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I. DERIVING THE ELECTRONIC FRICTION TENSOR AND RANDOM FORCE

In this Supplemental Material (SM), we begin by deriving the electronic friction (Eq. 7) and random force (Eq. 9)
associated with Born-Oppenheimer (BO) motion. This will be done in two ways.

A. A Heuristic, Almost Correct Derivation

For our first approach, we provide a heuristic, almost correct derivation of BO Langevin dynamics. We assume
semiclassical dynamics, where the equation of motion for the nuclear trajectories (Rα, Pα) and the electronic density
matrix (ρ̂) are given by Newton’s equations and the von Neumann equation respectively,

−mαR̈α = ∂αĤ (15)

˙̂ρ = − ˆ̂Lρ̂ (16)

α (or ν) indexes nuclear degrees of freedom (DoF’s).
ˆ̂L is the Liouvillian superoperator. The Liouville operator is

standard, − ˆ̂L(·) = − i
~ [Ĥ, ·]. The electronic density matrix ρ̂ satisfies tre(ρ̂) = 1, where tre implies tracing over all

electronic DoF’s.
To derive Langevin dynamics, we first rewrite Eq. 15 as

−mαR̈α = tre(∂αĤρ̂) + (∂αĤ − tre(∂αĤρ̂)) (17)

where we have divided the total force into the average force and a random force.
We proceed to consider the electronic dynamics (Eq. 16). If the nuclei do not move, we assume there is a large

number of electronic DoF’s possible, so that the electrons will reach a steady state ρ̂ = ρ̂ss, where − ˆ̂Lρ̂ss = 0.
Now if the nuclear motion is considered and nucleus ν moves by Ṙνdt over time step dt, we define

ρ̂ = ρ̂ss + ∆ρ̂ (18)

If we plug the above equation into Eq. 16 and use the definition of the steady state solution, we find

˙̂ρ = − ˆ̂L∆ρ̂ (19)

We now invoke the key, adiabatic approximation. In the adiabatic limit, the electrons reach a steady state on a
timescale much faster than the typical timescale of nuclear motion, such that the difference between ρ̂ and ρ̂ss (which
is ∆ρ̂) is very small. Hence, we approximate ρ̂ by ρ̂ss in Eq. 19 and formally invert the Liouvillian,

∆ρ̂ ≈ − ˆ̂L−1 ˙̂ρss = −
∑
ν

Ṙν
ˆ̂L−1∂ν ρ̂ss (20)

Then, if we plug Eqs. 18 and 20 back into Eq. 17, we arrive at a closed Langevin equation for the nuclei,

−mαR̈α = −Fα +
∑
ν

γανṘν − δF̂α (21)

Here,

Fα = −tre
(
∂αĤρ̂ss

)
(22)

γαν = −tre
(
∂αĤ

ˆ̂L−1∂ν ρ̂ss
)

(23)

δF̂α = −∂αĤ + tre(∂αĤρ̂ss) (24)
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In Eq. 24, when evaluating the random force, we have replaced ρ̂ by ρ̂ss, which is consistent with our adiabatic
approximation.

We now look closely at the friction (Eq. 23). Using the identify
ˆ̂L−1 = limη→0+

∫∞
0
dte
−
(
ˆ̂L+η

)
t
, we can rewrite γαν

as the integral of a correlation function,

γαν = − lim
η→0+

∫ ∞
0

dt tre

(
∂αĤe

−
(
ˆ̂L+η

)
t
∂ν ρ̂ss

)
(25)

where e−
ˆ̂Lt(·) = e−iĤt/~(·)eiĤt/~ is the Liouvillian propagator. The above equation can be recast into the energy

domain,

γαν = − lim
η→0+

∫ ∞
0

dt tre

(
∂αĤe

−i(Ĥ−iη)t/~∂ν ρ̂sse
i(Ĥ+iη)t/~

)
= − lim

η→0+

∫ ∞
0

dt

∫ ∞
0

dt′ tre

(
∂αĤe

−i(Ĥ−iη)t/~∂ν ρ̂sse
i(Ĥ+iη)t′/~

)
δ(t− t′)

