bb

+QMbB/2`2/ ?2`2XV aBM+2 ∂ν ln ρ̂ss = βδF̂ν - r2 +�M `2r`Bi2 1[X U"8V-

γµν = β

∫ ∞

0
dt

∫ 1

0
dsTr

{
(ρ̂ss)

1−s δF̂ν (ρ̂ss)
s δF̂µ(t)

}
,

r?2`2 δF̂µ(t) Bb r`Bii2M BM >2Bb2M#2`; TB+im`2X q2 i?2M 2tT`2bb #Qi? γµν �M/ D̄S
µν BM i?2 G2?K�MM `2T`2b2Mi�iBQM-

Q#i�BMBM;

γµν =β
∑

ab

∫ ∞

0
dt

∫ 1

0
ds ρ1−s

a ρsb〈a|δF̂ν |b〉〈b|δF̂µ(t)|a〉 U*dV

=β
∑

ab

ρb − ρa
β(Ea − Eb)

∫ ∞

0
dt 〈a|δF̂ν |b〉〈b|δF̂µ(t)|a〉, U*3V

D̄S
µν =

∑

ab

ρa + ρb
2

∫ ∞

0
dt 〈a|δF̂ν |b〉〈b|δF̂µ(t)|a〉. U*NV

�i i?Bb TQBMi- `2+�HH i?�i- �++Q`/BM; iQ � E`�K2`Ƕb 2[m�iBQM- � T�`iB+H2Ƕb 2[m�iBQM Q7 KQiBQM /Q2b MQi /2T2M/ QM i?2
�MiBbvKK2i`B+ +QKTQM2Mi Q7 i?2 `�M/QK 7Q`+2 +Q``2H�iBQM 7mM+iBQMX AM Qi?2` rQ`/b- B7 A Bb i?2 T?�b2 bT�+2 /2MbBiv Q7
� T�`iB+H2 M2�` � bm`7�+2- i?2 2[m�iBQM Q7 KQiBQM 7Q` A b�iBb}2b(k),

∂tA = −
∑

α

Pα

mα
∂αA−

∑

α

Fα
∂A
∂Pα

+
∑

αν

γαν
∂

∂Pα

(
Pν

mν
A
)
+

∑

αν

D̄S
αν

∂2A
∂Pα∂Pν

. U*RyV



9

h?mb- i?2 T?vbB+�H K2�MBM; Q7 i?2 �MiBbvKK2i`B+ +QKTQM2Mi Q7 D̄S
µν Bb MQi +H2�`X S2`?�Tb MQi bm`T`BbBM;Hv- i?2M-

1[m�iBQMb U*3V �M/ U*NV /Q MQi b�iBb7v � ǳ~m+im�iBQM@/BbbBT�iBQM i?2Q`2KǴ- γµν "= βD̄S
µν X >Qr2p2`- � p�HB/ ~m+im�iBQM@

/BbbBT�iBQM i?2Q`2K +QM/BiBQM +�M #2 2bi�#HBb?2/ �i 2[mBHB#`BmK B7 r2 +QMbB/2` QMHv i?2 bvKK2i`B+ +QKTQM2Mi Q7 i?2
`�M/QK 7Q`+2 �M/ 7`B+iBQMX hQ /Q bQ- r2 7m`i?2` BMi2;`�i2 Qmi i?2 iBK2 p�`B�#H2 BM D̄S

µν -

D̄S
µν =

∑

ab

ρa + ρb
2

i

Eb − Ea + iη
〈a|δF̂ν |b〉〈b|δF̂µ|a〉,

�M/ i?2M ǳbvKK2i`Bx2Ǵ D̄S
µν ,
1

2

(
D̄S

µν + D̄S
νµ

)

=
1

2

∑

ab

ρa + ρb
2

(
i

Eb − Ea + iη
+

i

Ea − Eb + iη

)
〈a|δF̂ν |b〉〈b|δF̂µ|a〉

=π
∑

ab

ρa〈a|δF̂ν |b〉〈b|δF̂µ|a〉δ(Ea − Eb),

r?B+? Bb 2[m�H iQ γS
µν/β r?2M i?2 bvbi2K Bb BM 2[mBHB#`BmK UTH2�b2 +QKT�`2 iQ 1[X U"eVVX

AM aJ .- r2 rBHH b?Qr i?�i r?2M � `2�H@p�Hm2/ >�KBHiQMB�M Bb +QMbB/2`2/ �M/ i?2 bvbi2K Bb BM 2[mBHB#`BmK- i?2
�MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA

µν p�MBb?2bX AM i?Bb bBim�iBQM- γµν = γS
µν = βD̄S

µν X

.X LP �LhAauJJ1h_A* 6_A*hAPL h1LaP_ γA
µν q>1L h>1 >�JAGhPLA�L Aa _1�G �L. h>1

auah1J Aa AL 1ZlAGA"_AlJ

AM i?Bb b2+iBQM- r2 b?Qr i?�i i?2 �MiBbvKK2i`B+ 7`B+iBQM γA
µν p�MBb?2b r?2M i?2 >�KBHiQMB�M Bb `2�H �M/ i?2 bvbi2K

Bb BM 2[mBHB#`BmK U7Q` � MQM@BMi2`�+iBM; >�KBHiQMB�MVX q2 bi�`i 7`QK 1[X U�kV-

γαν = −
∑

kl

∫ ∞

−∞

dε

2π
〈k|∂αH|l〉 1

ε− εl − iη
〈l|∂νσss|k〉 1

ε− εk + iη
, U.RRV

r?2`2 η → 0+- �M/

H =
∑

k

εk|k〉〈k|.

