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We present a very general form of electronic friction as present when a molecule with multiple orbitals
hybridizes with a metal electrode. To develop this picture of friction, we embed the quantum-classical
Liouville equation (QCLE) within a classical master equation (CME). Thus, this article extends our
previous work analyzing the case of one electronic level, as we may now treat the case of multiple
levels and many electronic molecular states. We show that, in the adiabatic limit, where electron
transitions are much faster than nuclear motion, the QCLE-CME reduces to a Fokker-Planck equation,
such that nuclei feel an average force as well as friction and a random force—as caused by their
interaction with the metallic electrons. Finally, we show numerically and analytically that our fric-
tional results agree with other published results calculated using non-equilibrium Green’s functions.
Numerical recipes for solving this QCLE-CME will be provided in a subsequent paper. Published by

AIP Publishing. [http://dx.doi.org/10.1063/1.4959604]

. INTRODUCTION

The non-adiabatic dynamics of coupled electron-nuclear
motion have gained a lot of interest recently, as such
motions fundamentally underlie many chemical reactions,
transition state theory, photochemistry, and many other
processes. Due to the breakdown of the Born-Oppenheimer
approximation,' propagating non-adiabatic dynamics is still
challenging theoretically and computationally.’

With only a few electronic states, there are nowadays
a few semiclassical dynamics methods available.>™ Among
the many possible algorithms, surface hopping, Ehrenfest
dynamics, and multiple spawning are used widely for both
realistic and model systems.»!%!° Direct propagation of
the Quantum-Classical Liouville Equation (QCLE)**?! is
yet another option, though numerical instabilities can be
problematic. As will be important below, the QCLE can be
derived either directly from a Wigner transformation of a
Liouville equation or from a linearized influence functional
formalism.?> Recent work has shown a connection between
Tully’s surface hopping algorithm and the QCLE.?}

Now, at a molecule-metal interface, with a manifold of
electronic degrees of freedom (DoFs), the coupled electron-
nuclear motion is obviously more tricky and there are far
fewer dynamical options; some of the schemes described
above carry over easily and some do not. On the one hand,
for mean-field dynamics, it is known that the simplest way
to model the effects of a metal surface on the motion of a
nearby molecule is the incorporation of “electronic” friction,
as has been derived independently by Head-Gordon/Tully,>*2
Brandbyge et al.,’**” Mozyrsky et al.,”® and von Oppen et al.>
On the other hand, an extension of traditional surface hopping
has also been proposed to include many electronic DoFs
through the Independent-Electron Surface Hopping (IESH)
formalism.>*3! More recently, a classical master equation
(CME) approach has been derived, which represents in
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a sense another (different) extension of surface hopping
to describe coupled electron-nuclear at a molecule-metal
interface 3>

Last year, in Ref. 35, we considered in detail the case of a
molecule with two different charge states in the adiabatic limit
where electron transitions occur much faster than nuclear
motion. In that adiabatic limit, as shown in Ref. 35, we
showed that a CME/surface hopping approach correctly
reduces to Langevin dynamics with the correct electronic
friction (agreeing with von Oppen and Tully), provided that
the effects of level broadening effect are not very large.
See Appendix C for a brief review. Galperin and Nitzan’’
have also studied the connection between surface hopping
and electronic friction from the framework of nonequilibrium
Green’s functions for the case of one molecular orbital and
two electronic states.

In the present paper, we will now extend the results of
Ref. 35 to the case of many electronic orbitals. Our approach
is as follows: First, we will embed a molecular system in
the Hamiltonian of a metallic bath (leading to a CME) and
second we will take the Wigner transform of the system
(which leads to the QCLE). The resulting QCLE-CME hybrid
is suitable for describing the coupled electron-nuclear motion
near metal surfaces when considering multiple molecular
DoFs (electronic and nuclear) in the molecule. Finally, in the
adiabatic limit, we will show how to transform the QCLE-
CME into a Fokker-Planck equation, where the friction and
random force can be expressed in a compact form. Our final
form of the friction nearly agrees with von Oppen results (both
numerically and analytically) in the limit of weak broadening.

Before proceeding, we note that the QCLE-CME hybrid
equation below incorporates a great many non-adiabatic
effects and should be a very powerful master equation for
future simulations. In a follow-up paper, we will provide a
numerical recipe for propagating QCLE-CME dynamics with
a surface hopping algorithm.

Published by AIP Publishing.


http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://dx.doi.org/10.1063/1.4959604
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4959604&domain=pdf&date_stamp=2016-08-01

054102-2 W. Dou and J. E. Subotnik

The remainder of this paper is organized as follows.
In Sec. II, we derive the QCLE-CME to describe coupled
electron-nuclear dynamics near metal surfaces, followed by
a transformation to a FP equation. In Sec. III, this QCLE-
CME is compared with another CME based on a reduced
density matrix description of all electronic DoFs (denoted
CME-1IRDM). In Sec. IV we compare our friction results
with previously published results. We conclude in Sec. V.

Notation. Our notation will be as follows: A “hat” denotes
an operator, e.g., O, which can be nuclear or electronic (or
both) in nature. The subscript “el” signifies an exclusively
electronic operator, that will usually depend parametrically
on some nuclear coordinate, e.g., the partially Wignerized
density matrix p.; = p.;(X,P). Bold face denotes vectors,
e.g., X denotes the coordinates of the nuclei in configuration
space. The greek letters o and S index nuclear vectors and
roman letters (n,m,k, . ..) index electronic orbitals.

