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I. DERIVING THE ELECTRONIC FRICTION TENSOR AND RANDOM FORCE

In this Supplemental Material (SM), we begin by deriving the electronic friction (Eq. 7) and random force (Eq. 9)
associated with Born-Oppenheimer (BO) motion. This will be done in two ways.

A. A Heuristic, Almost Correct Derivation

For our first approach, we provide a heuristic, almost correct derivation of BO Langevin dynamics. We assume
semiclassical dynamics, where the equation of motion for the nuclear trajectories (R, Py) and the electronic density
matrix (p) are given by Newton’s equations and the von Neumann equation respectively,

—maRy = . H (15)

p=—Lp (16)

o (or v) indexes nuclear degrees of freedom (DoF’s). £ is the Liouvillian superoperator. The Liouville operator is
standard, —£() = ,%[ﬁ ,+]. The electronic density matrix j satisfies tr.(p) = 1, where tr. implies tracing over all

electronic DoF’s.
To derive Langevin dynamics, we first rewrite Eq. as

—MaRe = tre(8aHp) + (0aH — tre(d,Hp)) (17)

where we have divided the total force into the average force and a random force.
We proceed to consider the electronic dynamics (Eq. . If the nuclei do not move, we assume there is a large

number of electronic DoF’s possible, so that the electrons will reach a steady state p = pss, where —ﬁﬁss =0.
Now if the nuclear motion is considered and nucleus v moves by R, dt over time step dt, we define

p=pss+Ap (18)
If we plug the above equation into Eq. and use the definition of the steady state solution, we find
p=—LAp (19)

We now invoke the key, adiabatic approximation. In the adiabatic limit, the electrons reach a steady state on a
timescale much faster than the typical timescale of nuclear motion, such that the difference between p and pss (which
is Ap) is very small. Hence, we approximate p by pss in Eq. and formally invert the Liouvillian,

Apm =L pos ==Y RyLT'Dypss (20)
Then, if we plug Egs. [I8 and 20 back into Eq. [I7] we arrive at a closed Langevin equation for the nuclei,
_mozRa = _Fa + Z’yauRu - 5Fa (21)
Here,
Fy = —tre(0aHpss) (22)
Yoy = —tre (aaﬁfﬁ—la,,ﬁss) (23)

0F, = —0aH +tr(0o.Hpss) (24)



In Eq. when evaluating the random force, we have replaced p by pss, which is consistent with our adiabatic
approximation.

We now look closely at the friction (Eq. . Using the identify £~ = lim, ¢+ fooo dt67(£+n)t, we can rewrite ya,
as the integral of a correlation function,

n—0+

Yar = — lim /00 dt tre (6,}]:[67 (Z“’)tayﬁss) (25)
0

where e’ﬁt(~) = e*im/h()em”h is the Liouvillian propagator. The above equation can be recast into the energy
domain,

Yo = — lim Oodttre(8aﬁe*i(ﬁ*i")t/h8yﬁssei(ﬁﬂn)t/h)

n—0t+ Jo

— — lim dt/ dt’ tre(a He iH=mt/hy 5 ci(H+in)t’ /h)a( —t)
n—0+

— " tm /OO de / dt/ dt (8 fe—iti=imt/ng 5 ci(A+int /h)eis(t—t’)/h
n—0+ 27h 0 e vires

>~ d 1 1

= — lim h/ —Etrp(é‘ H - Oy Pss ~ ) (26)

n—0+ ) 2w e—H+1in e—H —1in

Note that this friction tensor agrees exactly with Eq. 8 in the body of the letter.
Next, consider the random force §F,, and the corresponding correlation function:

Doy(t) = tre(eft/sE e~ HURSE 5 ) (27)

In the Markovian limit, we assume that, as far as time-dependence is concerned, D, (t) is simply a delta function at
time zero:

D (t) = 2Da,8(1) (28)

The assumption of a Markovian corrrelation function is consistent with adiabatic dynamicis (i.e. fast electronic
motion). Taking the integral for ¢ from 0 to oo, we find:

Doy = / dt tro (e /s Fre RS 5 ) (29)
0

Of course, in a realistic simulation, the random force §F, is replaced by a random number (,, which satisfies

(Ca(t)) = 0, (Ca(t)Gu(t)) = Dard(t —t') (30)

Here, we note that D,,, is not guaranteed to be real or symmetric and does not agree exactly with Eq. 9 in the body
of the letter. To recover the correct, real and symmetric, random force, we will now start from the quantum classical
Liouville equation (QCLE).