�i 2[mBHB#`BmK r2 ?�p2

σss =
∑

k

P (εk)|k〉〈k|,

r?2`2 P (εk) = e−βεk/
∑

k e
−βεk Bb i?2 "QHixK�MM /Bbi`B#miBQMX q2 7Q+mb QM γA

αν ∝ γαν − γναX q2 /BpB/2 i?2
bmKK�iBQM

∑
kl BM 1[X U.RRV BMiQ i?`22 +�b2b,

∑

kl

=
∑

k=l

+
∑

k %=l,εk %=εl

+
∑

k %=l,εk=εl

. U.RkV

�HbQ- r2 miBHBx2 i?2 7QHHQrBM; irQ B/2MiBiB2b iQ `2TH�+2 〈l|∂νσss|k〉 BM 1[X U.RRV,
∂νεkδlk = (εl − εk)〈l|∂ν |k〉+ 〈l|∂νh|k〉, U.RjV

〈l|∂νσss|k〉 = ∂νεk
∂f(εk)

∂εk
δkl + 〈l|∂ν |k〉 (f(εk)− f(εl)) . U.R9V

�b � `2bmHi-

γA
αν ∝

∑

k %=l,εk %=εl

∫
dε

2π
〈k|∂αH|l〉 1

ε− εl − iη

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}
1

ε− εk + iη

+
∑

k %=l,εk=εl

∫
dε

2π
{0} 1

ε− εl − iη
{0} 1

ε− εk + iη

− (α ↔ ν). U.R8V
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LQi2 i?�i i?2 /B�;QM�H i2`K Ui?2 }`bi bmKK�iBQM
∑

k=l BM 1[X U.RkVV /Q2b MQi +QMi`B#mi2 iQ γA
αν X aBKBH�`Hv- i?2

b2+QM/ HBM2 Q7 1[X U.R8V Bb x2`Q- r?B+? Bb +QMbBbi2Mi rBi? i?2 �bbmKTiBQM r2 K�/2 BM /2`BpBM; i?2 7`B+iBQM i2MbQ` 1[X
U�RV, BM Q`/2` iQ �+?B2p2 � r2HH@/2}M2/ mMB[m2 bi2�/v bi�i2 ρ̂ss r2 T`2bmK2 i?2`2 �`2 MQ /2;2M2`�i2 bi�i2bX

L2ti- H2iǶb 7Q+mb QM i?2 QMHv +QMi`B#miBM; bmKK�iBQM BM 1[X U.R8VX "v mbBM; i?2 B/2MiBiB2b-
c

2π

∫ ∞

−∞
dy eicxy = δ(x),

θ(t1 − t2) = i

∫ ∞

−∞

dω

2π

e−iω(t1−t2)

ω + iη
,

r2 +�M /2`Bp2 i?2 7QHHQrBM; 2tT`2bbBQM,
∫ ∞

0
dt ei(Eb−Ea)t =

∫ ∞

−∞
dt θ(t)ei(Eb−Ea)t =

∫ ∞

−∞
dt

(
i

∫ ∞

−∞

dω

2π

e−iωt

ω + iη

)
ei(Ea−Eb)t

=i

∫ ∞

−∞

dω

2π

1

ω + iη

∫ ∞

−∞
dt ei(Eb−Ea−ω)t =

i

Eb − Ea + iη
. U.ReV

q2 i?2M mb2 1[X U.ReV iQ `2r`Bi2 i?2 }`bi HBM2 BM 1[X U.R8V- Q#i�BMBM;
∑

k %=l,εk %=εl

∫
dε

2π
〈k|∂αH|l〉i

∫ ∞

0
dt e−i(ε−εl)t

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}
(−i)

∫ ∞

0
dt′ ei(ε−εk)t

′

=
∑

k %=l,εk %=εl

∫
dε

2π

∫ ∞

0
dt

∫ ∞

0
dt′ eiε(t

′−t)eiεlte−iεkt
′
〈k|∂αH|l〉

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}

=
∑

k %=l,εk %=εl

∫ ∞

0
dt

∫ ∞

0
dt′ δ(t′ − t)eiεlte−iεkt

′
〈k|∂αH|l〉

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}

=
∑

k %=l,εk %=εl

∫ ∞

0
dt ei(εl−εk)t〈k|∂αH|l〉

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}

=
∑

k %=l,εk %=εl

i

εl − εk + iη
〈k|∂αH|l〉

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}
. U.RdV

"v mbBM; i?2 B/2MiBiv-
1

ω ± iη
= P 1

ω
∓ iπδ(ω),

r2 +�M `2+�bi 1[X U.RdV iQ ;2i

i
∑

k %=l,εk %=εl

P 1

εl − εk
〈k|∂αH|l〉

{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}

+ π
∑

k %=l,εk %=εl

δ(εl − εk)〈k|∂αH|l〉
{
−〈l|∂νH|k〉f(εk)− f(εl)

εl − εk

}
. U.R3V

�TT�`2MiHv- i?2 b2+QM/ i2`K Bb 0 bBM+2 εk "= εlX �HbQ- i?2 }`bi i2`K rBHH MQi +QMi`B#mi2 B7 i?2 >�KBHiQMB�M Bb `2�H- bBM+2
i?2 7`B+iBQM i2MbQ` γµν Kmbi #2 `2�H �M/ bQ r2 QMHv M22/ i?2 `2�H T�`i Q7 γA

µν X h?2`27Q`2- r2 ?�p2 T`Qp2M i?�i i?2
�MiBbvKK2i`B+ 7`B+iBQM i2MbQ` p�MBb?2b r?2M � `2�H >�KBHiQMB�M Bb +QMbB/2`2/ �M/ i?2 bvbi2K Bb BM 2[mBHB#`BmKX

�b � bB/2 MQi2- 1[X U.R8V +�M #2 `2+�bi BM i?2 7QHHQrBM; 7Q`K-

γA
αν ∝ −

∑

k %=l,εk %=εl

2Im {dαkldνlk} [f(εk)− f(εl)] ,

r?2`2 dαkl ≡ 〈k|∂α|l〉 Bb i?2 /2`Bp�iBp2 +QmTHBM;X �b � `2bmHi- i?2 GQ`2Mix 7Q`+2 −
∑

ν γ
A
ανṘν Ur?B+? Bb /2}M2/ BM i?2

K�BM #Q/v Q7 i?2 i2tiV #2+QK2b i?2 MQ`K�H "2``v 7Q`+2 r2B;?i2/ #v i?2 62`KB /Bbi`B#miBQMb,

−
∑

ν

Ṙνγ
A
αν = 2Im





∑

k %=l,εk %=εl

(
Ṙ · dlk

)
dαkl




 [f(εk)− f(εl)] .



e

1X a*>1J�hA* SA*hl_1 P6 h>1 JPG1*lG�_ ClL*hAPL >�JAGhPLA�L U1ZlAGA"_AlJ
*�a1V

6A:X 1RX � b+?2K�iB+ TB+im`2 Q7 i?2 KQH2+mH�` DmM+iBQM >�KBHiQMB�M mb2/ BM i?2 K�BM #Q/v Q7 i?2 i2tiX >2`2 r2 THQi i?2
2[mBHB#`BmK +�b2 r?2`2 µL = µRX