= − lim
η→0+

∫ ∞
−∞

dε

2π~

∫ ∞
0

dt

∫ ∞
0

dt′ tre

(
∂αĤe

−i(Ĥ−iη)t/~∂ν ρ̂sse
i(Ĥ+iη)t′/~

)
eiε(t−t

′)/~

= − lim
η→0+

~
∫ ∞
−∞

dε

2π
tre

(
∂αĤ

1

ε− Ĥ + iη
∂ν ρ̂ss

1

ε− Ĥ − iη

)
(26)

Note that this friction tensor agrees exactly with Eq. 8 in the body of the letter.
Next, consider the random force δF̂α and the corresponding correlation function:

Dαν(t) = tre(e
iĤt/~δF̂αe

−iĤt/~δF̂ν ρ̂ss) (27)

In the Markovian limit, we assume that, as far as time-dependence is concerned, Dαν(t) is simply a delta function at
time zero:

Dαν(t)→ 2D̄ανδ(t) (28)

The assumption of a Markovian corrrelation function is consistent with adiabatic dynamicis (i.e. fast electronic
motion). Taking the integral for t from 0 to ∞, we find:

D̄αν =

∫ ∞
0

dt tre(e
iĤt/~δF̂αe

−iĤt/~δF̂ν ρ̂ss) (29)

Of course, in a realistic simulation, the random force δF̂α is replaced by a random number ζα, which satisfies

〈ζα(t)〉 = 0, 〈ζα(t)ζν(t′)〉 = D̄ανδ(t− t′) (30)

Here, we note that D̄αν is not guaranteed to be real or symmetric and does not agree exactly with Eq. 9 in the body
of the letter. To recover the correct, real and symmetric, random force, we will now start from the quantum classical
Liouville equation (QCLE).

B. Derivation of Fokker-Planck equation from the QCLE

For our second approach, and to derive the proper electronic friction tensor and go beyond the heuristic derivation
above, in a spirit similar to Ref. [1], we start our derivation from the quantum-classical Liouville equation (QCLE)
[2],

∂tŴ(R,P, t) = {Ĥtot, Ŵ}a − ˆ̂LŴ (31)

Here Ŵ is the density matrix in phase space (R,P). {·, ·}a is the anti-symmetrized Poisson bracket {·, ·},

{Ĥtot, Ŵ}a =
1

2
{Ĥtot, Ŵ} −

1

2
{Ŵ, Ĥtot} (32)
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As before, we will assume that the kinetic and potential energies are separable within the total Hamiltonian,

Ĥtot(R,P) = Ĥ(R) +
∑
α

P 2
α

2mα
(33)

such that,

{Ĥtot, Ô}a = −
∑
α

Pα
mα

∂αÔ +
1

2

∑
α

(∂αĤ
∂Ô
∂Pα

+
∂Ô
∂Pα

∂αĤ) (34)

Since we assume there is always a manifold of electronic DoF’s, the Liouvillian
ˆ̂L admits a local steady state solution

ρ̂ss,

ˆ̂L(R)ρ̂ss(R) = 0. (35)

ρ̂ss is normalized, tre(ρ̂ss) = 1. We will further define

Ŵ(R,P, t) = A(R,P, t)ρ̂ss(R) + B̂(R,P, t) (36)

where A is the probability density in phase space, A = tre(Ŵ). In the adiabatic limit, B̂ should be very small
compared to Aρ̂ss, and at steady state, we expect B̂ = 0.

Using Eq. 31, we can write an equation of motion (EOM) for A

∂tA = −
∑
α

Pα
mα

∂αA+
∑
α

tre(∂αĤρ̂ss)
∂A
∂Pα

+
∑
α

tre(∂αĤ
∂B̂
∂Pα

) (37)

and for B̂,

∂tB̂ = {Ĥtot, B̂}a − ρ̂sstre{Ĥtot, B̂}a + {Ĥtot,Aρ̂ss}a − ρ̂sstre{Ĥtot,Aρ̂ss}a − ˆ̂LB̂ (38)

In the adiabatic limit, the nuclear motion is much slower than electronic transition. Just as in Ref. [1], we can
approximate Eq. 38 as

ˆ̂LB̂ = {Ĥtot,Aρ̂ss}a − ρ̂sstre{Ĥtot,Aρ̂ss}a (39)

Inverting the Liouvillian in the above equation, and plugging the solution for B̂ back to Eq. 37, we arrive at a closed
Fokker-Planck equation for the probability density A,