Il. THEORY: QCLE-CME

To derive a general form of electronic friction, we begin
by decomposing the total Hamiltonian H,,; into a system
Hamiltonian ﬁs, a bath Hamiltonian I:Ib, and the interaction
Hamiltonian H, (coupling the system and bath),

I:Itnt:I:Is"'I:Iu‘}'ﬂb- (1)

Here, H, describes a molecule (i.e., our system) which
consists of many electrons that can hop between molecule
and metal with orbital creation/annihilation operators d:ji / cfn
These electrons are coupled to nuclear motion as follows:

. A P2 .
A=) hnR0ddy+ ) 20 +UK). @)

H, describes a metal surface (i.e., our bath) which is a
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The interaction H, between the system and bath is defined to
be bilinear,

Ay = Vim(@tdm + dyyé). )
km

For the system-bath couplings, we will assume the wide-
band approximation, such that the hybridization function
I',,(€) is independent of €,

Tyin(€) = 270 )" ViemVinS(€ = €) = Tun. )
k

A. Born-Markovian approximation for weak
system-bath couplings

For a tractable approach, we apply the Born-Markovian
approximation to the system-bath couplings, such that the
equation of motion (EOM) for the system density matrix can
be written as

J . 2
5P = -Lipr. (6)

We have written the above equation in the interaction
picture, where an operator 0 (in Schrodinger picture) evolves
as O;(t) = e!Hs+Hp)t/h(p=i(Hs+Hp)t/h The Born-Markovian
approximation assumes weak system-bath couplings and
an uncorrelated system-bath density matrix in the kernel’s
dynamics. The superoperator £; can be written explicitly
as

00

drtry[Apo(0), [Ar(c = 7). i) (R) 5711,
©)

where p;7 is the equilibrium density matrix of the bath. tr,,
denotes tracing over the bath DoFs. Equation (6) is often
denoted as a “Redfield Equation.”*

If we transform Eq. (6) back into the Schrodinger picture

p = e iHst/np oiHst/h the Redfield equations become

A, 1
Lipr= 7 ),

manifold of non-interacting electronic orbitals (6;, Cr), 9 P A
Eﬁ = —g[Hs,f)] - Lpsp, (8)
Hb = Z EkéZCAk. (3) N . .
% where L, now is given by
Ao, 1 (% —iAgt/h A A iBgt/har o\ —iHst /T neq iRt/
Losp =5 [ dre My ([Aro0). [Arole = 1), po)e 1 @) pi]) . ©)
0

B. A partial Wigner transform

In order to take the classical limit for the nuclei, we apply
a partial Wigner transform to the equation of motion of p
(Eq. (8)), where the partial Wigner transform of the density
matrix is defined as

puX.P) = o [ a¥(X-Y/2pIX + Y/
(10)

(

and the partial Wigner transform of an Operator O is
0.(X,P) = / dY(X - Y/2|0|X + Y/2)e'PY/" (11)

As usual,? the partial Wigner transform of the commutator in
Eq. (8) yields a quantum-classical Liouville equation (QCLE),
ioa i A R
= 5 [Hs plet = =5 [ (X P), pr(X, P)]
A X P, pa(X.P)}a.  (12)
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After the Wigner transform, H Sel is of the same form as H (in
Eq. (2)), but we replace the nuclear operators (X,P) with the
classical parameters (X, P),

HY(X,P) = Z hn(X)d? d, +

In Eq. (12), {-,-}, is defined as

A A 1 ~ 4 1 ~ A
{01,002}, = 5{01,02} - 5{02,01}, (14)

where {-,-} is the usual Poisson bracket

J. Chem. Phys. 145, 054102 (2016)

Thus,
. P, 90
el _ fa ¥V
{A¢,0Y, = ZMaaXa
Hel a0 ao Ol
.
2 ax opP, aP ax) (16)

When we apply the partlal Wigner transforms (Egs. (10)
and (11)) to the Redfield operator L »s in Eq. (8), we keep only
those terms up to the zeroth order in the gradient expansion.*’
In other words, we replace the Wigner transform of the product
by the product of the Wigner transforms (010,).; = 0¢'0%/,
such that

A Al .
(0000 Z 90, 6_02 ) 6_01002 s (LpsPer(X,P) = L (X)per(X,P). (17)
b — 0Xo 0Py 0Py 0Xo To be clear, let us write out L” (X)pe1(X,P) explicitly,
PN 1 . —iHE/n fye i i Al iHe!
Litpa == /0 dre 8y (L0, gL = 70, p (00 54 Q) i) 15", (1)

where we have defined

i) = A A
Iflve—i(ﬂx"lJrI:Ib)t/h.

After a Wigner transform has been performed, H¢!
depends only on X and P as parameters, and one can easily
evaluate Eq. (18) and write down .f;i (X) explicitly (see
Appendix A). Moreover, since the free potential U(X) and
kinetic energy terms in H¢' (Eq. (13)) commute with any
operators in Eq. (18), we note that the dependence of ﬁzls on
X arises only through £,,,(X).

Finally, the EOM for p.; becomes

J Ao R A N
5 Pet(X.Po1) = {H(X), per(X,P,1) o — Loi(X)per(X,P,1),
(19)

or more simply, if we drop the parametric dependence on
(X, P) for a moment,

0 A
_pel(t) = {Hel»pel(t)}u -Eel,ael(t)-

ot

Here, for every position X, we have defined L)
—Lffv()+ L[A¢!,.]. Because all of the relevant terms involve

commutators, it is straightforward to see that rr,L.;(-) = 0
where 7r, represents a trace over the system electronic DoFs.
Furthermore, as above, it is easy to see that fez depends
only on X (and not on P, i.e., L. = L.(X)) and that all
dependence on X arises through #,,,,,(X).