6X .1_AoAL: 1Zl�hAPLa UjV@U8V

>2`2 r2 T`QpB/2 � 72r /2i�BHb �b 7�` �b /2`BpBM; 1[bX UjV@U8VX lM/2` i?2 �TT`QtBK�iBQMb K�/2 BM i?2 K�BM i2ti-
i?2 `2i�`/2/ :`22MǶb 7mM+iBQM Bb

GR =
1

ε− hs − ΣR
=

1

ε̃− h · σ =
1

ε̃2 − h2
(ε̃+ h · σ) ,

�b � `2bmHi- i?2 H2bb2` :`22MǶb 7mM+iBQM BM 1[X UkV +�M #2 +�H+mH�i2/-

G< = GRΣ<GA = iΓ̃

∣∣∣∣
1

ε̃2 − h2

∣∣∣∣
2

(κ0 + κ · σ) ,

r?2`2 GA =
(
GR

)†X
q2 i?2M +�H+mH�i2 i?2 Qp2`�HH i`�+2 BM 1[X UkV U`2+�HH i?�i ∂εGR = −GRGRV-

C Tr
{
∂µh · σ

(
ε̃2 + h2 + 2ε̃h · σ

)
∂νh · σ (κ0 + κ · σ)

}

=2C
{
2ε̃ (∂µh · h) (∂νh · κ) +

(
ε̃2 + h2

)
κ0∂µh · ∂νh

+ i
(
ε̃2 + h2

)
∂µh · (∂νh× κ) + i2ε̃κ0 (∂µh× h) · ∂νh

− 2ε̃ (∂µh× h) · (∂νh× κ)
}
,

AM Q`/2` iQ +�H+mH�i2 i?2 7`B+iBQM i2MbQ`- r2 QMHv M22/ iQ +QMbB/2` i?2 `2�H T�`i Q7 i?2 i`�+2 �#Qp2- `2bmHiBM; BM i?2
}M�H 2tT`2bbBQM Q7 i?2 7`B+iBQM i2MbQ` BM 1[bX UjV@U8VX

:X hs qAh> � *PLA*�G ALh1_a1*hAPL U1ZlAGA"_AlJV

AM i?Bb b2+iBQM- r2 T`Qp2 i?�i i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA
xy p�MBb?2b r?2M � ivTB+�H +QMB+�H BMi2`b2+iBQM

UrBi? QMHv HBM2�` /2T2M/2M+2 QM i?2 Mm+H2�` +QQ`/BM�i2bV Bb +QMbB/2`2/X q2 i?2M KQ/2H � bBKTH2 E ⊗ ε C�?M@h2HH2`
bvbi2K BM i?2 T`2b2M+2 Q7 bTBM@Q`#Bi +QmTHBM; �M/ � Mm+H2�` #�i? iQ /2KQMbi`�i2 i?�i MQ bB;MB}+�Mi 2M?�M+2K2Mi Q7
i?2 `2H�iBp2 bi`2M;i? Q7 i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` �`Bb2b 7`QK i?2 T`2b2M+2 Q7 � +QMB+�H BMi2`b2+iBQM Ur?B+? /Q2b



d

T`QpB/2 BM}MBi2 /2`Bp�iBp2 +QmTHBM;b 7Q` �M BbQH�i2/ bvbi2KVX hQ T`Qp2 i?2b2 TQBMib- �bbmK2 i?�i � +QMB+�H BMi2`b2+iBQM
Bb HQ+�i2/ �i (0, 0)X h?2 KQbi ;2M2`�H b2+QM/ Q`/2` >�KBHiQMB�M Bb

hs = h(x, y) · σ,
h(x, y) = Px2 +Qxy +Ry2 + Sx+Ty,

r?2`2 P- Q- R- S �M/ T �`2 +QMbi�Mi p2+iQ`bX A7 QMHv irQ Q7 i?2b2 +QMbi�Mi p2+iQ`b �`2 MQMx2`Q- i?2 �MiBbvKK2i`B+
7`B+iBQM i2MbQ` γA

µν Ur?B+? /2T2M/b QM h · (∂µh× ∂νh)V Kmbi p�MBb?X h?Bb 7�+i BM/B+�i2b i?�i- 7Q` � ivTB+�H +QMB+�H
BMi2`b2+iBQM rBi? � +QMbB/2`�iBQM Q7 QMHv HBM2�` pB#`QMB+ i2`Kb UQMHv S �M/ T �`2 MQMx2`QV- i?2`2 Bb MQ �MiBbvKK2i`B+
7`B+iBQM i2MbQ`X JQ`2Qp2`- r?2M i?2`2 �`2 MQ HBM2�` i2`Kb UQMHv P- Q �M/ R �`2 MQMx2`Q �b BM � _2MM2`@h2HH2`
BMi2`b2+iBQM(8y)V- γA

µν Kmbi biBHH /Bb�TT2�`X
6BM�HHv- BM Q`/2` iQ /2`Bp2 � MQMx2`Q γA

µν - r2 Kmbi BM+Hm/2 � HBM2�` +QKTH2t +QmTHBM; QM iQT Q7 � b2+QM/ Q`/2`
`2�H@p�Hm2/ E ⊗ ε C�?MĜh2HH2` bvbi2K-

h1 =

(
y2 − x2 2xy
2xy x2 − y2

)
+A

(
−y x
x y

)
+B

(
0 −iy
iy 0

)
,

h?Bb >�KBHiQMB�M +�M #2 2tT2`BK2Mi�HHv `2�HBx2/ �b � `2;mH�` i`B�M;mH�` KQH2+mH2 rBi? irQ /2;2M2`�i2 2H2+i`QMB+ bi�i2b
BMi2`�+iBM; rBi? � /Qm#H2i Q7 pB#`�iBQM�H bi�i2b UmT iQ [m�/`�iB+ Q`/2`V rBi? � bTBM@Q`#Bi +QmTHBM; #2ir22M i?2 px �M/
py Q`#Bi�Hb BM+Hm/2/X