∂tA = −
∑
α

Pα
mα

∂αA−
∑
α

Fα
∂A
∂Pα

+
∑
αν

γαν
∂

∂Pα
(
Pν
mν
A) +

∑
αν

D̄S
αν

∂2A
∂Pα∂Pν

(40)

Here, the mean force Fα and friction γαν have the same forms as given by Eq. 22 and Eq. 23. However, the correlation
function of the random force in Eq. 40 is given by

D̄S
αν =

1

2
tre

(
∂αĤ

ˆ̂L−1(∂νĤρ̂ss + ρ̂ss∂νĤ − 2ρ̂sstre(ρ̂ss∂νĤ))
)

(41)

The above equation can be rewritten in terms of time correlation functions,

D̄S
αν =

1

2

∫ ∞
0

dt tre
(
eiĤt/~δF̂αe

−iĤt/~(δF̂ν ρ̂ss + ρ̂ssδF̂ν)
)

= Re
(
D̄αν

)
(42)

proving that D̄S
αν is always real. Also, it is easy to show that D̄S

αν is also symmetric along α and ν for real-valued Ĥ
and ρ̂ss, i.e. D̄S

να = D̄S
αν .

In Sec. VII of this SM, we show the non-Markovian version of this Fokker-Planck equation.
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II. THE SECOND FLUCTUATION-DISSIPATION THEOREM

To prove the second fluctuation-dissipation theorem (Eq. 11 in the body of the letter), we will use the eigenvalue
or Lehmann representation of the electronic manifold, Ĥ|a〉 = Ea|a〉:

γαν = −
∑
ab

∫ ∞
0

dt 〈a|∂αĤ|b〉e−iEbt/~〈b|∂ν ρ̂ss|a〉eiEat/~

= −~
∑
ab

〈a|∂αĤ|b〉〈b|∂ν ρ̂ss|a〉
i

Eb − Ea + iη
(43)

Here, η is an infinitesimially small positive number and we restrict ourselves to real-valued Ĥ and ρ̂ss. Since γαν is
real, we can take the real part of the above equation

γαν = −π~
∑
ab

〈a|∂αĤ|b〉〈b|∂ν ρ̂ss|a〉δ(Eb − Ea) (44)

At equilibrium, ρ̂ss = 1
Z e
−βĤ . Let us denote ρa = 1

Z e
−βEa . The following identities can be used,

∂ν〈b|ρ̂ss|a〉 = δab∂νρa = 〈b|∂ν ρ̂ss|a〉+
e−βEb − e−βEa

Z
〈b|∂ν |a〉 (45)

∂ν〈b|Ĥ|a〉 = δab∂νEa = 〈b|∂νĤ|a〉+ (Eb − Ea)〈b|∂ν |a〉 (46)

such that can rewrite 〈b|∂ν ρ̂ss|a〉 as follows:

〈b|∂ν ρ̂ss|a〉 = δab∂νρa −
1

Z

e−βEb − e−βEa
Eb − Ea

(δab∂νEa − 〈b|∂νĤ|a〉)

= −δab
1

Z
ρa∂νZ +

1

Z

e−βEb − e−βEa
Eb − Ea

〈b|∂νĤ|a〉

= β tre(∂νĤρ̂ss)〈b|ρ̂ss|a〉+
1

Z

e−βEb − e−βEa
Eb − Ea

〈b|∂νĤ|a〉 (47)

Above, we have used the fact that δab
e−βEb−e−βEa

Eb−Ea = δab∂Eae
−βEa = −βδabe−βEa .

The second term in Eq. 47 gives a force-force correlation function:

−π~
∑
ab

〈a|∂αĤ|b〉〈b|∂νĤ|a〉
1

Z

e−βEb − e−βEa
Eb − Ea

δ(Eb − Ea)

= βπ~
∑
ab

〈a|∂αĤ|b〉〈b|∂νĤ|a〉
e−βEb

Z
δ(Eb − Ea)

=
βπ~

2

∑
ab

〈a|∂αĤ|b〉〈b|∂νĤ|a〉
e−βEb + e−βEa

Z
δ(Eb − Ea)