Eq. (19) is our starting point for studying friction: it is a
combination of the QCLE and CME for describing classical
nuclear motion with electron transitions for molecules near
metal surfaces; henceforward, we will abbreviate this equation
as the QCLE-CME. To further analyze Eq. (19), we consider

below the slow motion of nuclei (as compared with electron
transitions). We remind the reader that the discussion below is
completely analogous to the analysis in Ref. 35, even though
the math is necessarily more complicated.

C. Stationary states

A

To proceed further, we define o’el 4(X) to be the local

equilibrium distribution satisfying Lel(X)O' ¢(X) =0, with
normalization COIldlthIl tre0 g; =1 for all X. Recall that the
dependence of ¢ 4 on X arises only through /,,,,(X). We now
define A(X,P,t) = tr.p.;(X, P, 1) to be total probability density
in phase space at position (X, P). The difference between p,;
and Ao¢! is defined as B.1,

Pei(X,P,1) = AX,P,0)GEL(X) + Boy(XPr).  (20)

With Eq. (19), the coupled EOM for A and B, is (for
brevity, we temporarily omit the dependence on variables
X,P)

0 A
—Azlre{Hel,Aa'el }a+tre{ Bel}a

ot
P, 0A Hf’w, 0A
= — =+ e
M, 6X, Z " T am,
OHE 8B,
+ tre s 21
; (X, ap,) D
0 A . 2 A
_Bel - {H; ’Bel}u -0 el tre{H:l’Bel}u - LelBel

ot

+{H AT Y g — Gltr{HS AT Y. (22)
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D. The approximation of slow nuclei

Finally, to conclude our frictional model, we must make
the approximation that the nuclei move slowly compared with
electronic motion, such that we can disregard the first 3 terms

in Eq. (22), and approximate £,;B,; as*!
LoiBor = (AL AT Yo — 6SLir (A ATEL Y

Z Py awl
B Mpg axﬁ

Hself\el Ael He] 0A
32 )5t

axs 1t Teagx, ) gp,
Hsel A el 0A & el
_ Zne &l ap, e (23)

Note that both 51des of the above equation are traceless.
With this condition, we can solve for B, by formally inverting

the supermatrix £,;. Plugging the solution back into Eq. (21),
we get a Fokker-Planck (FP) equation for pure nuclear motion,

9 P, 9A dA
Fr _; M, 0X, ;Ff’a—m

" Z”’"apa " ;D “ﬁap 6Pﬂ )

Here Fy, Vap, Dop are the mean force, friction, and correlation
of the random force, respectively,

el

oHY
Fo(X) = —tr,( X o), (25)

(9[:151 A aa_el

eq
X, L 0Xg ) (26)

OH¢!

s ael

90X 4
3ﬁ61
~ el s s ael\ael
+0¢q X, = 2tr( X, O'eq)O'eq)). (27)
The Langevin equation that corresponds to the FP
equation in Eq. (24) is

MoK = Fa(X) = ) Yap(X)Xg + 6Fa(t).  (28)
B
Here 6 F, is a random force with a correlation function that is
Markovian

'Y(IB(X) = _tre(

(6I:Ifl
N 0X,
oH¢!

1
Daﬁ(X) = EIV L (

(6F\(1)5F5(t")) = 2Dop(X)8(t — 1'). (29)

Eqgs. (24)-(27) are the main results of this paper. There
are a few important points to address below.

E. The fluctuation-dissipation theorem

For one electronic bath, if H¢/(X) is diagonal at all
X in some fixed diabatic basis, the fluctuation-dissipation
theorem is automatically satisfied, i.e., Dog(X) = kTyqp(X).
To prove this statement, we note that the solution to
Lo(X)irel(X) = eL(X) = e S 0KT /Z(X)  (where
Z(X) = tree_H (X)/”), no matter whether A¢! is diagonal

J. Chem. Phys. 145, 054102 (2016)

or not (see Appendix A for a proof). If H¢/(X) is diagonal,
the following equation is also true:

0 -AgIx)/kT
90X,

yel
__k oy udalet M8 ﬁf’(X)/kr+e—ﬁ.€’<X>/kTaLf . 30)
2 \ 0Xp 0Xp

The fluctuation-dissipation theorem can then be verified by
plugging 6-¢,(X) = e S XVKT 1 7(X) into Egs. (26) and (27)
and using Eq. (30). More generally, if H¢/(X) is not diagonal,
Eq. (30) is correct to order of %,>! such that the fluctuation-
dissipation theorem is satisfied to order 7.

F. Energy conservation and the symmetry
of the friction

One question of interest is whether the mean force
(Eq. (25)) is conservative or not. While this question is
tricky to answer in general,”” we can show easily that at
equilibrium (i.e., in the case of one electronic bath), if the
system Hamiltonian is diagonal in some fixed diabatic basis,
then the mean force is conservative. To prove this statement,
we must show that the curl of the mean force is equal to 0,

aFa 6Fﬁ ¢ 31:151 66’:2) al:l.fl 86—551) ?
— =tr — =
0Xg 0Xo O 0Xp 0X, N 0X, 0Xp
(31
As mentioned above, at equilibrium, &-¢/(X) = e~ HS /KT

Z(X). Thus, if I:ISel is diagonal—such that we can apply
Eq. (30)—one can easily verify Eq. (31). More generally, the
mean force will always be conservative at equilibrium, even if
the system Hamiltonian is not diagonal. See the supplementary
material for details.