y

-2

-2

-0

0

2

2

γxx

×1.5

-4

-2

0

2

4

γ
S
xy

×2.1

y

x

-2

-2

-0

0

2

2

-2 -2 -0 0 2 2

γ
A
xy

×3.7

x

-2 -2 -0 0 2 2

γyy

×1.0

6A:X :kX 6`B+iBQM i2MbQ` +�H+mH�iBQM `2bmHib M2�` � +QMB+�H BMi2`b2+iBQM, γxx UiQT H27iV- γS
xy UiQT `B;?iV- γA

xy U#QiiQK H27iV �M/ γyy
U#QiiQK `B;?iVX S�`�K2i2`b, Γ̃ = 1- µR = µL = 0- β = 2- A = 1- B = 0.5X LQi2 i?�i MQ 2M?�M+2K2Mi Q7 i?2 `2H�iBp2 bi`2M;i?
Q7 i?2 �MiBbvKK2i`B+ Tb2m/QK�;M2iB+ }2H/ Bb +�mb2/ #v � +QMB+�H BMi2`b2+iBQMX �HbQ- M2�` i?2 +QMB+�H BMi2`b2+iBQM r?2`2 i?2
b2+QM/ Q`/2` pB#`QMB+ i2`Kb +�M #2 B;MQ`2/- γA

xy p�MBb?2bX

6B;m`2 :k THQib i?2 +Q``2bTQM/BM; 7`B+iBQM i2MbQ` `2bmHib- �M/ i?2 `�iBQ
∣∣γS

yy/γ
∣∣X �7i2` b+�MMBM; � `2�bQM�#H2 b2i

Q7 T�`�K2i2`b- r2 ?�p2 M2p2`- BM T`�+iB+2- #22M �#H2 iQ }M/ � >�KBHiQMB�M r?2`2 i?Bb `�iBQ Bb KQ`2 i?�M 25% BM
i?2 pB+BMBiv Q7 i?2 Q`B;BMX h?mb- r2 /Q MQi Q#b2`p2 �Mv 2M?�M+2K2Mi Q7 i?2 `2H�iBp2 bi`2M;i? Q7 �M �MiBbvKK2i`B+
Tb2m/QK�;M2iB+ }2H/ �b +�mb2/ #v � +QMB+�H BMi2`b2+iBQMX AM Qi?2` rQ`/b- 2t�+iHv �`QmM/ � +QMB+�H BMi2`b2+iBQM- i?2
Mm+H2�` /vM�KB+b Bb /QKBM�i2/ #v /BbbBT�iBQMX



3

>X 6_A*hAPL h1LaP_ �a � 6lL*hAPL P6 ALo1_a1 h1JS1_�hl_1 β

L2ti- r2 BMp2biB;�i2 i?2 2z2+i Q7 i2KT2`�im`2 QM i?2 7`B+iBQM i2MbQ`X LQi2 i?�i- �++Q`/BM; iQ 1[X UeV �M/ UdV- i?2
7`B+iBQM i2MbQ` BM 1[X UjV +�M #2 `2T`2b2Mi2/ �b γµν =

∫
dε (F S

µν +FA
µν)f X >2`2 F S

µν �M/ FA
µν �`2 i?2 BMi2;`�M/b Q7 1[bX

U9V �M/ U8V `2bT2+iBp2Hv U2t+Hm/BM; i?2 62`KB@.B`�+ /Bbi`B#miBQM fV- M�K2Hv

F S
µν =

1

π

{
− 4εRe {C ε̃} (∂µh · ∂νh) (h · h)

+ 4εRe {C ε̃} (∂µh · h) (h · ∂νh)
+ 4εRe {C ε̃} (∂µh · h) (∂νh · h)

+

(
ε2 + h2 +

Γ2

4

)
Re

{
C
(
ε̃2 + h2

)}
∂µh · ∂νh

}
U>RNV

FA
µν =

1

π

{
− 2εIm

{
C
(
ε̃2 + h2

)}
∂µh · (∂νh× h)

− 2

(
ε2 + h2 +

Γ2

4

)
Im {C ε̃} (∂µh× h) · ∂νh

}
U>kyV

h?2b2 BMi2;`�M/b +QMi�BM MQi QMHv i?2 2z2+i Q7 #`Q�/2MBM; 7`QK i?2 K2i�H U`2+�HH i?�i G< = −i2fImGRV- #mi �HbQ i?2
/2`Bp�iBp2b Q7 hs �b � 7mM+iBQM Q7 Mm+H2�` +QQ`/BM�i2b Uµ- νV THmb i?2 T�`iB�H /2`Bp�iBp2 ∂εGRX aBM+2 i?2 i2KT2`�im`2
�TT2�`b QMHv BM i?2 62`KB@.B`�+ /Bbi`B#miBQM- +?�M;BM; β 2z2+iBp2Hv +QMi`QHb i?2 Qp2`H�T #2ir22M F S �M/ f U�M/
#2ir22M FA �M/ fVX h?Bb �M�HvbBb +�M H2�/ iQ i?2 /Bz2`2Mi Q`/2`b Q7 K�;MBim/2 7Q` i?2 bvKK2i`B+ �M/ �MiBbvKK2i`B+
7`B+iBQM i2MbQ`bX 6Q` BMbi�M+2- �b b?QrM BM 6B; R Q7 i?2 K�BM i2ti- 7Q` i?2 +�b2 β = 2- i?2 �MiBbvKK2i`B+ i2MbQ` Bb Km+?
H�`;2` i?�M i?2 bvKK2i`B+ i2MbQ` ě �M/ i?Bb #2+QK2b QMHv bi`QM;2` �i 2p2M HQr2` i2KT2`�im`2bX "v +QKT�`BbQM- BM
6B;X >j r2 b?Qr i?2 +QMiQm` THQib �i � ?B;?2` i2KT2`�im`2 β = 1- r?2`2 i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` Bb MQr Q7
i?2 b�K2 Q`/2` Q7 K�;MBim/2 �b i?2 bvKK2i`B+ 7`B+iBQM i2MbQ`X 6Q` � THQi Q7 QM2 MmK2`B+�H 2t�KTH2 Q7 F (ε)- b22 6B;bX
CR9 #2HQrX