=
βπ~

2

∑
ab

〈a|∂αĤ|b〉〈b|∂νĤρ̂ss + ρ̂ss∂νĤ|a〉δ(Eb − Ea)

=
β

2

∫ ∞
0

dt tre(∂αĤe
−iĤt/~(∂νĤρ̂ss + ρ̂ss∂νĤ)eiĤt/~) (48)

The first term in Eq. 47 gives a mean-field contriibution to the friction:

−π~β
∑
ab

〈a|∂αĤ|b〉〈b|tre(∂νĤρ̂ss)ρ̂ss|a〉δ(Eb − Ea)

= −β
∫ ∞
0

dt tre(∂αĤe
−iĤt/~tre(∂νĤρ̂ss)ρ̂sse

iĤt/~) (49)
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Finally, summing up the two contributions, we find that the final friction can be rewritten in terms of a correlation
function of the random force δF̂ in Eq. 24:

γαν = −β
2

∫ ∞
0

dt tre(∂αĤe
−iĤt/~(δF̂ν ρ̂ss + ρ̂ssδF̂ν)eiĤt/~)

=
β

2

∫ ∞
0

dt tre(δF̂αe
−iĤt/~(δF̂ν ρ̂ss + ρ̂ssδF̂ν)eiĤt/~) = βD̄S

αν (50)

Thus, the second fluctuation-dissipation theorem has been proven.

III. DETAILS OF NRG CALCULATION

To calculate the friction at equilibrium, we rewrite Eq. 50 in the eigenvalue or Lehmann representation:

γαν =
π~β

2

∑
ab

〈a|δF̂α|b〉〈b|δF̂ν |a〉
e−βEb + e−βEa

Z
δ(Eb − Ea) (51)

Now, in an numerical renormalization group (NRG) calculation, the electronic continuum is mapped onto a semi-
infinite chain, with coupling between the nearest sites exponentially decaying. The typical energy scale for the Nth
site on the chain is

ωN =
1

2
(1 + Λ−1)Λ−(N−1)/2 (52)

Λ is the logarithmic discretization parameter. For a given temperature, the semi-infinite chain is truncated at that
site N where ωN is on the order of T, i.e.

N =

[
1− 2

log(2kBT/(1 + Λ−1))

log(Λ)

]
(53)

In the above equation, the squared bracket signifies the floor function, such that N is always an integer.
Thus, to calculate friction with NRG, one iteratively diagonalizes the semi-infinite chain up to the Nth site and the

resulting eigenstates and eigenvalues are plugged into Eq. 51. For a practical calculation, the delta function in Eq.
51 is chosen to be a gaussian with a width ηN .

δ(Eb − Ea) =
1

ηN
√
π
e
− (Eb−Ea)2

η2
N (54)

As is common with NRG calculations, ηN is chosen to be 0.3ωN − 0.8ωN [3].
In our calculations, 500 states are kept for each iteration. The logarithmic discretization parameter is Λ = 2, and

ηN = 0.8ωN .

IV. MEAN-FIELD THEORY FRICTION

In Fig. 1 of the letter, we plotted the electronic friction according to mean-field theory (MFT) for the Anderson-
Holstein model. We now show how such electronic friction is calculated. The basic premise is that we construct a
one-electron mean-field Hamiltonian:

ĤMF = Eeff
∑
σ

d̂+σ d̂σ +
∑
kσ

Vk(d̂+σ ĉkσ + ĉ+kσd̂σ) +
∑
kσ

εk ĉ
+
kσ ĉkσ − Un↑n↓ (55)

We assume, because there is no external field to break spin-symmetry, that n↑ = n↓, where nσ ≡
〈
d̂+σ d̂σ

〉
. Further-

more, Eeff is given by

Eeff = E(x) + n↑U (56)
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and

n↑ =

∫
dε

2π

Γ

(ε− Eeff )2 + (Γ/2)2
f(ε) (57)

Eq. 56 and Eq. 57 have to be solved self-consistently. The final electronic friction is given by [4]

γ = −2× ~
2

(∂xEeff )2
∫

dε

2π

(
Γ

(ε− Eeff )2 + (Γ/2)2

)2

∂εf(ε) (58)

The factor 2 in the above equation counts for spin degeneracy.