Another question of interest is whether the friction
(Eq. (26)) is symmetric in terms of the nuclear coordinates
a and B. In general, the exact friction is guaranteed to be
symmetric by time-reversal symmetry.*>*3 While our derived
friction is not symmetric, for a system Hamiltonian that is
diagonal in some fixed basis, there are two cases for which the
friction will be symmetric: (i) if we operate in the Redfield
regime (where I, < kT) or (ii) if we make the so-called
secular approximation. See Sec. III for more details.

lll. AMASTER EQUATION BASED
ON THE ELECTRONIC ONE PARTICLE
REDUCED DENSITY MATRIX (CME-1RDM)

As stated above, Eqs. (24)-(27) are the main results of
this paper. That being said, these equations may well appear
difficult to interpret because we cannot write down an explicit
form for the inverse of the Redfield operator, f;ll. To that end,
using a different approach, we will now derive a second master
equation, for which some analytical results can be obtained
in the limit that the system Hamiltonian is diagonal in some
diabatic basis. By doing so, we will connect our results to


ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-024629
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-024629
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other results from a well-established non-equilibrium Green’s
function formalism.?’

The ansatz is to work directly with the one particle
reduced density matrix, rather than the many-body eigenstates
of the system. The former approach is less general than
the latter approach, but should work well if there are no
electron-electron interactions. The reader can safely skip this
section if the results are not relevant to his or her research
interests and proceed directly to Sec. IV.

We will follow Ref. 44, working with the Hamiltonian

A =" hyndydn + Y Vin(Gedm + diyé) + ) e
mn km

k
(32)

The one particle reduced density matrix is
= (dydy). (33)

With knowledge of the commutators,
= hamd} = > Vimét, (34)
a k

[, H] = Z hnada + Z VinCr, (35)
(60 ) =~y = ) Veadss (36)
(6. H] = exéi + Z Vicada, (37)

hwa—mn(w) = _(hmm -

hnn)o-mn(w) + Z VkakuO—an(w)

J. Chem. Phys. 145, 054102 (2016)
we can evaluate the EOM for ¢,,,, (éljdAn) and (cf;’nék),
ihopn =-— Z RamT an + Z T mahna
= > Vinderda) + D Vinldya,  (38)
k k
lhat(@td\n) = _€k<é;Jn> - Z VkaCTan + Z hna<é;d\u>
+ ) Vienl &), (39)
k/
i}, 06) = exldi) + ) VeaTma = ) ham(diér)
= > Viem(élée). (40)
k/
To get a closed EOM for o, we approximate
(¢ = f(€x)Or,x» Where f is the Fermi function. If we
further assume that / is diagonal (K, = hypmOmn), then

the final result can be written explicitly. After a Fourier
transformation of Egs. (39) and (40), we get

M) )
== ) Vea@an(@) + Vin f€)216(w),  (41)

(ha) + (Ek

(hew = (ex = hm)X( 3 0)(@)
= VeaTma(®) = Vim [ (€)276(w).  (42)

Plugging the above equations into the Fourier transform of
Eq. (38), we find

1
fiw + (€x — hpp) +in

+ Z anVkaO—ma(w) A

= > VimVen278(w) f(€x)
k

= D VemVin2n6(w) f (ex) 3~
k

Here, 7 is a positive infinitesimal. In the limit of the wideband
approximation, we then arrive at the EOM for o,, (after a
Fourier transform back to real time),

) i 1
Omn = _(hmm - hnn)o-mn - ﬁ Z 1—‘mao-an

h
Z Lun0ma +

We will denote Eq. (44) as a CME 1RDM. Equation (44)
has a simple equilibrium solution, oy, = f(Rymm)Omn. We can

= Donn(f () + f (). (44)

1
w = (ek - hmm) + iT]
1
fiw + (Ek - hnn) + ”7
1
. 43
- (Ek - hmm) + ”7 ( )
rewrite the above equation in a matrix form,
& = —Le(o — 69, (45)
Here Iic can be written explicitly,
i
(LC)mnab = _ﬁ(hmaénb - hbnéma)
1
+ —Tna0np + TonOma)- 46
27‘1( b+ T ) (46)

Or, Lc()=—i[h, ]+ %[[,-]s, where [-], is an anti-
commutator. At this point, if nuclear motion couples with the
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electronic Hamiltonian A (Eq. (32)) such that h,,, depends
on the nuclear position X, the EOM for the nuclei becomes
., oU(X) 0hpn(X) o, &
—MeXy = + dtd,, 47
" oX, 0X, m “7)

mn

where U(X) is the free potential of the nuclei. In the spirit
of a mean field approximation,> we can replace cfjnain with
its average o, = (dA;'ndAn). Furthermore, to first order in the
velocity of the nuclear motion, we approximate Eq. (45) as

00
Z Xoldl e (48)

Plugging Eq. (48) into Eq. (47), the first term on the right
hand side of Eq. (48) gives a mean force, while the second

term gives a velocity (Xg) dependent force with a frictional
coeflicient y, g,

Oh a_, 006
X Le 0Xg )

When there are no electron-electron interactions, Eq. (49)
should be identical with Eq. (26); both results arise from
second order perturbation theory. In fact, in Appendix B we
show that the Redfield operator for the CME-1RDM can be
derived from the QCLE-CME.

Ya.p = _tre( (49)

A. Secular approximation

According to Eq. (49), we must invert a superoperator
in order to evaluate the electronic friction (just as found in
Eq. (26)); thus, we have not apparently made any progress
in gaining intuition. However, in this present case—where
we consider the 1-RDM—we can make one further, natural
approximation: the secular approximation. In doing so, we
assume that only the diagonal elements of & can be nonzero.
Equation (45) reduces to

T

é-mm = _%(Umm - f(hmm)) (50)
Similar to the argument above, we find a friction of the form
Ohymm 1 0 f (hmm)

wf = - 51
Yo =T LXK, Tym  0Xp GD

B. Symmetry of the friction

Working within a secular approximation, we can easily
show that Eq. (51) is symmetric between nuclei a, . That
being said, the more general expressions for friction (Egs. (26)
and (49)) are not totally symmetric. However, we will now
show that, in the Redfield limit where kT > T,,, symmetry
is maintained.