�b � bB/2 MQi2- #2vQM/ i2KT2`�im`2 2z2+ib- r2 K2MiBQM i?�i QM2 +QmH/ �HbQ miBHBx2 i?2 +?2KB+�H TQi2MiB�H µ iQ
+QMi`QH γS �M/ γAX 6Q` BMbi�M+2- bBM+2 F S �M/ FA �`2 #Qi? Q// 7mM+iBQMb Q7 ε- r?2M i?2 +?2KB+�H TQi2MiB�H Bb ?B;?
Q` HQr 2MQm;?- #Qi? γS �M/ γA /Bb�TT2�`X
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6A:X >jX 6`B+iBQM i2MbQ` +�H+mH�iBQM `2bmHib, γxx UiQT H27iV- γS
xy UiQT `B;?iV- γA

xy U#QiiQK H27iV �M/ γyy U#QiiQK `B;?iVX S�`�K@
2i2`b, Γ̃ = 1- µR = µL = 0- β = 1- A = 1- B = 1- ∆ = 3X LQi2 i?�i r2 ?�p2 `�Bb2/ i?2 i2KT2`�im`2 `2H�iBp2 iQ 6B;X R BM i?2
K�BM i2ti Q7 i?2 H2ii2`X q2 }M/ i?�i i?2 `2H�iBp2 bi`2M;i? Q7 i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA

xy ?�b /2+`2�b2/- i?Qm;? γA
xy

�M/ γS �`2 biBHH i?2 b�K2 Q`/2` Q7 K�;MBim/2X



N

AX 6_A*hAPL h1LaP_ �a � 6lL*hAPL P6 J1h�G@JPG1*lG1 *PlSGAL: Γ̃

6Q` KQH2+mH2b BM i?2 ;�b T?�b2- Bi Bb 7�B`Hv bi�M/�`/ iQ �b+2`i�BM i?2 bBx2 Q7 � "2``v 7Q`+2 7`QK i?2 `2H2p�Mi /2`Bp�iBp2
+QmTHBM;b(je)X AM i?Bb K�Mmb+`BTi- ?Qr2p2`- Qm` ;Q�H ?�b #22M iQ `2TQ`i i?2 bBx2 Q7 i?2 "2``v 7Q`+2 BM � +QM/2Mb2/
2MpB`QMK2MiX h?mb- 7Q` +QKTH2i2M2bb- BM 6B;bX A9 �M/ A8- r2 THQi i?2 7`B+iBQM i2MbQ` �b � 7mM+iBQM Q7 Γ̃- r?B+? `2T`2b2Mib
+QmTHBM; Q7 i?2 KQH2+mH2 iQ i?2 K2i�HX AM 6B;X A9- r2 BM+`2�b2 Γ̃ `2H�iBp2 iQ 6B;X R BM i?2 K�BM i2ti Q7 i?2 H2ii2`X
q2 }M/ i?�i i?2 `2H�iBp2 bi`2M;i? Q7 i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA

xy Bb 2z2+iBp2Hv mM+?�M;2/X 6m`i?2`KQ`2- BM
;2M2`�H- r?2M Γ̃ ;2ib p2`v H�`;2- #Qi? i?2 �MiBbvKK2i`B+ �M/ bvKK2i`B+ +QKTQM2Mib Q7 i?2 7`B+iBQM i2MbQ` /2+`2�b2-
�b b?QrM BM 6B;X A8X
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6A:X A9X 6`B+iBQM i2MbQ` +�H+mH�iBQM `2bmHib �b � +QKT�`BbQM Q7 /Bz2`2Mi Γ̃Ƕb, γxx UiQT H27iV- γS
xy UiQT `B;?iV- γA

xy U#QiiQK H27iV
�M/ γyy U#QiiQK `B;?iVX S�`�K2i2`b, Γ̃ = 3- µR = µL = 0- β = 2- A = 1- B = 1- ∆ = 3X LQi2 i?�i- �b Γ̃ BM+`2�b2b `2H�iBp2 iQ
6B;X R BM i?2 K�BM i2ti Q7 i?2 H2ii2`- i?2 `2H�iBp2 bi`2M;i? Q7 i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA

xy Bb 2z2+iBp2Hv mM+?�M;2/X

CX PL1 S_PSPa1. 1sS1_AJ1Lh�G _1�GAw�hAPL, � .AS>1LuGJ1h>�L1 ClL*hAPL

AM i?Bb b2+iBQM- r2 rQmH/ HBF2 iQ b?Qr ?Qr i?2 i?2Q`v �#Qp2 +�M #2 �TTHB2/ rBi?BM � `2�HBbiB+ +�H+mH�iBQM Q7 �
KQH2+mH2X q2 7Q+mb QM i?2 /BT?2MvHK2i?�M2 Ur?B+? +�M #2 2�bBHv T`2T�`2/ #v � 6`B2/2HĜ*`�7ib `2�+iBQM(8R)VX q2
BK�;BM2 � b+2M�`BQ r?2`2#v i?2 KQH2+mH2 Bb TH�+2/ BM � DmM+iBQM #2ir22M ;QH/ 2H2+i`Q/2b- �M/ 7Q` Qm` �# BMBiBQ
bBKmH�iBQMb #2HQr- r2 `2TH�+2 irQ ?v/`Q;2M �iQKb #v irQ ;QH/ �iQKbX �b b?QrM BM 6B;X Ce U�V- i?2 QTiBKBx2/
;2QK2i`v ?�b M2�`Hv � C2 bvKK2i`vX q2 T2`7Q`K .6h +�H+mH�iBQMb rBi? i?2 "jGuS 2t+?�M;2 7mM+iBQM�H- G�LGk.w
#�bBb �M/ G�LGk.w 2z2+iBp2 +Q`2 TQi2MiB�HX �KQM; i?2 Q`#Bi�H 2M2`;B2b- i?2 GlJP U−0.0874 a.u.V �M/ GlJPYR
U−0.0853 a.u.V �`2 r2HH b2T�`�i2/ 7`QK �HH Qi?2` Q`#Bi�Hb U>PJP, −0.2333 a.u.- GlJPYk, −0.0222 a.u.V- r?B+? �HHQrb
mb iQ +QMbB/2` i?2 bBM;H2@T�`iB+H2 >�KBHiQMB�M rBi? 2tTHB+BiHv irQ Q`#Bi�Hb �b /2b+`B#2/ BM i?2 K�BM #Q/v Q7 i?2 i2tiX
1tT2`BK2Mi�HHv i?2b2 irQ Q`#Bi�Hb +�M #2 T`Q#2/ #v imMBM; i?2 +?2KB+�H TQi2MiB�H Q7 i?2 M2�`#v 2H2+i`Q/2bX

