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ABSTRACT

We present analytic gradients and derivative couplings for the simplest possible multireference configuration interaction method, CIS-1D,
an electronic structure Ansatz that includes all single excitations and one lone double excitation on top of a Hartree-Fock reference state.
We show that the resulting equations are numerically stable and require the evaluation of a similar number of integrals as compared to
standard CIS theory; one can easily differentiate the required frontier orbitals (h and 1) with minimal cost. The resulting algorithm has been
implemented within the Q-Chem electronic structure package and should be immediately useful for understanding photochemistry with

So—S1 crossings.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0018441

I. INTRODUCTION

Nonadiabatic couplings are key quantities of interest that can-
not be ignored when discussing nuclear motion concurrently with
multiple electronic degrees of freedom. When solving the exact
Schrodinger equation for the nuclear wave functions attached to one
electronic basis, the nonadiabatic couplings appear naturally and
mix together different electronic potential energy surfaces (PESs). At
the same time, if we consider mixed quantum-classical dynamics—
e.g., surface-hopping algorithms, the generalized Langevin equa-
tion,” or the mixed quantum-—classical Liouville formalism’ —the
derivative couplings inevitably appear and incorporate the coupling
between nuclear motion on different PESs through electronic state
transitions. No matter what level of theory one applies, nonadi-
abatic couplings cannot be ignored, especially so when a nuclear
wave function approaches a small energy gap region in the con-
figuration space, or most dramatically a region with a degenerate
set of electronic states (so-called conical intersections’), where the
Born-Oppenheimer approximation completely breaks down.

In practice, accurate nonadiabatic couplings are necessary in
order to model many chemical and material processes, e.g., to
predict the lifetimes of chemical reaction intermediates,” to esti-
mate electron transfer rates in singlet fission processes,” to quan-
tify energy dissipation in gas-metal interfaces,” to simulate charge
recombination in mixed perovskites,”’ and to model photo-induced
charge transfer in graphene layers.’ In order to treat the phe-
nomena above, a host of simulation methods have been proposed
and their performance can range from very successful to mini-
mally successful. Despite enormous progress in the area of chemi-
cal dynamics and nonadiabatic electronic structure,'"'” calculating
accurate electronic structure and simulating chemical dynamics for
large complex systems with S, — Sy transitions remain a direct
challenge to modern theory;' ™' in particular, there still remains
today the need for accurate and inexpensive S; — Sy nonadiabatic
couplings.””

To that end, within the context of modern electronic structure
theory, a combination of density functional theory (DFT) and time-
dependent density functional theory (TDDFT) remains the most
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likely possible candidate to produce the needed electronic structure
matrix elements, with a reasonable balance between accuracy and
computational cost.'®" This statement remains true, even though,
as is well known, standard DFT/TDDFT [just like configuration
interaction singles (CIS)] does not predict the correct dimension-
ality of the So-S: conical intersection manifold seam' " due to
the lack of including any interaction between the “DFT ground state
configuration” and singly excited configuration states. With this fact
in mind, there is a strong impetus to invoke complete active space
methods when running photochemical simulations, "’ ideally with
abalanced reference set of orbitals.”" Other researchers have focused
on using spin-flip DFT methods as a means of calculating So-S:
crossings with the correct topology and derivative couplings.”” *°

Very recently, we have proposed an alternative means of merg-
ing DFT with configuration interaction to address the Sy-S; failure
of DFT,” following the previous ideas of Maitra et al.”’ Our Ansatz
is to build a configuration interaction space that includes not just
the ground state configuration and all of the singly excited state
configuration but also one extra doubly excited configuration state.
Within the context of a restricted Hartree-Fock (HF) state, this
special lone doubly excited configuration |®}) is chosen through
a self-consistent field (SCF) procedure for minimizing the energy
(®}i|H|Dit). Here, b is the optimized HOMO (to be determined),
1 is the optimized LUMO (also to be determined), and H is an
effective Hamiltonian. In principle, if we make the Tamm-Dancoff
approximation,”® this concept of including one double (1D) can be
combined not just with canonical Hartree-Fock theory (and HF
orbitals) but also with DFT (and Kohn-Sham orbitals), yielding
CIS-1D and TDDFT-1D Ansitze.”® Thus, within the panoply of elec-
tronic structure methods, this selected conical intersection approach
would seem to fall somewhere in between a complete active
space (CAS) and multi-reference configuration interaction (MRCI)
methods.””

As far as how the method performs, in practice, in Ref. 26, we
have already demonstrated the following features: (i) both CIS-1D
and TDDFT-1D predict the correct topology for the Sp-S; coni-
cal intersection manifold seam; (ii) both methods predict relatively
small changes for the excitation energies far away from conical inter-
sections/avoided crossings; (iii) the correct geometric phase dress-
ing the electronic wave functions is preserved. Besides these already
proven features, there is every reason to presume that (iv) the com-
putational costs of CIS-1D and TDDFT-1D should be nearly the
same as the CIS and TDDFT calculations, respectively (although
we have not yet produced a production, fully polished code); and
(v) the 1D framework is simple enough so that both the analytic
gradients and derivative couplings should be possible. Note that gra-
dients are essential for all quantum dynamics approaches and the
calculation of time-correlation functions; also, a combination of gra-
dients and derivative couplings is usually required to locate conical
intersections.

In this paper, our focus will be on point (v). We will present
a detailed derivation of the necessary equations for CIS-1D deriva-
tive couplings and gradients. We have implemented the relevant
equations within a developmental version of the Q-Chem electronic
structure package,”’ and we report a few preliminary results to con-
vince the reader that the implemented code does indeed match
finite difference. For this initial manuscript, we will work exclusively
in the CIS-1D framework; the extension to TDDFT-1D derivative
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couplings/analytic gradients”* will be shown in a separate manuscript
to be submitted soon. The algorithm presented here should be
immediately relevant for chemical researchers investigating photo-
chemical reactions.

This article is organized as follows: In Sec. II, the CIS-1D
Hamiltonian will be introduced. In Sec. 111, we review the necessary
orbital response theory and the coupled perturbed Hartree-Fock
equations, which will allow us to describe how orbitals change as
we move the nuclei in the configuration space. Note that unlike the
case of conventional post-HF methods (where only inter-subspace
response appears), intra-subspace response becomes important for
CIS-1D (just as for a CAS calculation) and we must carefully dif-
ferentiate two special frontier orbitals, the optimized HOMO (h)
and the optimized LUMO (1): note that these orbitals are not
the canonical HOMO and LUMO. The determination of the opti-
mized orbitals as well as the derivation of the intra-subspace orbital
response equations will be described in Sec. I'V. In Sec. V, we will
present the complete, final equations for the analytic derivative cou-
pling, and many helpful details of the calculation can be found in
Appendix B. For the sake of completeness, in Sec. VI, we write down
the final equations for the analytic gradient. Finally, in Sec. VII,
we present the results and compare our analytic findings with the
finite difference results. We discuss our results and conclude in
Sec. IX.

Notation: Throughout this article, {y, v, 0, A, «, §} denote the
atomic orbitals (AOs), {i, j, k, m} represent the occupied molecular
orbitals (MOs), {a, b, ¢, d} serve as the virtual MOs, and {p, g, 7, s, t,
u} are used for the general MOs (can be occupied or virtual).

Il. CIS-1D HAMILTONIAN

Within a CIS-1D framework, our basic Ansatz is to apply vari-
ational theory for wave functions that span a vector space com-
posed of the ground HF state |®y), all the singly excited configura-
tions {|®{)} and one doubly excited configuration from the frontier
HOMO orbital h to the frontier LUMO orbital 1: |®}1). We consider
only singlet systems here so that we can focus on spin-allowed S;
— Sy crossings; the case of triplets will be addressed in a forthcoming

paper. The set {\(Do), 187) = (|f) +|09)) /2, |d)}11}11)} includes all of
the configurations that we must treat. The CIS-1D wave function can
be written down as

W) = Xo|@o) + 3" XFISE) + Xa|Drz ),

ia

where {Xo, X}, X4} are variational parameters.