V. QUADRATIC HAMILTONIAN

We now show our results (mean force, friction and correlation of random force) for the case of a quadratic electronic
Hamiltonian. Our goal is to show that the friction and random force presented in the main body of the letter are in
complete agreement with Head-Gordon and Tully [5].

To begin our derivation, as usual, the total Hamiltonian Ĥtot is separated into the electronic Hamiltonian Ĥ and
nuclear kinetic Hamiltonian,

Ĥtot = Ĥ +
∑
α

P 2
α

2mα
(59)

The electronic Hamiltonian is written with the following notation:

Ĥ =
∑
pq

hqp(R)d̂+p d̂q + U0(R) (60)

U0(R) represents the component of the potential energy for the nuclei that is uncoupled from the electronic orbitals
(p, q). We remind the reader that the Hamiltonian in Eq. 60 is exactly the same as (or even slighlty more general
than) the Hamiltonian used by von Oppen et al in Ref. [6]. In Ref. [6], the electronic Hamiltonian is divided into
dot, metal and coupling, which are all quadratic. That being said, we have rewritten this quadratic Hamiltonian
in a compact way, without specifying dot, metal and coupling Hamiltonian, such that the matrix elements hpq(R)
represent (inclusively) the dot energy, the coupling between dots, the coupling between dots and metal, the energy
levels of the metal nearby, etc. Of course, hpq(R) is a very general notation, and specific matrix elements may or may
not depend on the nuclear DoFs (R).

A. Mean Force

The mean force is easy to evaluate (using Eq. 22),

Fα = −tre
(
∂αĤρ̂ss

)
= −∂αU0(R)−

∑
pq

∂αhqp(R)tre(d̂
+
p d̂qρ̂ss) (61)

If we define σsspq = tre(d̂
+
p d̂qρ̂ss), the mean force can be written as

Fα = = −∂αU0 − Trm(∂αh σ
ss) (62)

Here Trm implies summing over electronic orbitals, such that

Trm(∂αh σ
ss) =

∑
pq

∂αhqpσ
ss
pq. (63)
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B. Electronic Friction

We now evaluate the friction using Eq. 25:

γαν = −
∫ ∞
0

dt tre

(
∂αĤe

−iĤt/~∂ν ρ̂sse
iĤt/~

)
(64)

Note that U0(R) does not contribute to the friction, because

tre

(
∂αU0e

−iĤt/~∂ν ρ̂sse
iĤt/~

)
= ∂αU0 tre (∂ν ρ̂ss) = 0. (65)

Here, we have used the fact that tre (ρ̂ss) = 1. The friction can be rewritten as

γαν = −
∫ ∞
0

dt tre

(
eiĤt/~∂αĤe

−iĤt/~∂ν ρ̂ss

)
= −

∫ ∞
0

dt
∑
mn

∂αhnmtre

(
eiĤt/~d̂+md̂ne

−iĤt/~∂ν ρ̂ss

)
(66)

We proceed to evaluate

d̂+m(t) = eiĤt/~d̂+me
−iĤt/~ (67)

d̂n(t) = eiĤt/~d̂ne
−iĤt/~ (68)

The time derivatives of these operators are

˙̂
d+m(t) = eiĤt

i

~
[Ĥ, d̂+m]e−iĤt =

i

~
∑
a

hmad̂
+
a (t) (69)

˙̂
dn(t) = eiĤt

i

~
[Ĥ, d̂n]e−iĤt = − i

~
∑
b

hbnd̂b(t) (70)

The above equations can be solved

eiĤtd̂+me
−iĤt/~ =

∑
a

(eiht/~)mad̂
+
a (71)

eiĤtd̂ne
−iĤt/~ =

∑
b

(e−iht/~)bnd̂b (72)

If we plug the above equations into Eq. 66, we find:

γαν = −
∫ ∞
0

dt
∑
mnab

∂αhnm(eiht/~)ma(e−iht/~)bntre

(
d̂+a d̂b∂ν ρ̂ss

)
= −

∫ ∞
0

dt
∑
mnab

∂αhnm(eiht/~)ma∂νσ
ss
ab(e

−iht/~)bn

= −
∫ ∞
0

dt Trm(∂αhe
iht/~∂νσ

sse−iht/~) (73)

Electronic Friction At Equilibrium

At equilibrium, the friction can be further simplified. We transform to the energy domain, just as we did in Eq.
26. Now, the friction reads