L2ti- BM Q`/2` iQ �TTHv i?2 7`B+iBQM KQ/2H +QMbi`m+i2/ BM i?2 K�BM #Q/v Q7 i?2 i2ti- r2 7m`i?2` �TTHv � MQ`K�H KQ/2
�M�HvbBb iQ BbQH�i2 i?2 HQr 7`2[m2M+v KQ/2b Q7 i?2 KQH2+mH2X P#pBQmbHv- /BT?2MvHK2i?�M2 ?�b 3× 25− 6 = 69 MQ`K�H
KQ/2b- �M/ i?2 7`B+iBQM i2MbQ` Bb � H�`;2 K�i`BtX h?�i #2BM; b�B/- Qm` ;Q�H ?2`2 Bb iQ b?Qr i?�i i?2 �MiBbvKK2i`B+
+QKTQM2Mi +�M #2 +`m+B�H- �M/ iQ i?�i 2M/- Bi rBHH bm{+2 iQ 7Q+mb QM QMHv � ?�M/7mH Q7 MQ`K�H KQ/2b i?�i �`2
i?2`K�HHv TQTmH�i2/ �i `2�bQM�#H2 i2KT2`�im`2bX q2 rBHH +QMbB/2` i?2 MQ`K�H KQ/2 Q7 HQr2bi 7`2[m2M+v THQii2/ BM
6B;X Cd r?B+? ?�b 2M2`;v 17.3 cm−1X Pp2` i?Bb KQ/2- r2 b+�M i?2 Q`#Bi�H 2M2`;B2b Q7 i?2 GlJP �M/ GlJPYR- �M/
7QHHQr i?2 bi�M/�`/ "Qvb HQ+�HBx�iBQM T`Q+2/m`2 (8k) iQ Q#i�BM irQ /B�#�ib �M/ � +Q``2bTQM/BM; /B�#�iB+ +QmTHBM;X AM
6B;X C3- r2 THQi i?2 Q`#Bi�H 2M2`;B2b Q7 GlJP U#Hm2V- GlJPYR U`2/V- i?2 irQ HQ+�HBx2/ /B�#�i 2M2`;B2b U#H�+F +`QbbV
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6A:X A8X 6`B+iBQM i2MbQ` +�H+mH�iBQM `2bmHib �b � +QKT�`BbQM Q7 /Bz2`2Mi Γ̃Ƕb, γxx UiQT H27iV- γS
xy UiQT `B;?iV- γA

xy U#QiiQK H27iV
�M/ γyy U#QiiQK `B;?iVX S�`�K2i2`b, Γ̃ = 5- µR = µL = 0- β = 2- A = 1- B = 1- ∆ = 3X LQi2 i?�i r?2M Γ̃ ;2ib p2`v H�`;2-
#Qi? i?2 �MiBbvKK2i`B+ �M/ bvKK2i`B+ +QKTQM2Mib Q7 i?2 7`B+iBQM i2MbQ` /2+`2�b2 BM K�;MBim/2X

6A:X CeX PTiBKBx2/ ;2QK2i`v Q7 /BT?2MvHK2i?�M2 rBi? irQ ?v/`Q;2M �iQKb Ur?Bi2V `2TH�+2/ #v irQ ;QH/ �iQKb U#Hm2V- r?B+?
?2m`BbiB+�HHv `2T`2b2Mi irQ ;QH/ +Hmbi2`bX q2 K�T i?2 irQ HQ+�HBx2/ Q`#Bi�Hb BM U�V �M/ U#V iQ i?2 irQ /B�#�ib mb2/ iQ +QMbi`m+i
i?2 bvbi2K >�KBHiQMB�M hs BM i?2 K�BM #Q/v Q7 i?2 i2tiX

�M/ i?2 +Q``2bTQM/BM; /B�#�iB+ +QmTHBM;c i?2 /B�#�iB+ Q`#Bi�H BM7Q`K�iBQM rBHH #2 mb2/ BM +QMbi`m+iBM; i?2 bvbi2K
>�KBHiQMB�M hs BM i?2 K�BM #Q/v Q7 i?2 i2tiX LQiB+2 i?�i- �b b?QrM BM 6B;X Ce- i?2 irQ /B�#�ib 1 �M/ 2 �`2 HQ+�HBx2/
M2�` i?2 irQ /Bz2`2Mi ;QH/ �iQKb- r?B+? DmbiB}2b i?2 �bbmKTiBQM i?�i i?2 ?v#`B/Bx�iBQM 7mM+iBQM UΓmnV #2 /B�;QM�Hc
Γ12 = 0X

h?2 irQ /B�#�ib �M/ i?2 /B�#�iB+ +QmTHBM; BM 6B;X C3 7Q`K i?2 bvbi2K >�KBHiQMB�M hs BM i?2 K�BM #Q/v Q7 i?2
i2tiX h?2 /B�;QM�H i2`Kb Q7 hs +�M #2 /BpB/2/ BMiQ bvKK2i`B+ �M/ �MiBbvKK2i`B+ T�`ib- h0I �M/ h3σ3 `2bT2+iBp2Hv-
�M/ r2 /Bb`2;�`/ i?2 bvKK2i`B+ T�`i bBM+2 Bi /Q2b MQi �z2+i i?2 7`B+iBQM i2MbQ`X h?2 �MiBbvKK2i`B+ i2`K Bb b?QrM BM
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6A:X CdX LQ`K�H KQ/2 Q7 i?2 /BT?2MvHK2i?�M2 rBi? i?2 HQr2bi 7`2[m2M+vX
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6A:X C3X U�V P`#Bi�H 2M2`;B2b Q7 GlJP U#Hm2V �M/ GlJPYR U`2/V �HQM; i?2 HQr2bi MQ`K�H KQ/2X h?2 irQ /B�#�ib U#H�+F
+`QbbV �`2 Q#i�BM2/ i?`Qm;? bi�M/�`/ "Qvb HQ+�HBx�iBQM- �M/ U#V Bb i?2 +Q``2bTQM/BM; /B�#�iB+ +QmTHBM;X