A general two-body interaction Hamiltonian (without any
spin operators considered) can be written in the CIS-1D basis as
follows:

b 11
Qo) [57) | D)

H o 0 0 Thh1l ‘CI)0>

= Lo
0 fav0ii—fjidab  V2(—8a1Tmmi1 \Sfl>
+Tajib +0inThall) ¢
T V2(=0n Tt —2fmm+2f11+m1 | lZ:L>
hhll +0nThb11) ~+7hhhh — 27 1h1n hh (1)
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Here, fpq = hpq + Ximipiq is a Fock matrix element and
Tpgrs = 2(prlqs) — (ps|gr). We use chemist notation (pg|rs)
= [dridry ¢ (x1)g(r1)ri @7 (1r2)$s(r2) so that (pr|gs) and (ps|qr)
are the Coulomb and exchange two-electron integrals, respectively.
Note that we have integrated out all the spin degrees of free-
dom in Eq. (1), so all the orbital subscripts are indices for spa-
tial orbitals. H is a (NoNy + 2) x (NoNy + 2) matrix, where
N, and Ny are the numbers of occupied and virtual orbitals,
respectively.

In order to construct CIS-1D derivative couplings and gradi-
ents, our path is straightforward: we will need to take the deriva-
tive of all of the quantities inside of the H matrix in Eq. (1).
Note, however, that this will require taking the derivative of the
CIS-1D optimized orbitals, in particular, the |h) and |1) frontier
orbitals, which are at the heart of CIS-1D theory. We emphasize
that here, as in Ref. 26, the indices h and 1 label the optimized
orbitals, which minimize the energy of the doubly excited state
Eq = (®}i|H|®}); these are not canonical orbitals, and it will be
necessary to differentiate these orbitals with respect to other opti-
mized occupied {i} and virtual {a} orbitals. To that end, before
working out the relevant derivative couplings, we must extensively
review both (i) standard orbital response (i.e., the response of canon-
ical orbitals to nuclear displacement) and (ii) optimized orbital
response (i.e., especially, the response of the |h) and |1) orbitals)
to nuclear displacements. These tasks are described in Secs. IIT and
[V. Fortunately, we will find that the optimized orbital responses
can be calculated with only minimal changes to (and minimal cost
beyond) standard coupled-perturbed HF theory. For the reader who
is not concerned with how one generates orbital response, one may
skip directly to Sec. V for the final form of the CIS-1D derivative
coupling.

I1l. BRIEF REVIEW OF STANDARD ORBITAL
RESPONSE THEORY AND COUPLED-PERTURBED
HARTREE-FOCK THEORY

Before deriving CIS-1D derivative couplings and gradients, it
will be helpful to review standard analytic response theory, which
dictates how one can calculate the change in molecular orbitals
(especially, the h and 1 orbitals) as a function of nuclear geometry.
Although the response theory in this section is standard and can be
found in many references (e.g., Refs. 35-39), we include this infor-
mation so that we can derive the non-standard response theory (as
relevant to CIS-1D) in Sec. I'V.

A. Derivative of the MO coefficient

In all that follows, we will assume real MO coefficients. Let
Cyp be the MO coefficient at a reference nuclear position xo, and
let C represent the MO coefficient after moving slightly away from
Xo in a nuclear position space. We need to find the derivative
of the MO coefficient at xo; let us denote this derivative as C([)x]
(the superscript [x] representing the total derivative). One (non-
unique) means of rigorously parameterizing C in terms of Cy is as
follows: """’

C-= co(cgsco)_l/ze”, @)
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where S is the atomic orbital (AO) overlap matrix (that depends on
the nuclear coordinate x) and @ is the rotation angle matrix. The

factor (Cg SCO)_I/2 enters into Eq. (2) as a way of enforcing the nor-
malization condition: C'SC = I. The exponential describes how the
MO coefficient C is rotated away from the reference Co, and the
exponent ® must be antisymmetric. The antisymmetric nature of
the rotation matrix can lead to a few notational complexities, and it
will be helpful for us to be as explicit as possible. Henceforward, we
will write

0 -0 e (:)11 (:)12
0 =0y 0 el = (:)21 (:)22 N B (3)

In other words, consider a system with an orbital basis of dimen-
sion N. When convenient, we will refer to the not independent
N? elements of @ as having tildes (and where antisymmetry is not
enforced), whereas we will refer to the N(N — 1)/2 independent
elements of ® as not having tildes (and where antisymmetry is
enforced).

Let us now investigate the total derivative of the MO coefficient
at the reference point xo by using the chain rule,

dCyp ICup (1] Cup & [+]

— = S ——0 . 4

( dx ; asaﬁ o ’ %: 00y o @)
B $=5,,0=0

Here, we treat Sug, Sgas Oy, and Oy as independent variables and will
apply the symmetric/antisymmetric condition for S/@ after taking
the derivatives. The total derivative of the overlap matrix, SL[;;], canbe
calculated analytically since all AOs used in practice will be Gaussian
functions, and the other total derivative, (:)S[tx ], will be discussed in
detail in Subsections 1T C and I'V B and Appendix A.

By utilizing the Ansatz in Eq. (2), we recover the partial deriva-
tives,

9Cyp ) 1
=== CougCoaqCopps ®)
(8S“ﬂ §=5,,0=0 2 4
oG
( f‘P ) = —CO,‘us(;tp' (6)
6@)51.‘ §=5),0=0

Henceforward, for notational ease, we will discard the subscript
0 from the derivative of the MO coefficient C: we will implicitly
assume that all derivatives are taken at @ = 0 relative to an updated
set of MO coefficients.

B. a*! and of*!
In Sec. V, we will require the derivatives of many cre-

ation/annihilation operators, e.g., a£"]. In order to calculate these
derivatives, we begin by proving the following identity:

ol ==Y 0 a, @)
p
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where S = (r|st*1y and r and p label spin orbitals. To prove this
identity, consider the identity (rL|sL) = &y, where L is an arbitrary
set of spin orbitals. Without loss of generality, let us assume that L
does not contain either r or s. If we take the derivative of both sides,
we obtain

(L¥a,|sL) + (L]alsL) + (L|a,|sPIL) + (L]a[s )
= (LPNL) 8 + (L|aP Y sL) + (L]arsPIL) + 8,(LILETY
=0,
which implies that

(Llarlst) = ~(LjarlsT1) = ~OL"

==X 00y = <L'{_ >0y ﬂP}SL)'
» »

Since L is arbitrary, we have proven Eq. (7), and by taking the adjoint
of Eq. (7), we can also show that

=] _ R[x]
a,;" " = ZOP, ap.
P

Having expressed the derivatives of creation/annihilation oper-
ators in terms of Oﬁm, the only problematic item is to compute

ofl explicitly. If the orbitals r and s have different spins, ofl
will vanish as we are working with a spin-free Hamiltonian (and all
molecular orbitals will have good spin numbers). Hence, we only
need to consider the same spin case, where r and s are considered as
spatial orbitals. We find

orkl - (Z Cw(ul)(Z A+ cw\v["b)
u v v

= Z CWC«E;(] Syv + Z Cyrcvssﬁgx]
uv uv

- R Lol) | gl
- %;ca,c,js(saﬁ = ) +ol
where S:gx] = (a|ﬂ["] ). Here, we have utilized Eqgs. (4)-(6).

C. Inter-subspace response G)E,f]

The central item of standard response theory is the calculation

of @E’k‘], which we will now briefly review. Note that in this paper, we
will work exclusively with systems having an even number of elec-
trons and our calculations will always being with a restricted closed
shell HF calculation (so that all alpha and beta orbitals are identical).
The HF ground state energy written in a spatial orbital basis is

E() =2 Z(l‘hh) + Z TTijij
i ij
=2 Z Z h[wCinvi + Z Z ”,uvmlcyicvjcaicxlj- (8)
i ij pvod

By utilizing Eqs. (6) and (8), we can discern how the ground
state energy changes as we change ®. We imagine differentiating

bY 8/6(:)5t,
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OE
= ¢ = -2 z th(C‘usé‘ithi + C‘uicvs(sit)
06, 4
- Z Z ﬂyvu}»(cysaitcvjcaic/\j + Cyicvsajtcaic)»j
ij pvod

+ Cyicvjcos(sitclj + Cyicvjcoiclsajt)-

Recall that the value of OEy/ 00, will depend strongly on the nature
of the orbitals s and t. For instance, if ¢ in @y is an occupied orbital,
say k, then

OEy
aésk

= —Z(fsk +fk5).
In contrast, if ¢ is a virtual orbital, say c,

OEy
8(:)55

For a coupled perturbed calculation (see below), we will require
taking the second derivative of Ey with respect to the rotations of
the molecular orbitals. In particular, we will require the inverse of
the matrix 62E0/8®ak8®hj. Note that inverting a singular matrix is
always unstable, and so it will be necessary to work with the inde-
pendent variables @, rather than the dependent variables ®,. To
calculate the relevant matrix (82E0/8®ak8®bj, which will be sym-
metric), we can simply use the derivatives above plus the chain
rule,

OE, _[ OE,

OE, 00j; ]
+
90; 6,6,

009 00 009;
==2(fi + fii) = 2(fy + fii) (=1) = 0. ©)

Similarly,
OE,
=0, 10
00, (10)
OE
8@2,- = <2(fui + fia)- (11)

In all that follows, we will work with the independent variables ©,,
rather than the constrained variables @p,.