B. Derivation of Fokker-Planck equation from the QCLE

For our second approach, and to derive the proper electronic friction tensor and go beyond the heuristic derivation
above, in a spirit similar to Ref. [I], we start our derivation from the quantum-classical Liouville equation (QCLE)
21,

OWR,P,t) = {Hyos, Wy — (31)
Here W is the density matrix in phase space (R,P). {-,-}, is the anti-symmetrized Poisson bracket {-,-},

N ~ 1 o 1 ~ 4
{Htota W}a = §{Htot7 W} - i{wa Htot} (32)



As before, we will assume that the kinetic and potential energies are separable within the total Hamiltonian,

Hii(R,P) ) + Z ST (33)
such that,
N P, A 1 00 80 .
{Hiot, O} = — Ea: mjaao +3 %:(%Ha—Pa + ﬁaaH) (34)

Since we assume there is always a manifold of electronic DoF’s, the Liouvillian £ admits a local steady state solution
[6887

Dss 1s normalized, tr(pss) = 1. We will further define
W(R,P,t) = AR, P,1)pss(R) + B(R, P, 1) (36)

where A is the probability density in phase space, A = tre(W). In the adiabatic limit, B should be very small
compared to Apss, and at steady state, we expect B = 0.
Using Eq. we can write an equation of motion (EOM) for .4

P, o 0A - OB
8tA: —ZmiaaaA—FZtT‘e(aaHpss)ﬁ +Ztre(8aH87}3a) (37)

[e3

and for B ,

at[;’ = {f{tota B}a - fasstre{f{tota B}a + {f{tota A/jss}a - ﬁsstre{ﬁtoh Aﬁss}a - ﬁB (38)

In the adiabatic limit, the nuclear motion is much slower than electronic transition. Just as in Ref. [I], we can
approximate Eq. [38] as

EAB = {Htot; Aﬁss}a - ﬁsstrE{gtotv AﬁSS}U« (39)

Inverting the Liouvillian in the above equation, and plugging the solution for B back to Eq. we arrive at a closed
Fokker-Planck equation for the probability density A,

0 P 0*A
HA = —Z—a A— ZF + > %Wap my ZDWaP 3E, (40)

Here, the mean force F,, and friction ,, have the same forms as given by Eq. and Eq. However, the correlation
function of the random force in Eq. [40]is given by

_ 1 A ~ ~ N
D3, = str. (aaHzfl(auH,ass + sy H — Qﬁsstre(ﬁssayH))) (41)
The above equation can be rewritten in terms of time correlation functions,

= % / dt tro (e TS Eye™ TS E,y pas + pss6Ey)) = Re (Do) (42)
0

proving that D, is always real. Also, it is easy to show that D2, is also symmetric along a and v for real-valued H
and pss, i.e. DS = DS .

In Sec. [VII] of this SM, we show the non-Markovian version of this Fokker-Planck equation.

v



II. THE SECOND FLUCTUATION-DISSIPATION THEOREM

To prove the second fluctuation-dissipation theorem (Eq. 11 in the body of the letter), we will use the eigenvalue

or Lehmann representation of the electronic manifold, Hl|a) = F,|a):

Yav = *Z/ dt <a|aaﬁ|b>€7iEbt/h<b‘auﬁss‘a>eiEat/h
ab 0

= _hz<a|8af[\b> <b|auﬁss|a>

{
~ Ey— By + i

(43)

Here, 7 is an infinitesimially small positive number and we restrict ourselves to real-valued H and Dss- Since 7vq,, 18

real, we can take the real part of the above equation

Yo = —7hY (a0 H|b)(b|0ypss|a)d(Ey — Ea)
ab

At equilibrium, pss = %e*'@H. Let us denote p, = %e*ﬂEa. The following identities can be used,

. A e BEy _ o—BEa
6v<b|pss‘a> == 5abaupa = <b|aupes|a> + 7 <b\3y|a>

8y (b H|a) = 6440, Eq = (b|0,H|a) + (Ey — E,)(b|0,|a)
such that can rewrite (b|0, pss|a) as follows:

1 e BEv _ o—BEa

<b|8,,,5$s|a> = 5abaupa - (5abauEa - <b‘avﬁ|a>)

Z E,—-E,
1 1 e PEBs — e=FFa -
= —5ab§Pa3uZ + ZW<I9|@H|“>
0, Hpe) (b5 Lot e P o,
= Bire(0uHpss)( |p55|a>+§ﬁ< |0, H|a)

Above, we have used the fact that 5ab€_ﬁ?;%§% = 5ab6Eae’BEa = —Bqpe PP,

The second term in Eq. gives a force-force correlation function:

e BEy _ o—BEa

A A 1
77rhz<a|8aH\b)<b|8l,H|a>E E_E §(Ey — Eq)
ab @
R R e~ BEb
= B (al0aH|b) (010, H|a) ——8(Ey — Ea)
ab
/Bﬂ'h A N efﬂEb —+ e*BEa
= 72;<a|aaH|b><b|auH|a> 0B — E,)
S (0100 H ) 010 H s + s 1) 3y — B
ab

= g / dt tre(OaHe M0, Hpys + posOy H)e 1/
0
The first term in Eq. [47] gives a mean-field contriibution to the friction:

—mhB Y (alOa H|b) (bltre(0,H pas)pss|a)d(Ey — Ea)
ab

= 76/ dt tTe(aaf{e*i[:[t/ht,r,e(aygﬁss)ﬁsseiﬁt/h)
0

(44)



Finally, summing up the two contributions, we find that the final friction can be rewritten in terms of a correlation
function of the random force J F' in Eq.

Yow = ,g 0 dt tro(DaHe TN (GE, pos + posSE,)e!TH/M)
= g / At tre(0F e U (SE pyy + pesd F,)e'H1/M) = BDS (50)
0

Thus, the second fluctuation-dissipation theorem has been proven.

III. DETAILS OF NRG CALCULATION

To calculate the friction at equilibrium, we rewrite Eq. in the eigenvalue or Lehmann representation:

e BBy 1 ¢=BEa

7 0(Ey — E,) (51)

mh . .
Yo = T2 S aldFulb) D13 )
ab

Now, in an numerical renormalization group (NRG) calculation, the electronic continuum is mapped onto a semi-
infinite chain, with coupling between the nearest sites exponentially decaying. The typical energy scale for the Nth
site on the chain is

1
wN = 5(1+A—1)A—(N—1>/2 (52)

A is the logarithmic discretization parameter. For a given temperature, the semi-infinite chain is truncated at that
site N where wy is on the order of T, i.e.

log(2kgT/(1+ A~1))

N=1[1-2
log(A)

(53)

In the above equation, the squared bracket signifies the floor function, such that N is always an integer.

Thus, to calculate friction with NRG, one iteratively diagonalizes the semi-infinite chain up to the Nth site and the
resulting eigenstates and eigenvalues are plugged into Eq. For a practical calculation, the delta function in Eq.
[B1]is chosen to be a gaussian with a width 7y .

1 _(Bp—Eq)?
6(Eb - Ea) = Wﬁ 7112\, (54)

As is common with NRG calculations, 7 is chosen to be 0.3wy — 0.8wn [3].
In our calculations, 500 states are kept for each iteration. The logarithmic discretization parameter is A = 2, and
ny = 0.8wy.

IV. MEAN-FIELD THEORY FRICTION

In Fig. 1 of the letter, we plotted the electronic friction according to mean-field theory (MFT) for the Anderson-
Holstein model. We now show how such electronic friction is calculated. The basic premise is that we construct a
one-electron mean-field Hamiltonian:

IA{MF = Eeff Z dA;CZU + Z Vk(djéka + ézad}) + Z ekéz_géka - UTLTTLJ, (55)
o ko ko

We assume, because there is no external field to break spin-symmetry, that ny = n;, where n, = <chch> Further-

more, Feyy is given by

Eeff = E(l’) +nU (56)



and

de T
= / 21 (e — Eopp)? + (r/2)2f(€) (57)

Eq. and Eq. have to be solved self-consistently. The final electronic friction is given by [4]

h de r 2
y=-2x S0k [ e <(6 T /2)2) 8cf(6) (58)

The factor 2 in the above equation counts for spin degeneracy.