To prove this claim, We first need to evaluate the inverse
of the superoperator L,

~eq

00
0Xp'

Le¥ = —(r — 2R + —Y(F +i2h) = (52)

The above equation has a formal solution,

S LA / " et 00 i (3
6X/3 0 aXﬁ
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which can be verified by plugging the above equation into
Eq. (52) and integrating by parts. Since # is diagonal (in some
diabatic basis), with ¢4 = f(h), we have

9544 1 e—ﬁ/sz oh e—ﬁ/sz

=7 — —. 4
0Xp kT 1 + ¢ h/kT 0Xp | + ¢=h/KT S

If we assume that kT > I,,,,, (i.e., the Redfield limit), such
that [/kT,T"] ~ 0, the friction in Eq. (49) can be written as

2n [

Ya,p = ﬁ d/ltre

oh e—(f—izﬁ)/l—ﬁ/sz oh e—(f+i2ﬁ)/l—ﬁ/2kT

). (55)

X — — ~
0Xo 1+ hkT Xg 14 e hikT

Let us now show that Yo, =7¥p,e. To simplify the

= (-

P2 A-T J2kT
formulae, we denote U = ——a 4 We note U*

= U". Using the cyclic properties of the trace, we find

.2 [T oh . oh .
Yap = 4 /0 dﬁtre((ax ax; 1) )
21 oh

_<h O g+
=i ), d/l re(ﬂaxﬁﬂ _8X )

[
=22 aun Oh gy .
kT J, r( ﬂax )= Yap

so that 4 is necessarily real. Similarly,

* _ % ® a _ +
Yap = kT/O ‘M”e((axawaxﬁ(u )

2h [ , Oh
_ﬁ A dat re(aT(Ll axﬂq/[)

2n [ oh

=— datr, —U) =Ys.a-
T Jy <ax (”ax U=
Thus, we have proven that, in the Redfield limit, our friction
is symmetric. This result should hold both for Eq. (49) and,
because of the connection established in Appendix B, also for
Eq. (26) (the QCLE-CME friction).

(56)

(57

IV. RESULTS

Egs. (26) and (49) are not the first published, many-
orbital expressions for electronic friction. For the Hamiltonian
in Egs. (1)-(4), Ref. 29 gives an alternative expression for
electronic friction using a non-equilibrium Green’s function,

de
a=h | —tr.
Ya.p /an

oh oh oh oh
( 0.GR=— — G~—d.G* )
aX, 0Xs 0Xs 90X,

(58)

where  is the matrix form of A,,, in Egs. (13) and (32). To
evaluate Eq. (58), we need the retarded Green’s function GX,
whose inverse can be written as

(GR_I)mn = €0mn — Mimn + ilmn/2. (59)

For the case of one metal surface, the lesser Green’s function
is G, = —i2Im(GR ) f(e), where f(€) = is the
Fermi function.

1
1+exp(e/kT)
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Let us now compare our results versus Green’s function
results both analytically and empirically.

A. Analytical comparison

The different frictional expressions can be easily
compared in the special case that the system Hamiltonian
is diagonal (A, = hymdmn) and we invoke the secular
approximation.

Within the secular approximation, we neglect the oft-
diagonal terms in the Green’s function results, so that Eq. (59)
can be inverted as (provided #,,, is diagonal),

1

G®)n = Smn- 60
%) €—hym +ilm/2 ©0)
The friction (Eq. (58)) can then be evaluated,
n de Tpum 2
) ;/ ﬂ((e = B + <rmm/2)2)
6hmm 6hmm
X 0, —_— . 61
SO G T (61)
In the limit of kT > I',,,,, when we can disregard the effects of
2
broadening, T, m) — 476(€ = hym) and

Eq. (61) reduces to Eq. (51).

Note that, for completeness, for the special case of
a one-level system, we provide all relevant equations in
Appendix C (that also addresses the effect of broadening on the
friction).

B. Numerical comparison

An analytical comparison of density matrix approaches
versus Green’s function approaches is difficult beyond the
secular approximation and/or in the case of a nondiagonal
Hamiltonian. Thus, we have found numerical comparisons to
be very useful.

To compare our results with the Green’s function results,
we choose a two-level electronic system coupled with a
harmonic oscillator

A¢ = E\(x)d;d, + Ex(x)d}dy + V(dfdy + did))
1 2 P2

+ 5me 2+ e (62)

This system is subsequently coupled to one metal surface. For
the exact form of system-bath couplings, we take the wide-
band approximation, such that I',,,,, = 27 > Vi Vien6(€ — €x)
is independent of energy for all electronic orbitals n and m.
We investigate our results for two models

1. Ei(x) = gxV2mw/h, Ex(x) =0, 'y =T =T1n=0, I'n

=I,V=+0.

2. Ei(x) = gxVmw/2h — \Jmwg?x2/2h + A2,  Ex(x) = gx
Vmw/2h + mwg2x2/2h + Az, V=0T1=Tn=I,Tp
=Ty =-T.

Note that, for model #2, the system Hfl can be diagonalized
in a diabatic basis but for model #1, the system H¢ is non-
diagonal in every diabatic basis. If we want to diagonalize the
system Hamiltonian of model #1 in a position dependent

J. Chem. Phys. 145, 054102 (2016)

adiabatic basis, we would need to introduce derivative
couplings and the mathematics would get necessarily more
involved. The forms of the supermatrix LAZ’S for both cases are
given in Appendix A.