γαν = −~
∫

dε

2π
Trm(∂αh

1

ε− h− iη
∂νσ

ss 1

ε− h+ iη
)

= −~
∑
kl

∫
dε

2π
〈k|∂αh|l〉

1

ε− εl − iη
〈l|∂νσss|k〉

1

ε− εk + iη
(74)
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Here, we have expressed the friction in the basis where h matrix is diagonal

h =
∑
k

εk|k〉〈k| (75)

At equilibrium, we have

σss =
∑
k

f(εk)|k〉〈k| (76)

We first evaluate

〈l|∂νσss|k〉 = ∂νεk
∂f(εk)

∂εk
δkl + 〈l|∂ν |k〉(f(εk)− f(εl)) (77)

Since

∂ν〈l|h|k〉 = ∂νεkδlk = (εl − εk)〈l|∂ν |k〉+ 〈l|∂νh|k〉, (78)

this implies that

〈l|∂νh|k〉
εk − εl

(f(εk)− f(εl)) = 〈l|∂ν |k〉(f(εk)− f(εl)) + ∂νεkδlk
f(εk)− f(εl)

εk − εl

= 〈l|∂ν |k〉(f(εk)− f(εl)) + ∂νεkδlk
∂f(εk)

∂εk
(79)

Comparing Eq. 77 and Eq. 79, we have

〈l|∂νσss|k〉 =
〈l|∂νh|k〉
εk − εl

(f(εk)− f(εl)) (80)

Using the above results to evaluate the friction, we have

γαν = −~
∫ ∞
−∞

dε

2π

∑
kl

〈k|∂αh|l〉
1

ε− εl − iη
〈l|∂νh|k〉

1

ε− εk + iη

f(εk)− f(εl)

εk − εl

= −i~
∑
kl

〈k|∂αh|l〉〈l|∂νh|k〉
1

εl − εk + 2iη

f(εk)− f(εl)

εk − εl
(81)

At this point, since γαν is real and we assume (by ansatz) that h is real, therefore we can ignore the principal part
in the above equation. More generally, if h were a complex Hermitian, we could also ignore the principal part in the
same spirit as the wide band approximation. We then arrive at

γαν = −π~
∑
kl

〈k|∂αh|l〉〈l|∂νh|k〉δ(εl − εk)
f(εk)− f(εl)

εk − εl

= −π~
∑
kl

∫ ∞
−∞

dε 〈k|∂αh|l〉δ(ε− εl)〈l|∂νh|k〉δ(εl − εk)
∂f(εl)

∂εl

= −π~
∑
kl

∫ ∞
−∞

dε 〈k|∂αh|l〉δ(ε− εl)〈l|∂νh|k〉δ(ε− εk)
∂f(ε)

∂ε

= −π~
∫ ∞
−∞

dε Trm(∂αh P (ε)∂νh P (ε))
∂f(ε)

∂ε
(82)

Here we have defined

P (ε) =
∑
l

δ(ε− εl)|l〉〈l| (83)

Eqn. 82 agrees with Head-Gordon and Tully [5] at zero temperature and with the conjecture of the results at finite
temperature by Tully et al in Ref. [7].

As a side-note, we mention that, in the case of a complex h and without the wide band approximation, the principal
part in Eq. 81 would give rise to an asymmetric component of γαν along α and ν. Such effects may be interesting
and should be investigated further.
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C. Correlation Function of Random Force

The correlation function of the random force by definition is

Dαν(t) = tre(δF̂α(t)δF̂ν(0)ρ̂ss) =
∑
pqmn

∂αhqp∂νhnmtre(e
iĤt/~d̂+p d̂qe

−iĤt~(d̂+md̂n − σssmn)ρ̂ss) (84)

Similar to the previous subsections, we have

eiĤt/~d̂+p e
−iĤt/~ =

∑
a

(eiht/~)pad̂
+
a (85)

eiĤt/~d̂qe
−iĤt/~ =

∑
b

(e−iht/~)bqd̂b (86)

which implies that,

Dαν(t) =
∑

pqmnab

∂αhqp(e
iht/~)pa∂νhnmtre(d̂

+
a d̂b(d̂

+
md̂n − σssmn)ρ̂ss)(e

−iht/~)bq (87)