V. QUADRATIC HAMILTONIAN

We now show our results (mean force, friction and correlation of random force) for the case of a quadratic electronic
Hamiltonian. Our goal is to show that the friction and random force presented in the main body of the letter are in
complete agreement with Head-Gordon and Tully [5].

To begin our derivation, as usual, the total Hamiltonian Hyop is separated into the electronic Hamiltonian H and
nuclear kinetic Hamiltonian,

2

Hyor = H + Z oo (59)
The electronic Hamiltonian is written with the following notation:
H = Z hap(R)d} dy + Uy (R) (60)

Uo(R) represents the component of the potential energy for the nuclei that is uncoupled from the electronic orbitals
(p, q). We remind the reader that the Hamiltonian in Eq. is exactly the same as (or even slighlty more general
than) the Hamiltonian used by von Oppen et al in Ref. [6]. In Ref. [6], the electronic Hamiltonian is divided into
dot, metal and coupling, which are all quadratic. That being said, we have rewritten this quadratic Hamiltonian
in a compact way, without specifying dot, metal and coupling Hamiltonian, such that the matrix elements h,q(R)
represent (inclusively) the dot energy, the coupling between dots, the coupling between dots and metal, the energy
levels of the metal nearby, etc. Of course, hy,(R) is a very general notation, and specific matrix elements may or may
not depend on the nuclear DoFs (R).

A. Mean Force

The mean force is easy to evaluate (using Eq. ,

Fo = —tr(0aHpss) = —0.Up(R Za hap(R)tre(d) dgpss) (61)

If we define o, = tre(czzf(iq Dss), the mean force can be written as
Fo, = = —0,Up — Try, (0ah %) (62)

Here Tr,, implies summing over electronic orbitals, such that

T (Ol o™ Za hapTis. (63)



B. Electronic Friction
We now evaluate the friction using Eq.
Yo = — /00 dt tr, (8aﬁe*im/hé‘yﬁsseim/h> (64)
0
Note that Up(R) does not contribute to the friction, because
e (0aUoe™ #1710, puye /M) = 0,Uy tre (Duss) = 0. (65)
Here, we have used the fact that tr. (pss) = 1. The friction can be rewritten as

- / " tre (Mg, e 1), 5,
0

oo N ~ ~ LA
_— / dt S Oahmmtre (e““/ Rt d e it/ h&,ﬁss) (66)
0 mn
We proceed to evaluate
é;(t) — eiI:It/hCz;;efiﬁt/h (67)
Cin(t) _ eiflt/h&nefif{t/h (68)

The time derivatives of these operators are

3 (0) = ML, d e thcﬁ t (69)
n(t) = €2 dy e 1 = Zh,md,, t) (70)

The above equations can be solved

eth(Zjnefiﬁt/h _ Z(eigt/h)ma(jj (71)

eiﬁtdnefiﬁt/h _ Z(e—igt/h)bnéb (72)
b

If we plug the above equations into Eq. we find:

7/ dt Z Oohm zht/h)ma(e—igt/h)bntre (dAjdbau,ﬁss)

mnab

- / a3 Db (€208, 05 (M),

mnab

Yav

= —/ dt Trp, (O, helht/ha,,gse‘@/h) (73)
0

Electronic Friction At Equilibrium

At equilibrium, the friction can be further simplified. We transform to the energy domain, just as we did in Eq.
[26 Now, the friction reads

de 1 1
al/:_h Tmaah au 58 3
B /2 T fh—m Z 6*@4’117)

— —hZ/ de (kl0ahl) - <1|a ﬂ/@% (74)

€— €+



Here, we have expressed the friction in the basis where h matrix is diagonal

b= alk)k (75)
k
At equilibrium, we have
= flew)|k)(k (76)
k
We first evaluate
0.2 1K) = e 2y, 1 0, ) (e) — Se) ()
Since
Ou(llh|k) = Operdu = (e — e )(l|0L|E) + (|0, hlk), (78)
this implies that
1|0y h|k €x) — f(e
OB ey = ) = @LIBI) — Fle) + ep LB =)
k€l €k — €1
= WO F(er) — Fler) + Do 2L (79)
Comparing Eq. [77 and Eq. [79] we have
1|0, bk
(11,0° k) = <€|k Ll> (f(ex) = f(er) (80)
Using the above results to evaluate the friction, we have
B de 1 fle) = fla)
Yo = fh/ Z klOahll) - <1|a hlk) — P ——
. 1 flew) — fla)
= 7zhz<k|3a@l><l|a”gk> € — € +2in  €p—€ (&)

kl

At this point, since 74, is real and we assume (by ansatz) that h is real, therefore we can ignore the principal part
in the above equation. More generally, if h were a complex Hermitian, we could also ignore the principal part in the
same spirit as the wide band approximation. We then arrive at