Note that the derivatives in Egs. (9) and (10) are always 0, but
OEy/00@,; in Eq. (11) vanishes only when the Fock matrix satisfies
fia =0, i.e., for HF or DFT theory, where one rotates the orbitals until
one minimizes the ground state energy. For our purposes, we must
emphasize the well-known fact that once one has converged a DFT
or HF calculation, Ey is invariant to any rotation between occupied
and occupied orbitals (or of course virtual and virtual orbitals).
Thus, the right-hand side of Eq. (11) will always be equal to 0 so
long as one does not mix the occupied and virtual subspaces; this
fact will be extremely relevant for the CIS-1D formalism presented
below.

Standard response theory computes the inter-subspace response
0! by differentiating Eq. (11),
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OEy \ [+]
= _4fV
( a®ai ) j;u

8 E, x]

82E0 [x]
Z a®a18®ck ’ Z S

7 00408y

s PE e 5 OB g

v
o 00ai0hy " £ 006i0Mnm Mva

=0. (12)

Note that (i) The 5k (0°Eo/00,00;)0L"  and
sz(aon/a@a,»a@bc)@gf] do not appear in Eq. (12) because of

Egs. (9) and(10). (ii) The term Z,(82E0/8®m'8®,r)®£f]
not appear, since @ is antisymmetric.
All the second order partial derivatives in Eq. (12) can

terms

also does

be computed by taking derivatives over Eq. (11) [and using
Eq. (4)],
OBy e b (CuCpat CuC)
00,i0S,4p ) v e e e
+2 Z ﬂwu)tpvap,\ﬁ(cyacdi + C/u'Ccra), (13)
uvod
ﬂ*—Z(C Cyi + CiCya) (14)
a@aiahyv = ua'vi uiva )>
_TE b (CuCort CuCon) (15)
8®uk8ﬂ”VUA = A Luaoi uioa ).
Here, we have defined,
P}w = Z kak) (16)
Py =3 CuyCuy. (17)

q

With regard to the second order derivative & E,/ 00,00 4 = -20(fai
+ fia)/0® 4, we can differentiate the Fock matrix with respect to ®
(not ®). Following the same procedure as in Eqgs. (9)-(11), we obtain

0,
Ogs = _ftsark _ﬁc6sk +fk58rc +frk6“ = Tlresk ~ rkses
ck
and therefore,
O°E
B A e+ Tk et
ai ck

Note that 7ysty = Tsrur = Teurs = Tutsr as we consider real MOs. More-
over, 8?Ey/ 900,00 is symmetric so that one can invert the matrix
in a straightforward fashion.

Finally, armed with all the second order derivatives in Eq. (12),

we can calculate G)E]f],

2 -1
<] _ O°Ey .
®ck - ;( a®aia®d() Eﬂh (18)

where
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o OEo 1
ai = - S 7}1 v
& Z 7 00408 ap Z 00,i0hy,

OBy g
T .
8®m’ aﬂva\ veck

uvak

In principle, according to Eq. (18), one should calculate the inverse
of the response matrix 3N times (since the matrix element &
depends on the direction of a nuclear displacement). Such a calcu-
lation would be impractical for large complex systems. However, as
is well known in the response theory, the usual target (see details

below) actually has the form ch® ]Yk Below, we will use the
standard Z-vector trick of Handy and Schaefer,”

-1
i i P
Z @ Y Z Z( aGaiae)ck) EazYEk = %:}’mgm) (19)

ke ai

where yai = ¥, (0% Eo/004i004) ™ Y. Since Y does not depend
on the direction of any nuclear displacement, we can first build up ya;
and second calculate the single matrix inverse. Using Egs. (13)-(15),
the final result is

> YCk@IE:] == hz[ﬁ] 28 = ,EWJTAZAWP A
ke v Uvor

- Z S‘E);; ( -2 ZﬁwP/AaAvﬁ 2 Z ﬂyva)LA/vaaP/\ﬁ)
«
B

uval

where

Ay = Zyui(cyacvi + C;U'Cva)~

IV. REVIEW OF ORBITAL RESPONSE THEORY
AS SPECIFIC TO THE CIS-1D FRAMEWORK

Above, we have recapitulated standard orbital response the-
ory. For the CIS-1D Hamiltonian, however, one constructs opti-
mized orbitals that are distinct from the usual, canonical HF orbitals,
and so the standard theory above will need a little reworking. In
Subsection I'V B, we will demonstrate how the relevant optimized
orbitals can be differentiated. Before doing so, however, let us first
review the definition of CIS-1D optimized orbitals.

A. Optimized orbitals

We allow for a complex set of coefficients only for the deriva-
tion of the necessary equations of motion in this subsection alone;
however, in the end, all MO coefficients will be real. The first step of
a CIS-1D calculation is to perform a standard HF calculation. There-
after, one allows for mixing of the occupied orbitals to generate a
not necessarily canonical set of occupied orbitals; one also allows for
mixing of the virtual orbitals to generate a not necessarily canonical
set of virtual orbitals. Within these sets of orbitals, let h be our target
frontier orbital within the occupied set and 1 be our target frontier
orbital within the virtual set.
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The energy of the doubly excited configuration |(D111}11) (in which
a pair of electrons is excited from HOMO h to LUMO 1) is

Eq = Eo — 2hpn +2h11 =2 nim
i

+ 2 i + Monn + 1111 — 2701
i

= Eo + Ej. (20)

Here, h is the one-electron integral. The indices i in the two sum-
mations on the right-hand side of Eq. (20) can index any com-
plete basis of occupied HF orbitals; Ey is the original HF energy.
According to CIS-1D, we minimize Eq as a function of the two
distinct unitary transformations that rotate the occupied and vir-
tual orbital spaces separately; note that Ey is invariant under such
a transformation.

In order to generate concrete equations of motion for finding
the optimized, frontier orbitals that minimize E}, we express |h)
and |1) in terms of the canonical HF occupied orbitals {|io)} and
canonical virtual orbitals {|ao)}, respectively,

[h) = > cilio), 1) =D Calao),

1 a

where ¢; and ¢, are linear combination coefficients. The subscript 0
denotes the original (canonical) HF orbitals. Note that we can also
define non-frontier optimized orbitals as well in the same fashion
so that we can equate the canonical subspace of occupied orbitals
spanned by {|ip)} with a subspace of optimized orbitals spanned by
vectors labeled {|1), |2), ..., |i}, ..., |h — 1), |h)}; similarly, the canon-
ical subspace of virtual orbitals {|ao)} is equivalent to a subspace of
optimized orbitals spanned by the vector labeled set {|1), |1 + 1), ...,
|a), ..., |N =1), |IN)}.

Using the invariance of the occupied space under any
occupied-occupied unitary transformation, one can easily show that
> Tiris = 2, Tiyrigs 50 that all HF orbitals in Ej can be expanded in the
canonical basis,

/ * K *
Ed ==2 Z hiojoci Gj +2 Z haobgca Cp — 2 Z ”injniakocj Ck
ij ab ijk

~% ~ * %
+ 2D Tisaiohy Ca o + O Minjukolo i € CkCI

iab ijkl
~Kk ko~ o~ * ~ % ~
+ Z TCaybycody €a € €cCd — 2 Z Tiyagjobo Ci €a CjChb-
abed ijab

Since we require that both |h) and |1) be normalized ({(h|1) = 0 is
already guaranteed), the Lagrangian function is

L =Ej —2eh(2c,~*c,-— 1) —2e1(Z&§za - 1),
i a

where €, and €1 are Lagrange multipliers. By setting the derivatives
of £ with respect to c;, and & to 0, we obtain

(molf'[n) = (molex|h), 1)
{eol f'I1) = {eole[1), (22)

where f” is

ARTICLE scitation.org/journalljcp

f’ :f—T[h+7T1

=Sfow=ho+t Y T =hw+ Y TgPle,  (23)

r=1,2,...,h—1,1 oA

with the definition [71,],, = 7rerr.