1. Non-diagonal system Hamiltonian

In Fig. 1, we compare our results (Eq. (26), which we
denote as QCLE-CME) with the Green’s function results (GF,
Eq. (58)) for model #1. For small I" (Fig. 1(a)), we see good
agreement between the two answers. As we leave the Redfield
regime (Fig. 1(b), ' > kT), the difference between the GF and
QCLE-CME results becomes larger, where we now find that
usually the QCLE-CME result has sharper dips or peaks. As
mentioned above, we are reasonably certain that all differences
between the QCLE-CME and GF results in Fig. 1 are due to
a lack of broadening in the QCLE-CME.

0.5
| — QCLE-CME
,// " GF
0.4 ’/’
/”" \
,’/ \\\
3 03’ ”,“‘ \\
g / \
~ / \
= \
0.2r ’/ ‘\\
/ / \\\\
0.1f / \
/ N\
-10 -5 0 5 10
zy/mw/h
()
0.35
—QCLE-CME
0.3t GF
0.25/ \/ ]
3 0.2 1
g
~
<0.15 1
0.1 1
0.05¢ 1
Yo -5 0 5 10

FIG. 1. Electronic friction as a function of x for model #1, with a non-
diagonal H b ! (a) In the Redfield regime (small T'), our QCLE-CME result
(Eq. (26)) agrees with the Green’s function (GF) result (Eq. (58)) very well.
(b) For larger I', the QCLE-CME and GF results agree less well, where we
find that usually the QCLE-CME result has sharper dips or peaks due to a lack
of broadening. k7 =0.01, %w =0.003, g =0.0075, V =0.01. (a) ' =0.01.
(b) '=0.02.
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0.16 — QCLE-CME

0.14f GF
---CME-1RDM

— CME-1RDM-Sec

0.12r-

0.1

3

£ o0.08f
0.06/
0.04}

0.02r

—qO -5 0 5 10

FIG. 2. Electronic friction as a function of x for model #2 where the sys-
tem Hamiltonian is diagonal. Results from the QCLE-CME (Eq. (26)) and
CME-1RDM (Eq. (49)) agree exactly and closely match the Green’s function
(GF) results (though without broadening). CME-1RDM-Sec results (Eq. (51))
perform less well, highlighting the limitations of the secular approximation,
which ignores off-diagonal contributions to the electronic friction (as caused
by intramolecular coherence). kT =0.01, iww =0.003, g =0.0075, A=0.01,
vV =0,I'=0.01.

2. Diagonal system Hamiltonian

Results for the diagonal Hamiltonian (model #2) are
plotted in Fig. 2. We plot the friction from Green’s function
(GF, Eq. (58)) theory versus the friction from all of the relevant
flavors of density matrix theory: QCLE-CME, CME-1RDM,
and CME-1RDM-Sec (i.e., CME-1IRDM with the secular
approximation, Eq. (51)).

Note the exact agreement between the QCLE-CME
and CME-1RDM frictional results, as must be true (see
Appendix B). The QCLE-CME/CME-1RDM friction closely
approximates the GF result. That being said, notice that when
we make the secular approximation, the quality of the result
decreases noticeably. The secular approximation performs
well only when the energy spacing between the adiabatic levels
of the system (ignoring system-bath coupling) is much larger
than I'. This analysis is consistent with the observation that
the CME-1RDM results and CME-1RDM-Sec results deviate
the most around x = 0 where |E(x) — Ej(x)| is smallest.

In the end, our QCLE-CME result for the electronic
friction in terms of the system eigenstates (Eq. (26)) captures
most of the relevant features for many-body friction (excluding
broadening). In the near future, we would like to apply this
frictional model to a more realistic, ab initio Hamiltonian,
where we can also investigate the spurious asymmetry of
Eq. (26). This work is ongoing.

V. CONCLUSION

We have formed a QCLE-CME hybrid set of equations
to describe the electron-nuclear coupled dynamics near
metal surfaces. In the adiabatic limit, where electronic
transitions are much faster than nuclear motion, we arrive
at a Fokker-Planck equation for pure nuclear motion, with
friction and random force given explicitly. Our final model

J. Chem. Phys. 145, 054102 (2016)

of friction mostly agrees with von Oppen’s results,?’ provided
that level broadening can be disregarded. However, we must
emphasize that because our QCLE-CME works naturally
in a basis of many-body eigenstates of the system—whereas
von Oppen’s approach works naturally with a one electron
Hamiltonian—differences will arise when electron-electron
correlation becomes important. In such a case, we expect the
QCLE-CME friction in Eq. (26) will be a better prescription
than the CME-1RDM or Green’s function friction results.
In the future, we hope to investigate these approaches with
realistic ab initio electronic structure calculations where such
electron-electron correlation effects can be explored.

SUPPLEMENTARY MATERIAL

See supplementary material for a proof of energy
conservation and a guide for evaluating the Redfield relaxation
operator.
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APPENDIX A: REDFIELD OPERATOR
IN THE SYSTEM EIGENBASIS

In this appendix, we show how to evaluate Eq. (18)
explicitly and computate .EAZIY . All manipulations will be at
one point in configuration space X, and so we drop all X
dependence for convenience henceforward. We will use the
indices N, M to denote electronic eigenstates of H 5’ .