S (k19 1) 110, Bl (e — )LL)

Yar = E p—
- -y | detninte - piaumita - o) 2
_ —th/ de (KO hl1)5(c — &) (10,1l k) (e—ek)af()
— —an [ deT, @b 2ODL L) (52)
Here we have defined
B0 = T ot -l (83)

Eqn. |82 agrees with Head-Gordon and Tully [5] at zero temperature and with the conjecture of the results at finite
temperature by Tully et al in Ref. [7].

As a side-note, we mention that, in the case of a complex h and without the wide band approximation, the principal
part in Eq. would give rise to an asymmetric component of 74, along o and v. Such effects may be interesting
and should be investigated further.



C. Correlation Function of Random Force

The correlation function of the random force by definition is
Dau(t) = tre(0Fa()6F,(0)pss) = D Oahgpduhumtre(e T/} dye™ 0 (dS dyy — 035, pss) (84)
pgmn

Similar to the previous subsections, we have

eiﬁt/th;refth/h = Z(e@t/n)padj (85)
eth/hdqefiﬁt/h _ Z(e—@/h)qub (86)
b
which implies that,
Dau(t) = Z aahqp(eigt/h)paauhnmtre(djdb(d;szn - Jrswfn)ﬁSS)(e_igt/h)bq (87)

pgmnab

For a quadratic Hamiltonian, we can apply Wick’s theorem,

tre(dy dy(dfdn — o55,)pss) = oo (1 — o53,) (88)
The correlation function of random force becomes
Dau(t) = Z aahqp(eigt/h)paaziiavhnm(1 - Ufwfb)(eiigt/hnq (89)
pgmnab
= Trp(Oahe™/"g*0,h(1 — g**)e 2/") (90)

We consider fast electronic motion (Markov limit), D, (t) = 2D4,0(t), where

Doy = / 0t Tr (Do he™2/ g% 0, h(1 — o**)e~ik0/") (91)
0

The Correlation Function of Random Force At Equilibrium

At equilibrium, ¢** = f(h). In a basis, where h is diagonal,

1

de 1
Doy = h/27T%;<k|aah|l>€_q_m(1—f(el))<l|5uh|k>€_6w7f(€k)
. 1
= ih ) _{kOahl)(L = F(e))10IK) ——— - f(er) (92)

kl

Since, DS, = Re(Day), if h is real or if h is complex (but the wide band approximation applies), we can ignore the
principal part of Eq. and so

wh Y (klOahll) (1 = f(e) (U hlk)3(er — er) f(er)

kl

WhZ/de<k|3aQ|l>5(e — ) (l|0uh|k)(er — ex) fler)(1 — fler))
kl

NS
Dal/

w3 [ delblOuhl (e — ) 1B e — ) F(€)(1 - £(6)
kl

— 7h / de Tty (9uh P(€)8,h P(€) f(€)(1 — f(e)) (93)

As we mentioned above, in the case of a complex h without the wide band approximation, the principal part in Eq.
give rise to an asymmetric component of D2, along a and v. Such effects should be investigated in the future.