Note that whereas f denotes the Fock operator constructed
from the canonical HF orbital space, f’ denotes the Fock operator
constructed from the optimized CIS-1D orbital space (with where
1 has replaced h in the occupied space). The new density matrix
satisfies

C;rC/\W (24)

p= Z
r=12,.h-11
In order to solve Egs. (21) and (22), we must again use the fact
that the CIS-1D optimized orbitals do not mix the canonical virtual
and occupied orbitals. Working with the optimized orbitals, we can
rewrite Eqs. (21) and (22) exclusively in the optimized orbital basis,

(mf'In) = (mlen[n),
(el f'[1) = (elex 1),

which can be further decomposed into the atomic orbital basis,
Z Z C;mﬂvcvic,‘ = €nCm
i ouv

= I:Clccflcocc}c = €n¢,
Z Z C;af,:\,Cmca = €1Ce

a uv
= [Cj,i,t’Cvir]é = 616.

Here, we have redefined ¢; = ( i|h) and ¢, = (a|1).

Although the math above might at first look a bit overwhelm-
ing, at bottom the matrix f' is the same as the normal Fock
matrix f after exchanging the HOMO column and the LUMO
column in the MO coefficient C; in other words, the new and
canonical Fock matrices are of the same form, just with differ-
ent density matrices [f = f(P) and f' = f'(P’), where P and P’
are defined in Egs. (16) and (24), respectively]. Thus, we can eas-
ily find the new set of optimized orbitals through the following
SCEF steps (which clearly resemble the elements of Gill’s maximum
overlap method”**), and Morokuma and Iwata’s Extended HF
approach:”

1. Perform a standard HF calculation and generate the canonical
MO coefficient C = [Cocc Cyir]; order the columns of C accord-
ing to energy (with Cy, having the lowest energy, C,, having
the next lowest energy, etc.) For our initial guess, we will let
|h) be approximated by column h of C, Cpy; we will let |1) be
approximated by column 1 of C, Cy,.

2. Build the density matrix P’ by choosing to occupy the (1,2, . . .,
h — 1, 1)-th columns in C, i.e., skip of over column h. Then,
construct ' according to Eq. (23).

3. Calculate C:r,ccf' Cocc and Cj,irf' Cuir, and diagonalize each matrix
separately (ordering by energy). Let Uy and Uy be the
respective eigenvector matrices (of dimension N, x N, and Ny
x Ny, respectively). The last column of U will represent the
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frontier orbital h with the highest eigenvalue ey in the occu-
pied subspace (c); the first column of Uy will represent the
frontier orbital 1 with the lowest eigenvalue €1 in the virtual
subspace (€).

4. Construct by matrix multiplication: Co¢ff = CoccUocc and
Coit" = CyirUyir. The updated MO coefficient is then

new new, ~new
Cc = [Cocc 3 Cuir ]

5. Check whether |C™" — (| is below a threshold for conver-
gence. If not, set C = C™" and return to step 2.

In all that follows, we will use the converged, optimized orbitals
described above. Although it may appear unnatural, we will nec-
essarily need to express both the new and the old canonical Fock
matrix in the basis of the new optimized orbitals. Because we have
mixed together occupied with occupied orbitals (and virtual with
virtual orbitals), fi; # €;8;; and fp, # €40,; however, fi; = 0 remains
zero.

B. Intra-subspace responses G),[f and @)E’l‘]

Having constructed the well-defined optimized orbitals, we are
now in a position to take their derivatives. Following Eqgs. (9)-(11)
where we differentiated E, a similar set of equations must hold for Eg;
after all, E and Eq have the same functional form—just with different
orbitals. By utilizing Eqs. (20) and (6) and the chain rule, we can
obtain

OE, oy -

DB )2, o
ij

OF Yy 0 +hi

ﬁ = =281 (fa1 + f1a) + 281 (fo1 + f1p)>
ab

aE , , ’ 7 ! !

8@“1. = =2[fai + fio = Oui(fan + foa) — Ora(f2 +Ai)]. (26)

As in Eq. (11), the partial derivatives above are not automatically 0
but do vanish when the optimized orbitals are substituted in. For the
purposes of a CIS-1D calculation, we will need to calculate only @t[}’f]
and G)E{]. To thatend, wesetj=h(i#h)andb=1(a#1)inEgs. (25)
and (26), respectively,

6Ed / /

20 2(fn +ﬁ1i)) (27)
OE4 ’ ’

0 -2(fa +fia)- (28)

We recover expressions similar to Eq. (12) by taking the total
derivative of 0E4/00®;, and OE4/0@, with respect to x,

OEy (] &°E4 [x] &?Eq [x]

=y 24 g I

(a@),h) %a@)ma@ck ck T kga@ﬂ,a@kh kn
8’Eq

+ S —

§La®iha®cl

oy =0, (29)

ARTICLE scitation.org/journalljcp
( OEq4 )[ o Eq ®[x] Z & Eq [x]
90n) 200,00, % L 50,000
OPEa ol
—0 . =0, 30
* 2 5600500 (30)
where
O’E, O’E
G=- Z _ O Ld dlx] 7‘1],[[?;]
of 8@,},35043 ap 8@1118/’1,” “
OPEa
pvod a@)ihaﬂyvd ol
& Eq4 [x] O*Eq4

WE— ) —— 71’1[)“,]
1 Z 00005, Z < 00 Ol "
& Eq [x]

T .
vl a®alaﬂl4va/1 uvod

All the second-order derivatives above can be computed by taking
partial derivatives with respect to ® over Eqgs. (27) and (28),

O’Eq
————— = 2(CuiCn + CinCyi),

8®m8hw ( ui\svh uh w)

82Ed /
———— =2(CuiCon + CinCoi) Py,
8@,}187%0)\ ( uivch uh az) VA

O°Eq -

4 - Pua(CuCpi + CuiC
00m0Sag ;fw b CnCpi + GiCn)
=23 M PraPip(CuiCon + CunCoi),
uvod

9’Eq

———— = =2(CuaCi1 + CaCya),
6®a18h,,4v ( ua'“vl ul va)

Eq /
———F— = —2(CuaCsn + CaCoa) Py,
8®a18ﬂ,4m ( ua'eol ul (m) v,

9’Eq -

— =2 Pua(Ci1Cga + CraC

+2 z ﬂyvalpvap},tﬂ(cyucol + Cylcoa)-
uval

Note that if we assume j < k (without loss of generality),
9’Eql90;,00j = 0 and 9°E4/00 400 = 0 if k # h. In addition, if
we assume b > ¢ (without loss of generality), 0 E4/00,,00,, = 0 and
0 E4/00,00), = 0if ¢ # 1. Therefore, these second order derivatives
do not appear.

In the end, Egs. (29) and (30)
following coupled expressions:

, along with Eq. (12), form the

A o o\[el &

B D £fleld|=-|¢] (31)
T [x] .