6B;X CNX �b QM2 +�M Q#b2`p2 BM 6B;X C3 U#V �M/ 6B;X CN- i?2 /B�#�iB+ +QmTHBM; �M/ h3 �`2 MQi 2t�+iHv HBM2�` 7mM+iBQMbX
L2p2`i?2H2bb- 7Q` bBKTHB+Biv �M/ BM Q`/2` iQ #2 +QMbBbi2Mi rBi? i?2 K�BM i2ti- r2 rBHH K�F2 � HBM2�` �TT`QtBK�iBQM bQ
�b iQ 2biBK�i2 i?2 Q`/2` Q7 K�;MBim/2 Q7 i?2 T�`�K2i2`b BM Qm` KQ/2HX h?2 HBM2�` 7mM+iBQMb 7Q` h3 �M/ i?2 /B�#�iB+
+QmTHBM; �`2 }i iQ λx+∆ �M/ Ax+ C `2bT2+iBp2Hv r?2`2 λ = 3.44× 10−4- ∆ = −1.13× 10−4- A = 3.44× 10−4 �M/
C = 1.11 × 10−3 U�HH BM i?2 �XmXVX LQi2 i?�i i?2 `QQK i2KT2`�im`2 Bb kBT = 25.7meV = 9.45 × 10−4 a.u.- �M/ HQr
i2KT2`�im`2 2tT2`BK2Mib +�M #2 2�bBHv /QM2 MQr�/�vbX q2 rBHH 2biBK�i2 Γ̃ �++Q`/BM; iQ _27bX 8jĜ88- �bbmKBM; i?2
p�Hm2 `�M;2b 7`QK 1 − 100meVX UAM _27X 8j- i?2 �mi?Q`b b2i i?2 bTBM@Q`#Bi BMi2`�+iBQM iQ #2 QM2 Q`/2` bK�HH2` i?�M
i?2 /B�#�iB+ +QmTHBM;VX

�i i?Bb TQBMi- i?2 QMHv mMFMQrM BM Qm` KQ/2H Bb i?2 bi`2M;i? Q7 i?2 bTBM@Q`#Bi +QmTHBM;X lM7Q`imM�i2Hv- 2biBK�iBM;
K�i`Bt 2H2K2Mib `B;Q`QmbHv Bb p2`v /2K�M/BM; �M/ +QMp2`;2M+2 Bb MQi 2�bv iQ �+?B2p2, �`2 7mHHv `2H�iBpBbiB+ irQ@
+QKTQM2Mi bBKmH�iBQMb M2+2bb�`v UQ` +�M r2 mb2 T2`im`#�iBQM i?2Q`v QM iQT Q7 bTBM@`2bi`B+i2/ bTBM@+QHHBM2�` .6hV\
:QH/ �iQKb BMi`Q/m+2 � ;`2�i /2�H Q7 bTBM@Q`#Bi +QmTHBM;- #mi ?Qr K�Mv ;QH/ �iQKb Kmbi #2 BM+Hm/2/ BM � +Hmbi2` 7Q`
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6A:X CNX h?2 σ3 +QKTQM2Mi- h3- mb2/ 7Q` i?2 7`B+iBQM i2MbQ` +�H+mH�iBQMbX

+QMp2`;2M+2\ �Mbr2`BM; i?2b2 [m2biBQMb `2K�BMb � ?Qi iQTB+ rBi?BM i?2 }2H/(8e)X LQi2 �HbQ i?�i +�H+mH�iBQMb #2+QK2
Km+? KQ`2 /2K�M/BM; rBi? BM+`2�bBM; bvbi2K bBx2- bm+? i?�i BKTH2K2MiBM; � ?B;? H2p2H +Q/2 K�F2 b�KTHBM; Mm+H2�`
+QM};m`�iBQMb [mBi2 2tT2MbBp2X 6Q` �HH Q7 i?2b2 `2�bQMb- r2 rBHH bBKTHv 7QHHQr _27bX 8jĜ88 �M/ }i i?2 bTBM@Q`#Bi
BMi2`�+iBQM iQ #2 Q7 i?2 7Q`K #v By+C ′ r?2`2 i?2 T�`�K2i2`b �`2 +?Qb2M �b �b 2Bi?2` i?2 b�K2 Q`/2` Q7 K�;MBim/2 �b
i?2 /B�#�iB+ +QmTHBM; UB = A- C ′ = CV Q` 5% iBK2b bK�HH2` i?�M i?2 /B�#�iB+ +QmTHBM; UB = 0.05A �M/ C ′ = 0.05CV
Ur?B+? Bb bK�HH2` i?�M �Mv 2biBK�i2b BM _27bX 8jĜ88VX

AM i?2 7QHHQrBM;- r2 T`QpB/2 bQK2 `2T`2b2Mi�iBp2 `2bmHibX AM 6B;X CRy- r2 b?Qr +QMiQm` THQib 7Q` i?2 7`B+iBQM i2MbQ`
rBi? Γ̃ = 10meV �M/ B = A mM/2` `QQK i2KT2`�im`2X h?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` Bb +QKT�`�#H2 iQ i?2
bvKK2i`B+ 7`B+iBQM i2MbQ`b �M/ i?Bb T?2MQK2MQM Bb biBHH `Q#mbi 7Q` H�`;2` Γ̃ = 100meVX �HbQ MQiB+2 i?�i i?2 2z2+iBp2
`2;BQMb 7Q` i?2 irQ FBM/b Q7 7`B+iBQM i2MbQ`b �`2 [mBi2 /Bz2`2Mi bQ i?�i i?2 Mm+H2�` KQiBQM rBHH #2 bi`QM;Hv �z2+i2/ #v
i?2 Tb2m/Q K�;M2iB+ }2H/X