Eq. was not derived by Head-Gordon and Tully, but does satisfy the second fluctuation-dissipation theorem
with Eq. Furthermore, in a future article, we will show that Egs. and [82] are also in complete agreement with
von Oppen et al [6].
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VI. AN EFFECTIVE LIOUVILLIAN APPROACH: FRICTION AND MASTER EQUATIONS

Before concluding, let us connect the present universal picture of electronic friction (Eq. with another expression
for friction published previously [I]. In Ref. [I], we considered a special Hamiltonian, whereby we could divide all
of the world’s electronic DoF’s into system and bath electrons. The dynamics of the system electronic DoF's, which

were coupled with nuclear DoF’s, followed an effective Liouvillian L. t7 as obtained by a quantum master equation:

fésys = _['efflésys (94)

The effective Liouvillian for the system contains explicit dissipation due to coupling to the bath. Following the same
derivation in Sec. [l of this SM, we now find the following expression for friction

V6l = —troge (OatuysL 0,05 ) (95)
while the correlation function for the random force is

ne 1 2 A— & ~S ~SS i ~SS
DY = Strags (aa Hoplo} (ay Hayo 5 + 53500 Hoys 2t1"sys(psysastyg)pqy9>) (96)

Here trsys implies tracing over system electronic DoF’s, and pgy is the system steady state density matrix. Eqs.
were derived previously in Ref. [I]. Because the effective Liouvillian was derived from a quantum master equation,
Egs. do not properly treat level broadening effects [I]. Furthermore, because a quantum master expression
introduces explicit relaxation and breaks time-reversibility, neither the friction nor the correlation function for the
random force in Eqgs. [05] - [00] is guaranteed to be symmetric along a and v.

VII. NON-MARKOVIAN FOKKER-PLANCK EQUATION

In this final section of the SM, we will now extend the Fokker-Planck equation from Sec. [[B]to the non-Markovian
limit (which will connect with Ref. [§]) and introduce the simplest possible form of memory. Following Sec. we
start from the EOM for A and B

P, <L 0A . OB
QA = — Za: m—ZaaA + %: tre(aaﬁr,oss)E + Za: tre(aaHﬁ) (97)
até = {ﬁtoh B}a - ﬁsstre{ﬁtota B}a + {ﬁtoty A[)ss}a - ﬁsstre{ﬁtota Aﬁss}a - EAB (98)
At this point, we make a slightly different approximation so that we replace Eq. 39 by the following:

at[;, = {FItoh -A/A)ss}a - ﬁsstre{f{tota Aﬁss}a - LAB (99)

We now solve for

s t s, R .
B(t) = e *'B(0) + / dt'e= =) ({Htot,A(t')ﬁss}a—ﬁsstre{Htot,A(t’)ﬁss}a> (100)
0

We assume that, at ¢ = 0, the total system is at equilibrium, i.e. B(O) = 0. Then, if we plug the above equation into
the EOM for A (Eq. 7 we arrive at a non-Markovian Fokker-Planck equation,

B A(t) = —Z—&A ZF Z/ At Feu (t — /)ai Ly +Z/ dt' Dy, t—t)g;fa(i;)y

[0

(101)

where
Fon(t — 1) = —tre(aaﬁle La-"p, 5 ) (102)
DS (1 #) = %tre <5Fae—ﬁ(t—t/)(5ﬁ‘uﬁss +ﬁss(sﬁu)) (103)
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It is easy to verify that, in the Makovian limit, the above equation (Eq. [I01)) reduces to the Fokker-Planck equation

in Sec. n Eq. .

Let us now show that the second fluctuation-dissipation theorem still holds at equilibrium (at least approximately).
At equilibrium, pes = e #/#8T /7 where Z = tr.(e~H"/*8T) so that the following relationship holds in the semi-
classical limit [9],

. 1 o . N
dye kT — __— (9, He H/koT 4 o=H/ksTy fr) (104)
2kgT
Thus,
Ouires = o (Do Hpos - pasH = 21O Hpas)pas) = 57 (0Fups + prsdF) (105)
vPss — 2]€ T Pss pss e Pss)Pss QkBT Vpss pss
and the second fluctuation-dissipation theorem can be verified:
S (1) = 1n4mﬁwmm+%&» L ps @) (106)
2kgT kT "
Here we have defined
SEn(t) = etsfp et (107)

To further connect our results to those in Ref. [§], we can perform a Laplace transform, which is defined as

:/ﬁmmwt (108)
0
After a Laplace transform, the friction reads

Tar () = 5 —itre (0Fu(5) (0Fupas + posd ) ) (109)

1
2kpT
Eq. agrees with Eq. 3.18 in Ref. [§]. Note, however, that the Ref. [8] worked with a one-dimensional nuclear
coordinate. For a mulitdimensional system, one must symmetrize the force-force correlation function, as in Eq.
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