¢ & F\ek n

where A, B, C, D, &, and F represent different matrix subblocks of
the superoperator,
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Ak = 4(focOik = fkOe + Mcjt + Mok )

rck_ [fch ik —
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eOnk — Micnk — Tikne + Ok (ichn + Timne) + O1c(Mikny + ﬂflhk)],

Ca,ck = 4[_fk,1 Oac _fa,kSIE + Tac1k + Takie — 8hk(77a51h + ﬂuhlc) - 81c(77ak11 + ﬂuuk)],

Dim = 4(_1:1:1’1 +f1:h6im + Timnh + ﬂihhm)a

Eia = 4(~Tign1 — Ting)»

’ ’
]:ad =4 ad _fllé\ad + Mag11 + ﬂalld)r

and ®Ck ) ®,Efl], and ®£’1‘] can be solved efficiently; for more details,
see Appendix A. Note that Eq. (31) is shorthand notation for a stan-
dard linear matrix equation Ax = b, where A operates in a vector

space with dimension NoNy + N, + Ny —
V. DERIVATIVE COUPLINGS

With the tools developed in Subsections I1I A and I1I B, we can
proceed to calculate the derivative couplings. We let I and J represent
two different electronic states. The derivative coupling between these
two states is

x [x]
(9 = S (kXK (X o))
KK’
ZXI*X’ B S XK X (@x[0RD),  (32)

KK’
where K and K’ denote the configurations used in CIS-1D (i.e., the
HF configuration, the singly excited configurations, and one lone
doubly excited configuration). To begin our analysis, let us focus
on the second term: we have to calculate all possible derivative cou-
plings between the configurations (which are real). As an example,
the derivative coupling between a singles configuration and the one
double configuration can be calculated as follows:

(@fj0y;1) = - (@{M]oi)
[x]
= (((D0|a:rau) a;aﬁalah@o)

- ((D([)x]|aTaaaTal-,a;[ah|®o)

- Z(CD0| R[x]a;aua ahalah|®0)
+ Z q)o\aTO apa; Tazal an|@o). (33)
p

S XK X (k| DL
KK’

- ZX{u

ija

) = V2 (XoXl, - XiX}) [Z cm-cﬁa(sﬁ,g"] - %sgg) - @E;J]
ia af

X 1 X X X
X}a[z cajc,;,-(sﬁlg I Esg,g) -0 ]] +V2(Xp X ~ XﬁX{ﬂ)[Z Cahcﬁl(sﬁlg I
ap

(

The second and third terms on the right-hand side of Eq. (33) are
0 either by inspection utilizing Wick’s theorem—the creation and

annihilation operators cannot match up. The full contraction of the
first term is 0 since (®0|<D([)x]) = 0. For the singly contracted terms,

note that a}L and a, are annihilation operators with our definition of
the ground state, and so we must contract them for any nonzero term
to emerge after normal ordering (again using Wick’s theorem); how-

=
Tg — . .

ever, %% = 0and so all singly contracted terms are zero. Finally, let

us use the notation:Q: to refer to the normal ordered version of Q.

Because the spins have to match, there is only one doubly contracted

term that does not vanish,

x A N x
—(tb([)]\ : a!aaataﬁaiah @) = —Oih6a1<<l>([)]|a}a5|‘l>0)
- 6Lh6alofij - Oth(S(LlOR[T .
The other term (d)?\d)tl;[x]) will give the same contribution. Thus,

the derivative coupling between the singlet singles configuration |S7)
and the lone doubly excited configuration in Eq. (32) is

\/_61h 6111 OR [x]

Similarly, we can calculate the derivative couplings between all other
configurations,

(st ~(s ).

(@o|s{0Ty = V208 = —(0[s7),
(8715 = 6,08 - 8,051,

These are the only nonzero derivative couplings. In the end, we find
that the second term in Eq. (32) reads

+ 3 X1, X, [Z cmcﬁb(sR["] %sg‘]) - @E’;J]

iab

1 X X
- 555[43]) - ®1[11]]> (34)
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where again S [X] = (oc|ﬁ ly,
Next, let us focus on the first term of Eq. (32).
assuming E' # E/ (no degeneracy),

For I # J and

Tx 5 J[x] _ ]
ZX X = o EIZX KK,XK,

To move forward, we must evaluate the derivatives of all of the
Hamiltonian matrix elements, where the Hamiltonian is given
in Eq. (1). Note that the ground state energy E, will not con-
tribute to the final derivative coupling, since ) xx X{(*E([)x] S X,
= E([)x] K x}:xﬂ = 0. Thus, we will need to differentiate only 7y,
and f,. By utilizing Eqgs. (4)-(6),

Ectl = Z 77[ ]/\C,urcvscatclu

uvol
- E Z Ctxq(ﬂqstu Cﬁr + Trqtu Cﬁs + ﬂrsqucﬁt + nrs!qcﬁu)sg);;]
apq

- Z(ﬂqstu®z[1);] + ﬂrqtu®¢g§] + ﬂrsqu®¢[;;]
q

+ Tig®5), (35)

[X] Z I’l CWCVS + Z 7T uvo AC,urCVlCO'SCAI
iuvol

-3 Z cms};,; (fusCpr + FraCps)
aBq

1
) 2 (rgsi + Trisg) Caq Cpi SE/;]
iafq

= (105 + £405T) = 3 (g + g 0L, (36)
q iq

Obviously, there will be many terms in the final expression, and
one must be careful in the final evaluation. There are two items
to emphasize here: (i) fgs # fqq04s since we are using the opti-
mized (rather than canonical) orbitals. (ii) The last term on the RHS
of Eq. (36) can be shown to be equal to — Y (7 + nrksc)G)Ez]

[x]
T), = Bu —2X4X)(P™ — P,

\/E(F_ G),MG] v)]; +

T = (XX + X4 Pt

[x]
T = —(X0X) + X0X)) 3 Mr P

uvod

(PMPE/% + P/\upf/lﬂl) -

1 - -
+ E Z ﬂyvalByo(PavPﬁl + P/\apvﬂ) -
uval uvol

Z ”HW)L{

}4 vod

+2X3X) {wa (P =P s+ 3 o (P = P o Pay [P = (P™ - P

uvol
SAlx]

Tg, = \/E(X(I)R]a - R;;aXé) + Bop + \/E(XIIIIXQ - XéX{,l)PEE,
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if we invoke the antisymmetric constraint for @, since — 3 ; (7
+ ﬂrksi)®i[:] =

For readers who are interested in the details of manipulating
this term Y g X?Xg{[x], refer to Appendix B. Before presenting the
final results of Eq. (32), we will need to define several intermediate
matrices,

R‘AIH/ = Z Can{qub (37)
ia
Pl = CnCon, Py = GnCons Py = G Con, (38)
Bu =Y CuaXiaXl,Copp = 3 CuiXiaX], Cri (39)
iab ija
Fu = CuF), Fl = 3 (XA X% + XX} ) Con, (40)
i
Guw = G,Co1, Gy = 3 (XhaX) + X4Xha ) Cua- (41)
a

The final derivative coupling [as obtained by combining all equa-
tions in Appendix B with Eq. (34)] is presented in the equations

below. Here, we have grouped terms with h}[ff,] together, terms with

[ ] ol together, and so on, and hence,

<\I,1|\I,J[x]> {Zrh[ 8 h[x] - FZZ]WE,A

uvod

<1 il
PR A

- Z Y0l - sz@),E;j] - W@E’l‘]}, (42)
c

where

[ _ Rl _ 1ol
S:ﬁ :Sa/s _ESa/s'

All the coefficients are listed below,

[Buo — 2X4X5(P™ = P™) o [Pt + Ry R, + X4X4(P™ = P (P — P,

1 -
5 2 fuv(Bgy + Bug) Pas
}41/
1 . - - -
5 2 Mol [RLy (RiwPpr + RioPrg) + Ryo(Rio Py + Ry Do) |

[i)av(F - G)ﬁ/\ + p/\a(F - G)vﬁ] + (F - G)yo(pocvpg)lt + P)LaP?{]%-)}

>]Aﬁ},

(43)
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Yck = Z Tyo) |:_BI4‘7 (CVC C/\k + Cvk C/\C) + Z(XilfRI]w + R.‘I"”X’!C)CW C’\k

uvok i

=3 (RioXiy + XtaRlo ) CocCra + V2( X1 X)) + XX}, ) Pis CinCac
a

VAKX 4 XX PR GGy -+ XX (P P“),wcvkck]

+ SmMe + 0N + V2(X0X0, — Xk Xy ) (B — EN) +V2(XpeX) - XiX, ) (B - ENdwmda. (44)

Here, we have also defined,

Mch = Z 77:[41/17)» [_Z(XéX{i + XéXé ) Cvc CAlPL% + \/EPE;F/{ Cvc
uvod

+V2(F = G)uoCocCpy — 4X5X% (PP - Pll),vacCAh]
and

le = Z TCuvo) [2 (X(I)Xil + XéXé)thC/\kPZ; + \/EP;:; G('C)‘k
uvor

~V2(F = G)usCon ot~ 4XeX4 (P™ = P60 Cui
Finally, for the intra-subspace response terms,

Zi= n,m[z(xéxg +X4X) ) Phis CkCoa — V2Pis FiCop
uvol

~V2(F = G)ueCut G + V2Ppg S (Xf X} + xiaxé)cmcu]

a

(45)

and

W= Z Tuvo) [2 (X(I)Xé + XéX(]) ) Cin CMPL% + ZPL% G:/C/\c
uvor

~V2(F - G)usCinCre — V2 D (XX + XQX{C)P}:;cthM].
(46)

Note that in Eq. (34), we found the response terms between
arbitrary occupied orbitals (not only ®,[d§]) and between arbitrary

virtual orbitals (not only @C[f]). As shown in Appendix B, however
(and as must be true physically), all response terms proportional to

@}f] (where neither i nor j is the HOMO h) vanish after cancellation
with Eq. (32), as do all response terms proportional to @EZ] (where
neither a nor b is the LUMO 1).