L2ti- r2 �//`2bb i?2 +QKKQM bBim�iBQM r?2`2#v i?2 bTBM@Q`#Bi +QmTHBM; K�i`Bt 2H2K2Mib �`2 bK�HH UBX2X Km+?
bK�HH2` i?�M i?2 /B�#�iB+ +QmTHBM;bVX AM 6B;X CRR- r2 b?Qr +QMiQm` THQib 7Q` i?2 7`B+iBQM i2MbQ` rBi? B = 0.1A UbiBHH
mM/2` `QQK i2KT2`�im`2 �M/ Γ̃ = 30meVVX P#b2`p2 i?�i i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b QM2 Q`/2` bK�HH2`
i?�M i?2 bvKK2i`B+ QM2bX L2p2`i?2H2bb- r?2M i?2 i2KT2`�im`2 Bb /2+`2�b2/- γA

xy ;2ib `2H�iBp2Hv H�`;2` �b b?QrM BM
6B;X CRkX AM 7�+i- 7Q` i?Bb +�b2- +?�M;BM; i2KT2`�im`2 +�M K�F2 γA

xy /QKBM�Mi 2p2M r?2M i?2 bTBM@Q`#Bi BMi2`�+iBQM
Bb 2ti`2K2Hv bK�HH UB = 0.05AV U2bT2+B�HHv B7 r2 `2/m+2 Γ̃V �b b?QrM BM 6B;X CRjX AM 6B;X CR9- BM Q`/2` iQ 7m`i?2`
2tTHQ`2 i?2 2z2+i Q7 i2KT2`�im`2 QM i?Bb bvbi2K- r2 THQi i?2 BMi2;`�M/b F S

xx �M/ FA
xy U�b /2}M2/ BM a2+X >V 7Q`

QM2 bT2+B}+ ;2QK2i`vX �b K2MiBQM2/ BM a2+X >- #Qi? F S
xx �M/ FA

xy �`2 �MiBbvKK2i`B+ 7mM+iBQMb- bQ i?�i r?2M r2
BMi2;`�i2

∫
dε (F S

µν + FA
µν)f bQ �b iQ 2p�Hm�i2 i?2 7`B+iBQM i2MbQ`- r2 `2[mB`2 QMHv i?2 �MiBbvKK2i`B+ T�`i Q7 i?2 62`KB

/Bbi`B#miBQM- fA- �b b?QrM BM 6B;X CR9X 6Q` i?Bb QM2 ;2QK2i`v- Bi Bb +H2�` i?�i- �b i?2 i2KT2`�im`2 Bb HQr2`2/- i?2
bvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b bK�HH2` /m2 iQ � +�M+2HH�iBQM #2ir22M TQbBiBp2 �M/ M2;�iBp2 BMi2;`�H �`2�b- �M/ i?2
�MiBbvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b H�`;2`X h?2 ;2M2`�HBiv Q7 i?2b2 }M/BM;b U�M/ bm`T`BbBM; i2KT2`�im`2 2z2+ib QM
7`B+iBQMV rBHH M22/ iQ #2 �//`2bb2/ �M/ BMp2biB;�i2/ BM KQ`2 /2i�BH 7Q` K�Mv KQ`2 KQH2+mH2b �M/ ;2QK2i`B2b BM i?2
7mim`2X

G�biHv- r2 BMp2biB;�i2 ?Qr i?2 +?2KB+�H TQi2MiB�H µL = µR = µ �z2+ib i?2 7`B+iBQM i2MbQ`bX AM 6B;X CR8- r2 THQi #Qi?
bvKK2i`B+ �M/ �MiBbvKK2i`B+ 7`B+iBQM i2MbQ`b �b � 7mM+iBQM Q7 i?2 +?2KB+�H TQi2MiB�H µX q?2M µ Bb �r�v 7`QK x2`Q-
i?2 bvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b H�`;2` �M/ i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b bK�HH2`X "Qi? 7`B+iBQM
i2MbQ`b �TT`Q�+? x2`Q r?2M µ → ±∞- r?B+? ?�b #22M /Bb+mbb2/ BM aJ >X

AM bmKK�`v- r2 ?�p2 /2KQMbi`�i2/ i?�i i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` γA
xy +�M #2 �b H�`;2 �M/ bQK2iBK2b H�`;2`

i?�M i?2 bvKK2i`B+ 7`B+iBQM i2MbQ` 7Q` � `2�H bvbi2K- 2p2M r?2M i?2 bTBM@Q`#Bi BMi2`�+iBQM Bb bK�HH U�i H2�bi �i HQr
i2KT2`�im`2bVX h?2`27Q`2- 7Q` i?2 +�b2 Q7 � KQH2+mH2 QM � K2i�H bm`7�+2- QM2 Kmbi 2tT2+i i?�i i?2 +QMi`B#miBQM Q7 i?Bb
i2MbQ` +QKTQM2Mi +�MMQi #2 B;MQ`2/ r?2M r2 +QMbB/2` i?2 `�i2 Q7 pB#`�iBQM�H `2H�t�iBQMX �b 7�` �b mM/2`bi�M/BM; i?2
BKTHB+�iBQMb 7Q` � KQH2+mH2 #2ir22M irQ K2i�Hb U�b BM i?2 /BT?2MvHK2i?�M2 2t�KTH2 ?2`2V- i?2 TQbbB#BHBiv i?�i bm+?
�M �MiBbvKK2i`B+ 7Q`+2 rBHH ;2M2`�i2 � bTBM@+m``2Mi Bb �HbQ �M BMi`B;mBM; TQbbB#BHBiv- QM2 i?�i rBHH #2 BMp2biB;�i2/ BM �
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(Å

)

x (Å)

-12

-9

-6

-3

0

3

6

-6 -4 -2 0 2 4

γ
A
xy

×6.5

x (Å)
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xy UiQT `B;?iV- γA

xy U#QiiQK H27iV �M/ γyy U#QiiQK `B;?iVX
S�`�K2i2`b, Γ̃ = 1meV- kBT = 2.6meV �M/ B = 0.05AX
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fAX �b i?2 i2KT2`�im`2 Bb HQr2`- i?2 bvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b bK�HH2` �M/ i?2 �MiBbvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b
H�`;2`X S�`�K2i2`b, x = −1.4- y = −3.2- Γ̃ = 30meV- B = 0.05AX
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`2bT2+iBp2HvX �b i?2 +?2KB+�H TQi2MiB�H Bb �r�v 7`QK x2`Q- i?2 bvKK2i`B+ 7`B+iBQM i2MbQ` #2+QK2b H�`;2` �M/ i?2 �MiBbvKK2i`B+
7`B+iBQM i2MbQ` #2+QK2b bK�HH2`X "Qi? 7`B+iBQM i2MbQ`b �TT`Q�+? x2`Q r?2M µ → ±∞X S�`�K2i2`b, x = −1.4- y = −3.2-
Γ̃ = 1meV- kBT = 2.6meV- B = 0.05AX