To begin the calculation, we note that (in the interaction
picture),

A el A _epelip ok
H0) = 3 Vi B 15 o A gy omient g e (AT)

mk

When we plug Eq. (A1) into Eq. (18), we will find 8 nonzero
terms (4 terms plus their h.c.) when we disentangle the
commutators. To be explicit, we show one term

1 o i A _:gel ~ ifel
ﬁ/ dT Z mGVnke l€kT/hd:’-1€ iHY T/hdne HS't/n
0 mnk
X (1= f(e))per(t). (A2)
Here, we have used 1r(&ké0,) = (1 — f(€)dk k. To
proceed, we must diagonalize the system Hamiltonian, so
that we can express the N M matrix element as

_:gel ~ spel
(U+€ iH T/hdnelHS T/hU)NM

= (U d,U)y e ENEr M, (A3)
where U and Ey are the eigenvectors and eigenvalues of the
system Hamiltonian A¢'. Then the integral in Eq. (A2) for the
N M matrix element becomes


ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-024629
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> VokVis [ de(1 = flepe i
% 0

X (U+e_iﬁflT/hd\neiH§IT/hU) (A4)
NM
= 7th )" ViuiViur(1 = f(€x))
k
X (U d,U)nm6(€ — Eyg + EN) (A5)
h X _ .
= Ermn(U-FdnU)NM(l - f(EM - EN)) (A6)
For convenience, we now define (Dn) vm=U +dA,1U INm

(1 - f(Ey = En)),
shorthand notation),

so that Eq. (A2) becomes (with this

an A
d},UB,U* po). (A7)

2h

The final form for the Redfield operator is
Pel A m'l ™+ + A
B d,, UD, U (¢
Ly Per = o Pei(t)

mn

+ Z ﬂcfmUD;U+ﬁel(t)

- Z s per(UD, U

- Z M Pl OUDTU* + hoe. (A8)

In the above equation, we have further defined (D))
= (U'dU)nu f(En — En),  Pn)vm = (U dpU)nm f(Em
— Ey), and (B))nu = U*d;U)wm(1 = f(En — En)).

1. Equilibrium solution

At this point, we remind the reader that Eq. (AS8)
has a 51mple steady state solution to Lb Per =0, namely
por = e HEKT 17 (where Z is a normalization factor).*® To

prove this statement, we notice that Lb Per = 0 is satisfied if
we have

UDnU+ﬁel = pelUDnU+’ (Ag)

UD}Upes = paUDIU". (A10)
Let us focus on Eq. (A9), which is equivalent to

DnU+ﬁelU = U+ﬁelUDn- (A11)

We can verify that (U P U)ny = 6NMe‘EN/"T/Z is the
solution to Eq. (A11) by looking at the NM matrix element
on both sides of Eq. (A11),

U duU)n (1 = f(Erg — En))e EMIKT

= e ENMWUA A, U N f(En — En). (A12)
Slmllarly, Eq. (A10) can be also verified. Thus Pel
= ¢ HS'KT 17 s indeed the steady state solution to thpel

el
= 0. Moreover, it is easy to see that pe; =e 15 /%77
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is also the solution to fel,[)el =0, where f:el(-) = szi()
+ 3 [A].

2. Case of two level systems

Eq. (A8) is a rather general form of the Redfield operator,
which we now apply to the two-level model systems in Sec. [V.
In matrix form, the system Hamiltonian is

0
EV
H' = V1 E,
E\+E;

(A13)

where I,; is the electronic identity operator. The annihilation
operators are

010 0 001 0
000 0O 000 1

dy = Jdy = . (Ald)
00 0 -1 0000
000 0O 0000

After diagonalizing the system, the eigenvalues of H¢ are
denoted as En, N = 1,...,4, and the eigenvectors are

cos@ sin@
U= . . (A15)
—sinf cosf

Using Egs. (A8)-(A15), the Redfield operator can be
easily evaluated (we will leave details to the supplementary
material). For simplicity, we will use the notation fxas
= f(EN - EM)

For model #1 in Sec. IV, we find

r .
~ Liwpe = _5(31“29]31 +cos’0 f31)p5"
r . .
+ %(szeflz +c0s20 f13) p%4

r .
+ﬁsm¢90059(f13—f12)

X (932 + p23 (A16)
(Lykper)ss = —(L5peni, (A17)
r . .
~(Lytper)n = —%(COSZQ faz + sin®6 fu3) p5h
r .
+ %(cosze faa + sin6 f34) p5h
r
~ % sin 6 cos O(faz — fan)
X (53 + P55, (A18)
(L5 peras = —(L5 per)n. (A19)

For the coherence term, we find


ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-024629
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-024629
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el I . el el el
— (L pel)r3 = o sin # cos 9((f31 — 2P0 + (f3a = faa) Pl — (faz — fa2) P53
—(fi3— flz)P%) > (Sln29f12 + c0526 f13 + c0s20 f4r + sin 9f43>p§é (A20)
and (L5 per)s2 = (L5 per)ss
For model #2, where the system Hamiltonian is already diagonal, the operator ﬁzls can be written as
. ' I'» ' o I g T2 e .
(L pe = —(7f21 + f31)/3 flzpzé + 7f13,03§ + E(le + f13)(P55 + PS55).
. I'i S T o I g T2 e .
—(LE per)on = —(7](12 + —f42)P22 + —f21,01§ + 7f24p4i - E(fn — f3)(P%h + PS5),
(A21)
e I'i rzz I' o I g T2 e .
—(L per)ss = —(7f43 + f13)P f34,04i + 7f31pli - E(flz — f)(P55 + P55).
'y I'n 2 I'»
~(LE per)as = (= fra + —f24)Pi4 + —f43,0§é + = fapsh = == (f + f13)(055 + pSh).
h h h h 2h
The coherence term is
12
— (L per)as = ﬁ((fﬂ + )P = (fi2 = fa)p5h = (fi3 = fa3)pSh
= (fa+ f34)Pif;) 7 (F11f12 +Doafiz+Tnfa + Iﬂ11f43),023 (A22)
Again, (LZZS Pel)32 = (LZ’S Pel)ss- over the electronic DoFs,