Finally, all terms proportional to $*1*! [i.e., all of the terms
in l"ézm in Eq. (43)] arise in Eq. (34) where we differentiate the

CIS-1D basis functions (i.e., the non-Hellman-Feynman terms)."*

These terms reflect an error introduced by the Born-Oppenheimer
approximation when we ignore nuclear translation and ultimately
lead to a lack of translational invariance of the final derivative

(

coupling result. At bottom, these FEZ[X] terms are the only source
of translational variance in the calculations. To see how this effect
arises, imagine calculating the quantity ¥, dj; (d;; means the deriva-
tive coupling along the nuclear coordinate x;), which corresponds to
the derivative coupling associated with total translation. Note that
> n!Ef‘g]A =, h%‘] =3 SE;;’] = 0. However, Y ; S:ﬂ[x"] # 0, which
indeed leads to translational variance of the derivative coupling.
In practice, this translational variance has no physical meaning as
far as nonadiabatic dynamics are concerned, and in practice, with
proper insertion of electron translation factors, these terms vanish.

In other words, the contribution ¥4 F;:[X] 82 !Ex] must be included
when comparing analytic vs finite difference derivative couplings,
but this quantity should not be included when running nonadiabatic
dynamics calculations."”"*

VI. GRADIENT

In order to calculate the gradient on PES E''), we start with
differentiating both sides of E' = ¥ X&' Hxx Xk,

E™ =S xg HE X4 + 3 Xy M Hige Xbo + 3 XK Hio XY

KK’ KK’ KK’

=S X HR X + S x Mg E + ST E e x
KK’ K K’

= XFHR Xk
KK’

Note that E'™™ has exactly the same form as the term (E/

-EN Yk X?Xé[x] in the derivative coupling, which is what we cal-
culate in Appendix B. The only differences are that (i) J = I and (ii)

the term involving Ey no longer vanishes, that is, Y xx X?E(Ex]Xfc

= E([)x] also contributes. Thus, Eq. (42) can be used to generate
the gradient as well as the derivative coupling; for the gradient,
all terms proportional to $*'*) vanish, and the factor 1/(E/ — E')
disappears.

VIl. RESULTS

To demonstrate that the theory above is correct in practice,
we will now compare analytic values with finite difference calcula-
tions. For a reasonably difficult, representative example, we choose
a water molecule near a linear geometry. In a previous calculation,”
we showed that TDDFT-1D predicts a conical intersection here;
so does CIS-1D [see Fig. 1(a) for a definition of our coordinate
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-75.71
. -75.72 —/\__
' 3 .
H y g .75.73
‘ \ T = FIG. 1. Results for the water molecule:
[~ OZ_H1_,X = 7574 (a) Definition of the coordinate system.
I\ > M (b) Sp and Sy PESs according to the CIS-
. A A 1D Hamiltonian. (c) y-direction derivative
v 1.80 0.96 ; X
-75.75 couplings of the oxygen corresponding
@) (b) to different y positions of the H® mov-
ing along the vertical dashed line. Solid
'75'7_% 05 0 0.05 and dashed lines represent the analytic
' i ’ calculations with and without consider-
v (Angstrom) h .
ing the intra-subspace response, respec-
tively. Details regarding the derivative
couplings at points A, B, and C can
— -136 — be found in Table |, where we com-
= —— Total o e Finite difference . - 5
2 — — Exclude intra =2 -137 1| x Analytic pare against the finite difference results.
|4 150 sttt A (d) Derivative couplings calculated with
= = 138 different thresholds for E4 at point B.
& s In order to obtain highly precise results
2100 2 139 near Cls, a threshold lower than 10~ is
2 g required. All calculations are done with
O 6 -140 basis 6-31g. The threshold for Eg is set
g © to 10~" in (b) and (c).
% 50 % -141 y
é £ -142 @
7 a « o« X
0 -143
-0.05 . -11 -10 -9 -8 -7 -6
y (Angstrom) log,o( Eq threshold)
system]. CIS-1D predicts a conical intersection around (—-1.83, 0) it) and then to 0.05. Note that calculating derivative couplings near
for the H® coordinate. To test the algorithm presented above, we a conical intersection is always a very challenging task due to the
will compare the analytic results vs finite difference results when we small energy gap and the intense orbital mixing. In Table I, we
move H® along the vertical dashed line from —0.05 A to 0 (which compare the analytic derivative couplings with the finite difference

is very close to the conical intersection but not directly on top of  results at three different points: A (y = —0.030 20), B (y = —0.01 140),

TABLE |. Comparison of derivative couplings between analytic calculations and finite difference (FD) results. We investigate points A, B, and C as well as the equilibrium
geometry (Equil). The subscripts of atoms label the directions for calculating derivative couplings. Precise results can be observed over all calculations. All calculations are
performed with a 6-31g basis. The threshold for convergence of Ej is setto 10~ 1.

H! Hj, H! 02 o; 0O? H H; H:
A, analytic —0.20266 593872 0 —2.94848 —9.20486 0 3.15825 335469 0
A, FD —0.20251 593963 0 —2.94874 —9.20626 0 3.158 36 335517 0
B, analytic —1.88392  92.84598 0 —14.78023  —142.51506 0 16.66622  49.75782 0
B, ED —1.88041  92.84850 0 —14.78326  —142.51869 0 16.66573  49.75920 0
C, analytic® —0.00429  27.51358 0 —0.06529  —42.23303 0 0.06959  14.80831 0
C, FD* —0.00409  27.51858 0 —0.06539  —42.23724 0 0.06949  14.80758 0
Equil, analytic 0 0 0.11040 0 0 —0.07017 0 0 0.11040
Equil, FD 0 0 0.11040 0 0 —0.07017 0 0 0.11040

*For the calculations at point C, the threshold for converging Eg is set to 10 12, so as to recover enough digits to show indisputable agreement with finite difference calculations at this
difficult point, so close to the conical intersection in the configuration space. Note that the equilibrium geometry used here is the DFT equilibrium geometry (functional: B3LYP and
basis: 6-31g), not the CIS-1D equilibrium geometry.
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TABLE II. Comparison of gradients between analytic calculations and finite difference (FD) results at points A, B, and C. The
subscripts of atoms label the directions for calculating derivative couplings. Precise results can be observed for all of the
calculations. Al calculations are performed with a 6-31g basis. The threshold for convergence of Eg is set to 10~ .

H; H, H o, O H H, H
A,analytic  —0.05521 096421 0 —0.09563 148098 0 0.15086 051677 0
A,FD —0.05524 096401 0 —0.09558 —1.48068 0 015082 0.51667 0
B,analytic =~ —0.01247 051514 0 006702 —0.78954 0 —0.05455 027440 0
B, FD —0.01245 051516 0  0.06700 —0.78957 0 —0.05452 027441 0
C,analytic ~ —0.00128 0.00173 0 012578 —0.00265 0 —0.12450 0.00092 0
C,FD —0.00128 000170 0 012578 —0.00259 0 —0.12450 0.00090 0
Equil, analytic  0.00588 0.01191 0 —0.01594 —0.02058 0  0.01006 0.00867 0
Equil, FD 0.00588 0.01191 0 —0.01594 —0.02058 0 001006 0.00867 0

and C (y = —0.00013) [see Fig. 1(c)]. In almost all cases we have
tested (including very close to the CI), the error is less than 1%. In
Table 1, we also provide the results for the water molecule at equi-
librium, far away from the CI, with bond length 0.96 A and bond
angle 104.5°. Here, the analytic derivative coupling is extremely
precise.