For a quadratic Hamiltonian, we can apply Wick’s theorem,

tre(d̂
+
a d̂b(d̂

+
md̂n − σssmn)ρ̂ss) = σssan(1− σssmb) (88)

The correlation function of random force becomes

Dαν(t) =
∑

pqmnab

∂αhqp(e
iht/~)paσ

ss
an∂νhnm(1− σssmb)(e

−iht/~)bq (89)

= Trm(∂αhe
iht/~σss∂νh(1− σss)e−iht/~) (90)

We consider fast electronic motion (Markov limit), Dαν(t) = 2D̄ανδ(t), where

D̄αν =

∫ ∞
0

dt Trm(∂αhe
iht/~σss∂νh(1− σss)e−iht/~) (91)

The Correlation Function of Random Force At Equilibrium

At equilibrium, σss = f(h). In a basis, where h is diagonal,

D̄αν = ~
∫

dε

2π

∑
kl

〈k|∂αh|l〉
1

ε− εl − iη
(1− f(εl))〈l|∂νh|k〉

1

ε− εk + iη
f(εk)

= i~
∑
kl

〈k|∂αh|l〉(1− f(εl))〈l|∂νh|k〉
1

εl − εk + 2iη
f(εk) (92)

Since, D̄S
αν = Re(D̄αν), if h is real or if h is complex (but the wide band approximation applies), we can ignore the

principal part of Eq. 92, and so

D̄S
αν = π~

∑
kl

〈k|∂αh|l〉(1− f(εl))〈l|∂νh|k〉δ(εl − εk)f(εk)

= π~
∑
kl

∫
dε〈k|∂αh|l〉δ(ε− εl)〈l|∂νh|k〉δ(εl − εk)f(εk)(1− f(εl))

= π~
∑
kl

∫
dε〈k|∂αh|l〉δ(ε− εl)〈l|∂νh|k〉δ(ε− εk)f(ε)(1− f(ε))

= π~
∫
dε Trm(∂αh P (ε)∂νh P (ε))f(ε)(1− f(ε)) (93)

As we mentioned above, in the case of a complex h without the wide band approximation, the principal part in Eq.

92 give rise to an asymmetric component of D̄S
αν along α and ν. Such effects should be investigated in the future.

Eq. 93 was not derived by Head-Gordon and Tully, but does satisfy the second fluctuation-dissipation theorem
with Eq. 82. Furthermore, in a future article, we will show that Eqs. 93 and 82 are also in complete agreement with
von Oppen et al [6].
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VI. AN EFFECTIVE LIOUVILLIAN APPROACH: FRICTION AND MASTER EQUATIONS

Before concluding, let us connect the present universal picture of electronic friction (Eq. 23) with another expression
for friction published previously [1]. In Ref. [1], we considered a special Hamiltonian, whereby we could divide all
of the world’s electronic DoF’s into system and bath electrons. The dynamics of the system electronic DoFs, which

were coupled with nuclear DoF’s, followed an effective Liouvillian
ˆ̂Leff as obtained by a quantum master equation:

˙̂ρsys = − ˆ̂Leff ρ̂sys (94)

The effective Liouvillian for the system contains explicit dissipation due to coupling to the bath. Following the same
derivation in Sec. I of this SM, we now find the following expression for friction

γeffαν = −trsys
(
∂αĤsys

ˆ̂L−1eff∂ν ρ̂
ss
sys

)
(95)

while the correlation function for the random force is

D̄eff
αν =

1

2
trsys

(
∂αĤsys

ˆ̂L−1eff
(
∂νĤsysρ̂

ss
sys + ρ̂sssys∂νĤsys − 2trsys(ρ̂

ss
sys∂νĤsys)ρ̂

ss
sys

))
(96)

Here trsys implies tracing over system electronic DoF’s, and ρ̂sssys is the system steady state density matrix. Eqs. 95-96
were derived previously in Ref. [1]. Because the effective Liouvillian was derived from a quantum master equation,
Eqs. 95-96 do not properly treat level broadening effects [1]. Furthermore, because a quantum master expression
introduces explicit relaxation and breaks time-reversibility, neither the friction nor the correlation function for the
random force in Eqs. 95 - 96 is guaranteed to be symmetric along α and ν.