APPENDIX B: DERIVING THE CME-1RDM
FROM THE QCLE-CME

Let us now show that if the system Hamiltonian is
diagonal, the QCLE-CME (Eq. (19)) can be mapped to the
CME-1RDM (Eq. (44)). Without nuclear motion, the QCLE-
CME (Eq. (19)) reduces to

i A A
—Pel = — 7 Hel’ De els B1
5P h[ < petl = Lyper (B
where les is given in Eq. (A8). If the system Hamiltonian
H¢! is diagonal, Eq. (A8) becomes

Betpa= 3"t g,

oY) f(hnn))ﬁel

mn

+ Z ot dund f (hun) e

- Z ot dhperdf (hun)
- 3 padi(1 - fha) e (B2)

In Sec. IIl, we defined Tmn in the CME-1RDM
as Omn —(d+d )—Tre(peld d,). Of course, & is Her-
mitian, because o7, = Tre(peld d,)*t = Tre(d dmpel) =
Tre(peld dm) = Onm-

To derive the CME-1RDM (Eq. (44)), we multiply
Eq. (B1) by dA;dAn on the right hand side and take the trace

0 P [ A a A
ETre(ﬁeld:—ndn) = _;lTre([Hsl’p\d]d;—qdn)

Tre((li LPer)d N dy). (B3)

To be this explicit, let us first evaluate the commutator in
Eq. (B3),
Tre((l:lselﬁel - ﬁelﬁfl)d\;d\n)
= Z hab(Tre(‘iZdAbﬁeldA;q‘in) - TVE(ﬁelCiszbdA;zd\n))
ab
= > han(dydndidy) = (didpdydn)). (B4)
ab

Because the Hamiltonian is quadratic, Wick’s theorem can be
applied

(dydndydp) = (dydp)Xdidp) + (dydp)dadl)
= TmnOab + Cmp(0an = Tan) (B5)
and
(drdpd’ dy) = TapTmn + Tan(Gmp — Tmp).  (B6)

Thus, the commutator in Eq. (B3) finally becomes

h Z(O-ma an —

Here, we have used the symmetry that h,,,,, = .

To evaluate the third term in Eq (B3), we first rewrite
LZ’Y Pel = Ll Pel + (Ll Der), where £ P represents the first
4 terms on the right hand side of Eq. (B2), and (£1 Per)t is the
Hermitian conjugate of £;p,;. Using Wick’s theorem again,
one can show that

%Tre([ﬂsel’ﬁel dA Ci maa-an)' (B7)
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2 N Y l"ab
Tre((Llpel)dmdn) = Z E(éana—mb - 6an6mbf(hbb) + O-an(smbf(hbb) - U-maébnf(hbb) + CmaObn — U-ano-mb)
ab
+ > Cn(Tap = Tpa)(1 = f(hp1)) + Tmn(Tab = Tba) f (). (BY)
Using the properties of the trace, we know that Tre((fl ﬁel)J'ciA;cfn) = (Tre((fl ﬁel)dA:;dAm))*, and thus
N Lab
Tre((-glpel) dmdn) = Z 2_h(6amo-bn - 6am6nbf(hhb) + O-m,adbnf(hbb) - a-anémhf(hbb) t O0anOmp — O-mao-bn)
ab
+ 3 Con(Tba = Tap)(1 = F(hpp) + Tmn(Tba = Tap) f (). (B9)
ab
Above, we have used the fact that o,,, = 0, and the fact _h [ de r :
that T, is real. Yob =5 | 27\ (e = h(X)2 + ()22
Eventually, the third term in Eq. (B3) becomes (with
e)l - f(e)) oh(X) 0h(X
R, SO S@) X)) o

Tre((-ﬁZiﬁel)d,\;gd\n) =

1 1
ﬁ za: rmao-an + ﬁ Za: l—‘cma-ma

1
- ﬁrmn(f(hnn) + f(hmm)) (BIO)

Plugging Eqgs. (B10) and (B7) into Eq. (B3), one arrives
at the CME-1RDM (Eq. (44)).

APPENDIX C: ONE-LEVEL CASE

For a one-orbital system Hamiltonian, all of the results
above are easily quantified and were reported in Ref. 35. The
system Hamiltonian is

R - P2
A = h(X)d*d + UX) + Z T (C1)

Using Eq. (19), we can show that the QCLE-CME reduces to

oy _ Z P, 9pf! aU(X) dpf!
ot My 6X(, 0X, 0P,
- 5f<h<X))psl ts L(1- f(hx) s (€
apy' 0 Pa 907 0 OUX) + h(X) Op!
T lmax, T ax, P,
+ f(h(X))Po - 5(1 - f(h(X))ps. (C3)

The CME-1RDM/CME-1RDM-Sec (Egs.
equations of motion are

(44) and (50))

0 r
= 5 () ). (€4
All three CMEs give the same friction,
oh(X) 0h(X
YeB =TT (h(X))( - f(hX)) a)(( : a)((ﬁ) ©

The Green’s function (Eq. (58)) gives a broadened result

kT 0Xo 0Xp
In the limit of k7T > I', when we can disregard the

2
effects of broadening, F(m) — 4r(e — (X)),

and Eq. (C6) reduces to Eq. (C5).
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