In Table II, we provide the complementary results for the gra-
dient of the ground state. For the gradient, we find the same preci-
sion as for the derivative couplings. (Note that one must multiply

the derivative coupling results by the corresponding energy gaps if

one wishes to compare the precision of the derivative couplings vs
the precision of the gradients; after all the derivative coupling and
the gradient can be expressed as (I|VH|J)/(E' — E') and (I|VH|I),
respectively.)

VIII. DISCUSSION: STABILITY AND COST

Sections 11-V have demonstrated that one can derive gradi-
ents and derivative couplings for CIS-1D in perfect analogy to a
CIS calculation. Moreover, the final equations found do not have
terribly more terms than a usual CIS gradient/derivative coupling
calculation, and so we expect that a very efficient implementa-
tion of the algorithm should be possible. This work is currently
ongoing.

Now, one crucial item that we have not yet discussed regarding
CIS-1D (or equivalently TDDFT-1D) is the question of numerical
stability. The entire premise of constructing a multireference wave
function is to allow the chemist to treat curve crossings, especially
So-Si1 curve crossings, for which it is difficult to find a robust and
useful reference state. For this reason, we have analyzed the linear
water case above, as it should represent a very difficult problem for a
single-reference case.

In Fig. 1(b), we plot the Sy and S; PESs as obtained from
diagonalizing the CIS-1D Hamiltonian. Note that near +0.01, the
energy gap reaches a minimum, which should correspond to a maxi-
mum in the derivative coupling calculation; recall that the derivative
coupling is proportional to the inverse of the energy gap. Unfor-
tunately, plotting and visualizing the full derivative coupling is
difficult to do; after all, at each geometry, there are nine deriva-
tive couplings (three directions for each of the three atoms). That
being said, along the vertical dashed line in Fig. 1(a), empirically

we find that the y-direction derivative coupling O® always gives
the largest absolute value among the nine possible matrix elements.
Therefore, in Fig. 1(c), we plot the y-direction derivative coupling
of O%. The solid line represents the analytical derivative coupling
as calculated from Eq. (42). Interestingly, the dashed line shows
the same calculation “without” considering all the intra-subspace
response terms; clearly, though it is entirely absent within CIS the-
ory, here intra-subspace response plays a crucial role in calcula-
tions near a crossing. Note that all of the curves are smooth and do
not display any hiccups that we might fear from a single reference
calculation.

The results above are very encouraging, insofar as the fact
that not only can we construct gradients/derivative couplings to
match finite difference, but those quantities appear smooth. For
a seasoned practitioner of quantum chemistry, however, it should
come as no surprise that near a CI, one must pay close atten-
tion when choosing convergence criteria for a configuration inter-
action routine; in our case, one must be very careful when eval-
uating the optimized orbitals. To demonstrate this fact, Fig. 1(d),
we analyze the point B in Fig. 1(c) and plot both finite differ-
ence and analytic results for different convergence thresholds for
E4 from 107" to 107°. At this difficult point, we require a rea-
sonably tight convergence threshold (~107°) for the double opti-
mization in order to reach quantitative accuracy; in practice, we
believe such thresholds should be easily achievable for modern SCF
packages.

Finally, before concluding, we want to highlight another inter-
esting fact about the CIS-1D algorithm and its underlying stability.
In pondering Fig. 1 and Table I, one might be curious: if there is a
very close So—S; crossing, how in the world can the CIS-1D gradient
algorithm be even close to smooth and numerically stable? After all,
there is no state-averaging and must not the reference state change
discontinuously? To that end, it is helpful to investigate orbital ener-
gies. Interestingly, for the linear water case, the HOMO and LUMO
energies do not touch. Now, on the one hand, one might assume
that such a gap might help to guarantee stability of the CIS-1D algo-
rithm. On the other hand, one might also argue that even if the h
and 1 orbitals were to cross, the CIS-1D algorithm should be sta-
ble as one includes a CAS(2,2) space. In the future, we would like
to investigate this question, and yet the number of molecules where
the RHF HOMO and LUMO energies cross appears to be very small
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FIG. 2. (a) Orbital energies of h and h — 1 and (b) the lowest eigenvalues (dashed line) and the condition numbers (solid line) of the matrix [D & T F], when moving
along the vertical line for H® motion, which is plotted in Fig. 1(a). Here, we use a grid spacing 0.00 025 A. A degeneracy seemly appears around y = 0 so that the lowest

eigenvalue of the matrix [D &; £ F] is nearly zero and the condition number of the matrix gets large. In particular, for y = +0.00013 A, the condition number of the matrix
is 108. Nevertheless, this condition number is easily treated with scientific calculations using 16 byte doubles, and the CIS-1D derivative couplings/gradients remain robust.

and does not include the usual candidates (ethylene, lithium fluo-
ride, etc.). Thus, given the current examples focusing on a restricted
reference states, the question of h and 1 crossing may in fact be
moot.

Returning to the case of water molecule, even though the h and
1 energies do not cross, Fig. 2(a) shows that theh and h — 1 energies
do cross. In Fig. 2(a), we plot the h and h — 1 orbital energies along
the vertical dashed line from Fig. 1(a); for linear water, the h and
h — 1 orbitals become degenerate at y = 0, which is a high-symmetry
point (point B). Thus, once again, one might presume that such a
degeneracy would cause enormous problems for the CIS-1D algo-
rithm; after all, if h and h — 1 cross, should not there be difficulties in
solving the coupled equations for response matrices [Eq. (31)]? Or
more specifically, one might expect that the submatrix [D & €' F]
should have a zero eigenvalue, and so inversion of such a matrix
should be unstable. Indeed, in Fig. 2(b), we plot the smallest eigen-
values of [D&; " F] (dashed line) and we do observe very small
values (on the order of 107°) aty=0.

How are we to reconcile the facts above? On the one hand,
empirically the algorithm is numerically stable here, and yet on
the other hand, we are forced to invert a potentially unstable
matrix. Apparently, near a conical intersection, one multiplies
together very large and very small matrices, but if convergence is
tight enough, stability is maintained. The same conclusion can be
obtained from Fig. 2(b). For the same matrix block [D&; &r 7l
we plot the condition number (solid line), which is the largest
eigenvalue divided by the smallest eigenvalue and is a measure
of the precision needed to invert a matrix actually. Indeed, near
the conical intersection (y = +0.00013 A), the condition number
reaches a maximum (on the order of 10%)." Note that, however,
10® is much less than 10'® (which approximately is the inverse of
the precision of a standard IEEE floating point double); thus, we
should not (and do not) find any numerical difficulties computing
the inverses. In practice, given the accuracy shown in Table I, it
appears that for most cases of interest, the CIS-1D Ansatz should
be able to deliver enough precision to function as a black-box
routine.

IX. CONCLUSIONS

In summary, we have provided the necessary equations for
deriving analytic gradients and derivative couplings for the CIS-1D
approach. Future work will report the analogous matrix elements for
TDDFT-1D. We find that smooth and precise gradients/couplings
can be achieved, and the theory is not much more complicated than
standard CIS/TDDFT theory. The only new twist is that when one
includes HOMO and LUMO frontier orbitals, one must take great
care when differentiating such orbitals, in particular, there is a non-
vanishing, non-standard intra-subspace response that arises because
we do not use the canonical definitions of HOMO and LUMO. How-
ever, this intra-subspace response is of a small dimension and is
uncoupled from the inter-subspace response; there is no meaningful
additional cost.