VII. NON-MARKOVIAN FOKKER-PLANCK EQUATION

In this final section of the SM, we will now extend the Fokker-Planck equation from Sec. I B to the non-Markovian
limit (which will connect with Ref. [8]) and introduce the simplest possible form of memory. Following Sec. I B, we
start from the EOM for A and B̂

∂tA = −
∑
α

Pα
mα

∂αA+
∑
α

tre(∂αĤρ̂ss)
∂A
∂Pα

+
∑
α

tre(∂αĤ
∂B̂
∂Pα

) (97)

∂tB̂ = {Ĥtot, B̂}a − ρ̂sstre{Ĥtot, B̂}a + {Ĥtot,Aρ̂ss}a − ρ̂sstre{Ĥtot,Aρ̂ss}a − ˆ̂LB̂ (98)

At this point, we make a slightly different approximation so that we replace Eq. 39 by the following:

∂tB̂ = {Ĥtot,Aρ̂ss}a − ρ̂sstre{Ĥtot,Aρ̂ss}a − ˆ̂LB̂ (99)

We now solve for B̂

B̂(t) = e−
ˆ̂LtB̂(0) +

∫ t

0

dt′e−
ˆ̂L(t−t′)

(
{Ĥtot,A(t′)ρ̂ss}a − ρ̂sstre{Ĥtot,A(t′)ρ̂ss}a

)
(100)

We assume that, at t = 0, the total system is at equilibrium, i.e. B̂(0) = 0. Then, if we plug the above equation into
the EOM for A (Eq. 97), we arrive at a non-Markovian Fokker-Planck equation,

∂tA(t) = −
∑
α

Pα
mα

∂αA(t)−
∑
α

Fα
∂A(t)

∂Pα
+
∑
αν

∫ t

0

dt′γ̃αν(t− t′) ∂

∂Pα

( Pν
mν
A(t′)

)
+
∑
αν

∫ t

0

dt′DS
αν(t− t′) ∂

2A(t′)

∂Pα∂Pν

(101)

where

γ̃αν(t− t′) = −tre
(
∂αĤe

− ˆ̂L(t−t′)∂ν ρ̂ss

)
(102)

DS
αν(t− t′) =

1

2
tre

(
δF̂αe

− ˆ̂L(t−t′)(δF̂ν ρ̂ss + ρ̂ssδF̂ν
))

(103)
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It is easy to verify that, in the Makovian limit, the above equation (Eq. 101) reduces to the Fokker-Planck equation
in Sec. I B (Eq. 40).

Let us now show that the second fluctuation-dissipation theorem still holds at equilibrium (at least approximately).

At equilibrium, ρ̂ss = e−Ĥ/kBT /Z, where Z = tre(e
−Ĥ/kBT ), so that the following relationship holds in the semi-

classical limit [9],

∂νe
−Ĥ/kBT = − 1

2kBT
(∂νĤe

−Ĥ/kBT + e−Ĥ/kBT∂νĤ) (104)

Thus,

∂ν ρ̂ss = − 1

2kBT

(
∂νĤρ̂ss + ρ̂ss∂νĤ − 2tre(∂νĤρ̂ss)ρ̂ss

)
=

1

2kBT
(δF̂ν ρ̂ss + ρ̂ssδF̂ν) (105)

and the second fluctuation-dissipation theorem can be verified:

γ̃αν(t) =
1

2kBT
tre

(
δF̂α(t)

(
δF̂ν ρ̂ss + ρ̂ssδF̂ν

))
=

1

kBT
DS
αν(t) (106)

Here we have defined

δF̂α(t) = eiĤtδF̂αe
−iĤt (107)

To further connect our results to those in Ref. [8], we can perform a Laplace transform, which is defined as

δF̂α(s) =

∫ ∞
0

dt δF̂α(t)e−st (108)

After a Laplace transform, the friction reads

γ̃αν(s) =
1

2kBT
tre

(
δF̂α(s)

(
δF̂ν ρ̂ss + ρ̂ssδF̂ν

))
(109)

Eq. 109 agrees with Eq. 3.18 in Ref. [8]. Note, however, that the Ref. [8] worked with a one-dimensional nuclear
coordinate. For a mulitdimensional system, one must symmetrize the force-force correlation function, as in Eq. 109.
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