Looking forward, once an efficient algorithm of the CIS-
1D/TDDFT-1D algorithm becomes available, the present approach
should be an immediate competitor for standard spin-flip
approaches’ ™ as far as generating the electronic structure as
relevant for nonadiabatic simulations in the presence of Sy-S;
crossings. This represents an exciting new direction of study for this
field of research.
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APPENDIX A: SOLVING EQ. (31) FOR ©[*]

In this appendix, we provide more details about how to solve

Eq. (31) for ®E;], @lE;], and ®£’f]. To do so, we present Eq. (31) again,
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A 0 0\[(O, & (ZTWT) 0L zf(ZT WT)(DT 5) ((z)
B D glleld|=-|¢]| (A1) ol &7
T X
c & Aew) \n

D &\'(B)
+ (ZT WT)(gT }_) (C) A fb]s

A\

According to Eqs. (45) and (46), our task is to find — >, G)]Eﬁ]Zk
-3, ®£f] W,. Note that —kaG),Ef] Y, has already been addressed in

Eq. (19). To that end, note also that
[x] -1
o) (e ) Ho)- (e
®£;] € F Na ¢ * . I% v J[x]
APPENDIX B: DETAILS OF THE FIRST TERM Y X X
In this appendix, we will provide more details regarding the

We want to emphasize that since the matrix [D EE" }'] is symmetric first term in Eq. (32). By using Eqs. (35) and (36), we can cal-
and the size is only (N, + Ny — 2) x (N, + Ny — 2), the inverse is very culate the derivatives of all the Hamiltonian matrix elements and

cheap and stable. Then, if we multiply by (Z" W™), we recover the obtain Y Xis Hyx KK,XK,, which are composed of several different
necessary equations, components.

where Visan 1 x (N,Ny) column. Calculating the first term above is
straightforward. For the second term, we utilize the same trick as in
Eq. (19), calculating VA~ first and then second operating on &;.

(i) Inter-subspace response terms G),Ef]:

x I /] 1 I 5 1 5] 1~
Z ®I[cc] {inaxih(nachk + ﬂakbc) - ZXian Tjcik + 71, le) Z ic ]bﬂkjib - Z Xiqucﬂajik + inaxkhﬂacib + ZXka)(jbﬂajch
ke ij

iab ija ija iab jab

- \/E(X,Ich(]i + X{iXil)”hhcl - \/E(thmcxé + Xéxl{‘c)ﬂhkll - 4X£1X£1(7Thkhc - ﬂlklc)}
+ Z oLl {Z(XOXI + XX ey — V2 Z(X,;LX] + XEXL) (Menis, + 7nein)
+V2 Y (XnaXh + XiXba) Mears — 4X4X5 (~rennn + nlclh)}
.
3 @)["]{ ~2(XoX} + XaX)) Muwia +V/2 3 (X X} + XaX]) i

*\/z Z (XIImXé + XLIiX{m) (ﬂhakl + ﬂhalk) - 4X¢11X(]1(7Tk111 - ﬂkhlh)}-
a

After converting these expressions into the AO basis and utilizing the definitions in Egs. (16), (17) and (37)-(41), along with the

intra-subspace response in Eq. (34), we recover Y 4 in Eq. (44).

(ii) Intra-subspace response terms @i[.x]:

- (XOX] +XdX])2 Z nkh11®kh + ZXIIa)(J]uI:Z(ka®]EXJ +fk®[x )] Z ia ]b[Z(ﬂﬂkle)kj + nu]kb®[;c])j|
k k

ija ijab
+ \/Ez(Xleé + X4x), [Z(ﬂkm + T )OLT 4 Z T O ]]
i k
-V2 Z(XhaX] +X5x0.) Z M1 OL)

= Z O 3 Mot {~2(X0X] + X4X) )Pl CuCua + V2P Fi G+ V/2(F = §)nCukCn }
uvol

+ZXLXL[Z(@®,E}‘J +J§k®,E;‘])] > XiX] [Z(nak,»m,E;‘Hnajkb@,E?)]
k

ija ijab

+\/_Z(X,1X]+Xd [Znhh;d@[]].
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In order to simplify the last three terms, which apparently depend on all kinds of occupied intra-subspace responses, let us focus on
the Schrédinger equation for the singly excited eigenstates [using the Hamiltonian Eq. (1)],

Z(fub&] — fir®ab + ajin) Xy + V/2(~Oar mumia + Ommna11 ) Xg = (E' — Eo)Xi,

= Z ﬂujiijb = (E' - Eo)Xiy - ZfahXiIb + ZﬁinIa +V/2(8a1 M — O nar1 )Xo
jb b j

where E' is the energy of the electronic eigenstate I. (This expression also works for the eigenstate J by substituting I with J.)
Therefore,

- 2 anXb Z(n“kII’@kj + ﬂajkbG[XJ) - ZXkb b(EI - E])®]E;] - ZXIIb)(J] 1k®[X] + Jk®[XJ)
ijab ijkb
- Z \/E(X]!bXé + XijX(Ii) (Op17mnk1 — Okn i )®;E;]~
kb
As a result, the last three terms become

- Z XllcbX][b(El - E/)G)]E;c] + Z \/5 Z (XllcaX(]i + XiuX(Ii) Z ﬂlu/m\ Cva C)Ll®kh] >
jkb k a uvol

where the first term, along with the factor 1/ (E - E'), cancels with the occupied intra-subspace response in Eq. (34). Thus, there is
only intra-subspace responses between h and other occupied orbitals k+h in Z.

(iii) Intra-subspace response terms @E’Z]:
— (X()X] + XdX] )2 Z 7-[th1®51 Z XlaXl]h [Z(ﬂb®£g] +fac®£;] )] Z Xm)(][b [Z (ﬂC]th®£;] + ﬂgjic®£2] )]
iab c ijab
+ \/E Z (XilX(]i + XéX Z ﬂhhrc@ \/_ Z(Xth] + XdX{m) I:Z TThell @m + Z(ﬂhacl + ﬂhalc)@) ]
-yed s n,m{ ~2(XbX) + X4X))PEECnCrc — V2P GLCy + V2(F - G)chhck}
uvod
- Z el S mm V2 Z(X,CX] + X4XL)PirCnCys - S X1 XL (E' - Eyok.
uvod iac
Here, in a fashion analogous to the manipulations above, we have used the Schrédinger equation to recover the last two terms;
furthermore, again in analogy to the case above, the last term along with a factor of 1/(E/ — E') cancels with the virtual intra-subspace
response in Eq. (34). Therefore, in W, there is intra-subspace response only between frontier orbital 1 and other virtual orbitals ¢ # 1.
(iv) One-electron derivative terms h,E’ﬁ]:
Z h,w {Zx X,CuaCubp = -, XiaX],CiCoi + XgX} (—2CnCon + 2c,,1cvl)}
iab ija
These terms become FZ[VX] when written in the AQO basis.
(v) Two-electron derivative terms ﬂ[w]ﬂ
yvo)\ (XoX)) + X3X)) CunCinCor Gy + > X1 X}, CuaCot Coty Cat > X X! ,;Cyjcvkcoic/lk +> XfaX;bCyanjCaiCAb
uvol iabk ijak ijab
V2 Y (XA X5+ XiXh) CnCnCoiCn + V2 D (Xno X)) + X4X0,) Cun CraCa1 Cua
i a
+ Xéxé(—2 > CnCuiConCri+2 ) CnChiCa Cri + Ca CiCo1Cay + CunCin ConCan — 2C CinCon C)u;)}-
i i
These terms become I7, m after utilizing the definitions in Eqs. (16), (17), and (37)-(41).
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(vi) Overlap derivative terms SE;;]:

S SUIS (X0X] + XiX)| = 3 Cog (1 Cpn + mangn o) | +
af 1

- Z X{aX]Ja

ija

> XiuXs,
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1 1
- > Cag(fqpCpa + fagCpp) — 3 > Cag(Tagek + Taksg) Cae
iab q qk

1 1 1
- > Cag(faiCpi+fiaCpi) - 3 > Cag(Migix + Tikig) Cpr |+ X{abe (— 3 ) > Cag (b Cpa+ Tagiv Cgj + Tajgh Cpi + TajigCpp)
9 qk 9

ijab

1
-V2 Z(Xleﬁ + XﬁX{l)(—E) 3" Caq(qnit Cgn + 7ngin Cpn + g1 Cpi + 7tmig Cpr )
i q

1
+V2 Z(XlllaX{j + XéX]]m) (_E) Z Cuq (774011 Cpy + g1 Ca + Tnaq1 Cp1 + Mna14Cpa)
a q

+ 2XéX{i Z CogfinCpn + Z CagqTngniCpi — Z Cugfq1Cpr — Z CagmqiCgi
q qi q qi

- Z Cagmq111Cp1 — Z Caggnnn Cpn + Z Caq(ﬂthhcpl + ﬂlqlhcﬁh)
q q q

These terms become FEE:] when written in the AO basis and
using the definitions in Eqs. (16), (17), and (37)-(41). Note that in
order to combine as many terms as possible, we have utilized the
symmetry of 7 many times (%ysty = Tsrut = Tturs = Tutsr)-
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